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Abstract. In this paper we propose a new method to detect inclusions. The proposed method
is based on shape and topological optimization tools. In fact after presenting the problem,
we use topological optimization tools to detect inclusions in the domain. Numerical results
are presented.
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1. INTRODUCTION

From a “physical” or “experimental” point of view, we shall qualify as an inverse
problem any situation where we wish to estimate a certain physical quantity p in-
accessible in experiment from the measure of another quantity d directly accessible
to the experiment, knowing a mathematical model of the direct problem which looks
explicitly d from p (what we note symbolically d = G(p)). This kind of problem is an
“inverse problem”. In mathematics, the resolution of such problems can lead to the use
of many mathematical tools and theories such as linear algebra, ordinary differential
equations, partial differential equations or the minimization of an adequate functional.

An interesting and important inverse problem is the determination of cracks by
over determined data. The uniqueness (identifiability) result for a buried single crack
has been proved in [15]. The authors consider the case of a crack which is a perfectly
insulating curve o, located inside a 2-dimensional medium with a known reference con-
ductivity. They proved that the presence of a crack and its actual shape and location
may be determined from exactly two boundary measurements. In the same paper, they
establish a partial stability result. In 1993, other authors proved a Lipschitz stability
result for linear cracks. An identifiability result has been developed by Andrieux and
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Ben Abda in [5] in 1992. In the case of a collection of cracks Bryan and Vogeluis in
[10], followed by G. Alessandrini and D. Valenzuela in [3] proved uniqueness results.

In [6], the authors deal with the 2D inverse crack problem, emerging in a known
point of the external boundary. They establish identifiability and stability results.

The main purpose of this note is to locate the inclusion in a beginning domain by
using topological optimization tools. The first section concerns the formulation and
the localization of the problem, the second one the shape optimization problem where
we establish the functional space and the minimization problem. The third section is
devoted to the topological optimization problem and the main result. The last section
presents the numerical results.

2. PROBLEM FORMULATION

Another interesting and important identification problem which arises in electrical
prospecting, in geophysical prospecting and medical imaging is to discover the location
of metals or fluid reservoirs inside the earth.

Let us consider, the following identification problem

div((1+ (k—1)xp)Vu) =0 onQ,

u=f ondQ, oronl C 09, (2.1)
% = on 0f),

where k > 0,k # 1, is the electrical conductivity and D is an unknown subdomain
of Q, xp denotes the characteristic function of D and u denotes the electrostatic
potential in 2, f is the boundary voltage function, and some times it is possible to get
a measure only on a part of 92; and g is the flux across 02 or current measurements.

In (2.1), one wishes to locate D in the equation by knowledge of the boundary
voltage and current measurements.

It is important to emphasize that the formulation of the problem needs to be
explained. Our aim is to identify D under the following hypotheses:

— The conductivity k is given.
— Not both the boundary condition (Dirichlet and Neumann) are considered.

The problem is to obtain some information on the location of D from the measure-
ments f or g.

In [12], the authors supposed there are some errors in the measurements, they
established a local stability theorem, but in [1], the author proved that the stability
is in fact global. In [14], the authors consider an inverse problem for an electrically
conductive material occupying a domain Q in RV, N > 2. They consider a sub domain
of €2 and suppose that the conductivity coefficient of this sub domain is different for
the conductivity in €2 they wish to determine the location of D by injecting a current
across the boundary of 2, 92 and measure the voltage on a portion of the boundary.
They prove that if D is known to be a convex polyhedron (although its specific shape
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is not known), then the shape and location of D are determined by one measurement
only. If 99 is piecewise analytic, D is uniquely determined in [18]; the case where
0% is Lipschitz is studied in [17]. In [13], the authors study the case of a single
measurement. In [11], Friedman considers the problem of detection: if the measure of
D is prescribed, can one distinguish D from the empty set? His result was generalized
in [9] by considering the case when the conductivities in Q\ D and D are non constant.
In [2] in 1998, the authors give constructive estimates on the measure of the unknown
inclusion D in terms of the boundary data provided a C*'* bound on 95 is given.

In this work, we want to use topological optimization tools to find the location
of D. In order to define our problem, let us assume here, for the sake of simplicity,
that the conductivity in D is k = 2.

Let us consider the solution ug to (2.1) when D is replaced by the empty set,

AUO =0 in Q,

ug = f in 09, (2.2)
8u0 .
5, —9 I 9.

Then the problem (2.1) takes the form

div((1 +xp)Vu) =0 onQ,

u=f onof, (2.3)
ou
2, =9 on 0f2.

In this section we deal about a problem of inclusion detections. Let 2 be a bounded
open set of RY, N > 2 and we assume that there exists somewhere an inclusion inside
the domain 2.

There are many works about the detection of inclusions: In [2], the authors prove
upper and lower bounds on the size of the unknown inclusion D when one pair of
current density and voltage measurements from the exterior of the domain is available.
In [13], from the measurements of a pair of Dirichlet and Neumann data one wishes to
identify D. It is proved that this problem is stable in some local sense. It is also proven
in the same paper that if 2 is of boundary C1'*, D cC Q and u® = u/o\ b u' =u/p,
then u® € CY#(Q\D), v’ € CY¥(D), B € (0,1). Furthermore, u® = u’ on 9 and
%—f = %—“1 on 0D.

The equation (2.3) can be reformulated as the Poisson problem with the following
boundary value problem:

—Aup =0 in Q\D,

8uD
W =0 on 8D, (24)
ND _ 5 on 00,

v
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and we want to find D C  such that the solution up to (2.4) satisfy the condition
up/an = g for a given measuring voltage function f.
Let us consider the boundary value problem defined in ) without inclusions by

—Aug=0 in ,
b 2.5)
290 _ 5y on 99 (
v
Let us remark that the above problem, admits a solution only if fag ¢do = 0 for
(2.4) and fan ¢pdo = 0 for (2.5). For finding D, we will use shape and topological
optimization tools. The idea is to consider the following cost functional

J(Q) = /(uD — ug)?dz, (2.6)

Q

for the topological optimization problem. For the shape optimization problem, we are
going to consider

1
J(D):5 / |Vup|?dr, (2.7)
Q\D

where D € O, O is a space of admissible domains D. But in functional (2.6) the
solution to (2.4) is not defined everywhere in Q (it is defined in Q\D), then we can
use an extension of up everywhere in 2 and we consider the new cost functional

defined by

J(Q) = / (ip — uo)2da, (2.8)
Q
where @ p is solution to
—A’&,D =0 in Q,
oup ~
—— =¢ on JQ.
ov

As D and Q are a regular subset of RY, and up is a solution to the Poisson with
Neumann boundary condition, the extension of up every where in 2 is possible. It
suffices to consider all open subsets of R™ with the uniform extension. We recall
that the uniform extension is given as follows: for each w € S there exists a linear
continuous extension operator P, € H'(Q\D) to H(Q), and there exists a constant
M such that for all w € S, | Pyl < M.

Consider a harmonic function defined every where in D and satisfying

Af=0 inD,
of

—=m on dD,

ov
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and such that faDm do = 0. One can search @p such that up = upXa\p + kfxp,
then for all z € Q\D, Aip = Aup = 0, for z € D, then Aiip = Af = 0. 22 =

w = q~$ on Jf). Then 4p is defined in Q and is a solution to
—A’&,D =0 in Q,
ou ~
ZID _ 4 on 9.
on

3. SHAPE OPTIMIZATION PROBLEM

In this section, we need some definitions and auxiliary results to study the existence
of a solution for a shape optimization problem.

Definition 3.1. Let ¢ be an unitary vector of R, € be a positive real number and
y be in RV, We call a cone with vertex ¥, of direction ¢ and angle to the vertex and
height ¢, the set defined by

Cly.C.e;e) ={z € RY : |z —y| < e and |(z — y)¢| = |z — y|cose}.

Let D be an open set of RY, D is said to have the e-cone property if for all x € 9D
then there exists a direction ¢ and a strictly positive real number e such that

C(y,¢,e,e) C D forall ye B(x,e) N
Let K7 and K5 be two compact subsets of 2. Let

d(z, K1) = inf d(z,y), d(z,K2)= inf d(x,y).

yeK? yEK,
Note that
p(K1,K3) = sup d(z, K1), p(Ka, K1) = sup d(z, Ks).
zE€K> ek,
Let

dH(Kl, KQ) = max{p(Kl, KQ), p(KQ, Kl)}

We call the Hausdorff distance of K7 and K, the following positive number, denoted
dy (K1, Ks).

Let (D,,) be a sequence of open subsets of 2 and D be an open subset of 2. We
say that the sequence (D,,) converges on D in the Hausdorff sense and we denote by
Dy 2 D if limy 00 dpg (Q\ Dy, Q\D) = 0.

Let (D,,) be a sequence of open sets of RY and D be an open set of RY. We
say that the sequence (D,,) converges on D in the sense of L, 1 < p < oo, if xp,

converges on Y p in LfOC(RN ), xp being the characteristic functions of D.
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Lemma 3.2. Let (Dp)nen be a sequence of open sets in RY having the e-cone prop-
erty, with D,, C F C Q, F a compact set and D a ball, then, there exists an open
set D, included in I, which satisfies the §-cone property and a subsequence (D, )ren
such that

Xan — XD, an E}D,
oD, % oD, D, 3 D.
Proof. See [16]. O

Let O¢ be the class of admissible domains defined by

O, = {D C : D is an open set satisfying the e-cone property and /dx = mo},

D

where mg is a fixed volume in R .
The first question is related to the existence problem expressed as follows: Find
D, up such that
min{J(D), D € O.}

admits a solution and up is a solution to the Neumann problem

—Aup =0 in Q\D,

Oup .
W = 0 m GD, (31)
8;—5’ —0 indQ,
where )
Q\D

We have the following existence result which is a classical one. For more details
see for instance [16,19]. But we are going to present the proof in this work.

Theorem 3.3. Let J(D) be given by (3.2), where up is solution to (3.1). Then the
problem: Find Dy € O, such that

J(Dp) = min{J(D), D € O.}

admits a solution.

Proof. Let us define the extension 4 of u by

. u ifr e Q\D,
U= —
0 ifzeD,
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Vi — Vu if xeg\ﬁ,
0 if xeD.

J(D) = 5 Jorp |Vup|*dz > 0. This implies that inf{J(D), D € O} > 0. Let o =
inf{J(D), D € O.}. Then there exists a minimizing sequence (Dy),en C O, such
that J(D,,) converges on .

Since the sequence (Dj,)nen is bounded, according to Lemma 3.2 there exists a
compact set F such that D,, C F' C §. There exists also a subsequence D,,, verifying
the e-cone property and

H L' p.p
D,, — Dy and XD, — XDo-

Let up, = uyn, the sequence u,, is bounded in W12(Q). If not, for all s there exists a
subsequence @3 € W12(Q) such that 1 [ |Va3|?dz > 0 and
Q

/|V€Ln|2dx: / |va:;|2d:c+/|va;|2dx.
Q Q\D,, D,

Thus J(£2,) — 400, and then it is a contradiction.
As H}(Q) is a reflexive space, there exist a subsequence (un, )ren and a function

. L?p.
u* such that u,, — u* in HY(Q/R) and u,, ¥ u*. We have

/ Vg, -Vo=0, vecHY(Q)/R. (3.3)
Q\Dy,,,
Taking the limit as n — 400, we get
/ Vu*-Vo=0, veH (Q)/R. (3.4)
Q\D
Taking also v = uyp,, in (3.3) and v = «* in (3.4), we obtain

/|Vu*|2dz: / |V, [2de. (3.5)

Q\D Q\D,,,.

It follows from (3.5) that u* = u,, and J(uy, ) 25 J(Q\D) = inf,co J(w). O

4. TOPOLOGICAL OPTIMIZATION PROBLEM

Let © be a regular and bounded open domain of RN (N = 2,3). We assume that
there exists an inclusion D inside the domain € and we do not know where it is
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situated. Our aim is to locate D by using topological optimization tools. We consider
the following Poisson problem:

—Atp =0 inQ
8~DUD - mn N (41)
52 = ¢ on 012,
where @ p is an extension of up in 2. The function up satisfies:
—AUD =0 in Q\D,
2 =0  ondD, (4.2)
Wp —¢  on N

The solutions (4.1) and (4.2) are unique up to a constant.

The conditions [}, pdo =0, [ 50 @ do = 0 are added in order to ensure uniqueness
of problems (4.1) and (4.2).
We consider the functional J(2,4p) to be minimized defined by

J(Q,ap) = J(ip) = /(ap — ug)?dw, (4.3)
Q

where @p solution to (4.1) is an extension of up solution to (2.4) and ug is solution
to (2.5).

The idea of topological asymptotic analysis is to measure the impact of perturba-
tion of the domain on the cost function. For a small parameter ¢, we introduce the
perturbed domain . = Q\@, obtained by insertion of a small domain w. = x¢ + ew,
where zg € Q and w C Q.

In Q., u, satisfies:

—Au. =0 in Q,
Oue ~
£y = (;5 on 89, (44)
u. =0 or Oue =0 on Jw,
v
and the corresponding functional is
J(Qe,ue) = J(ue) = /(uE — up)?du. (4.5)

Qe

In this section the aim is to determine the variation of the cost function induced by
the insertion of this small hall. Our wish is to get the following asymptotic expansion
of J when € tends to zero:

J(ue) = J(tp) = f(€)g(zo) + o(f(€)), (4.6)

where f(¢) is a positive function satisfying lim._,¢ f(¢) = 0 and where g is called the
topological gradient or topological sensitivity. The insertion of small halls, where g
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gets its lower bound, gives the best approximation in the sense J(uc) ~ J(up). If this
approximation is obtained, we will be able to claim that where u, is far from % p the
inclusion is located. Before going on it is important to underline that one of the first
steps to prove is ||ue — Up| g1 (a.) = o(f(€))-

Now let us introduce the weak formulation. Multiplying (4.4) by a test function v
and integrating we have

Oue Oue B
/Vu(Vvdzf/ay.vdJ—/ ay.vdeO.

Qe [219] Owe

As % — ¢ on 9, we get finally the bilinear form

ov
/Vu6 -Voudx = /gz;v do.

Q€ asl
Let 5
_ 1 LoV o _
Ve = {v € H (Q): £y ¢ on 002, v =0 on awe},
ae(te,v) = /Vu€ -Vudzx,
Q.
and

Le(v) = Q/ dv d.

Following the same idea, in €2, let

V:{veHl(Q):%:&onﬁﬂ, v:()onﬁﬂ},

ao(u,v) :/VUVU,
Q

ae(te,v) — ap(u,v) = /V(u6 —u)Vudz + /Vqud:c.
Qe We
Let V be a fixed Hilbert space and L£(V) (resp. £2())) denotes the spaces of linear
(resp. bilinear) forms on V. Let us state the following hypotheses:

(H;) There exists a real function f defined in R, a bilinear and continuous form ag
defined in £2(V) and a linear form J, such that:
lim f(e) =0, (4.7
e—0
llae = ao = f(€)dall 2wy = o(f(€)), (4.8)
e = lo = f(€)ocllev) = o(f(€)).
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(Hz) The bilinear form ag is coercive: There exists a constant o > 0 such that
ao(u,u) > al|ul|?> for all u € V. (4.10)

According to (4.10), the bilinear form a. depends continuously on e. Hence there exist
€o and 5 > 0 such that for all € € [0;¢g] the following uniform coercivity condition
holds.

ac(u,u) > Bllul? forall weV. (4.11)

Using inequality (4.11) for u; = u. — ug, for all € > 0, the function u. is solution to
(4.4), the equalities (4.7) and (4.8) and the continuity of d,, we obtain the following
lemma.

Lemma 4.1. Let u. and @ be the solutions to (4.4) and (4.1). Under the hypotheses
(Hy) and (Hz), we have

[ue — @l 1 (0. = O(f(€)).
Proof. If follows from hypothesis (Hz) that there exists v # 0 such that
Bllue = all* < alue = @,v) < lac(uc,v) = l(v)| =
= |ac(ue,v) = (le = lo = 8.f(€))(v) — lo(v) — f(e)di(v)| =
= lac(ue, v) — ao(t, v) = (lc = lo = 61f(€))(v) — f(€)dr(v)] <
< lae(ue, v) — ao (@, v) — f(€)da(t; v)|+
+ |le(v) = lo(v) = 6u(v) f(e)] + f(€)(10a (@, V)] + [6i(v)])-

If hypothesis (H;) is satisfied, we obtain
Bllue —all* < o(£(€)) + F(€)lIall coomllall + I8l o)) ]l O

(Hgz) Consider a cost function j(e) = J(u.), where the functional J is differentiable.
For u € V, there exists a linear and continuous form D.J(u) C L(V) and 7 such
that

Je(v) = Jo(u) = DJo(u)(v —u) + f(€)ds + o(f(€))-
The Lagrangian is defined by
Le(u,v) = Je(u) — ae(u,v) —l(v), u,ve.

Theorem 4.2. If hypothesis (Hy), (Hz2) and (H3) are satisfied and let u. be the
solution to (4.4). Then the functionals J. admits the following asymptotic expansion:

Je(ue) = Jo(u) = f(€)dc(u,U) + o(f(e)),

where 6z (u,v) = d5(u) + 0q(u,v) — & and U is the solution of the adjoint problem: to
look for U € V such that

ag(W,U) = =D Jo(®)W for all W € V.

In order to get the asymptotic expansion of the cost functional, we will use the
fact that variation of the Lagrangian is equal to the one of the cost functional. Then

J(ue) — J(u) = Le(ue,v) — Lo(u,v) forall ve.
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4.1. VARIATION OF THE BILINEAR FORM

Let us take we. = u. — u. Then w, is solution to

—Aw, =0 in Q,
% =0 on 01,
b

87”; = —u on Owe.

Let us approximate the solution w, by h. solution to

Ah. =0 in R?\@,,
he = —u  in Owe,
he=0 at oo.

Let us take he = eH (%). Then we get
AH =0 inR*\w,
H=—-u ondw, (4.12)
H=0 at oo.

The function H solution to (4.12) can be expressed by a single layer potential on dw.
Let E be a fundamental solution of the Laplace operator, then we have

1
E(y) = oo lnr = lyl.

Then the function H reads
H@) = [ A0)E@ - ndsty). o e B\,
Ow

where A € Hy 1 2(8w) is the unique solution of the integral equation

/f@—mu@mm=—wm,yew.
Ow

For « bounded and large, r = |y|, we have

1
E(y —2) = BE(y) + ().
The asymptotic expansion at infinity of the function H is given by
H(y) = Pu(y) + Wu(y),
Puly) = Aw(u(z0))E(y),

mwmm:/mw@,

ow

W (y) :o(i).

r2
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If w = B(0,1), then v,(y), pw(y) and W, (y) can be computed explicitly (see [20]):

vy (y) = =pu(y), Wuly) =0, y #y R

Then
Ay (u(zo)) = 2mu(xo).

Theorem 4.3. Let J. be the functional defined by (4.5), where u is solution to (4.4)

0
with Ple _ 0 on Ow.. The following asymptotic expansion holds

on
Je(ue) — J(@) = €(—2xVa(0)VU(0) — 27|@(0) — uo(0)[*) + o(e™), (4.13)
where 4 is a solution to (4.1) and U is a solution to the adjoint state

—AU =2(t —up) in 9,
ol 4.14
2y on 0N). ( )
on
Remark 4.4. If u. = 0 in w. and w = B(0, 1), the topological gradient associated to
the functional (4.5) is given by

g(xo) = —4ma U, (4.15)

where U is solution to (4.14), and @ is solution to (4.1).

5. NUMERICAL SIMULATIONS

In this section we present numerical simulations obtained for finding the position of
the unknown subset D inside the domain 2. We use topological optimization tools
obtained in the last section. The numerical result show that the domain D is located
where the topological gradient g(z() is most negative. The difference between the
solution ug of problem (2.5) and @p solution to (4.1) is very big. That this is reflected
by the fact that the conductivities inside D and €2 are different. By a measurement of
the Neumann data % = ¢, we want to locate D inside the domain 2. The function
q; obtained by the extension of up in 2 depends on the conductivity of the domain D.

In the first case, we use ¢ = 2z +y, ¢ = k(x+y), k which is very small. We plot
the solution #p, the adjoint state vp and the topological derivative in the domain
Q =[-1,1] x [-1,1]. The results obtained are given in Figure 1.
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direct solution

adjoint state
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topological derivative

1

-50

-250

Fig. 1. Direct solution, adjoint state and topological derivative

In the second case, we take ¢ = (22 — 1)(y*> — 1) — §, ¢ =—k(z+y), k=2 The
results obtained are given in Figure 2.

direct solution adjoint state
-50
2
-100
4 x -150
-200
-5
-250
8 o -300
e -350
-10 r
-400
12 ) -450
- 05 0 05 1

topological derivative x 10"

Fig. 2. Direct solution, adjoint state and topological derivative
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In the last case, we take ¢(z, y) = cos m(z+y)+sinw(z+y), ¢ = —2kcosm(z+y)+
+sinw(xz + y), k = 1,2. The results obtained are given in Figure 3.

direct solution adjoint state
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-30
-40
-50
-60
- -70
e 80
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05
1500
1000

-500

0

topological derivative

-1000
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Fig. 3. Direct solution, adjoint state and topological derivative
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