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Abstract
This paper describes an application of the dynamic programming method to determine the safety of one’s own 
ship trajectory during encounter of other ships. A dynamic model of the process, with kinematic constraints of 
state and determined by a three-layer artificial neural network has been used for the development of control pro-
cedures. Non-linear activation functions in the first and second layers may be characterised by a tangent curve 
while the output layer is of a sigmoidal nature. The Neural Network Toolbox of the Matlab software has been 
used to model the network. The learning process used an algorithm of backward propagation of the error with 
an adaptively selected learning step. The considerations have been illustrated through an example implemented 
in a computer simulation using the algorithm for the determination of the safe ship trajectory in situations of en-
counter of multiple ships, recorded on the ship’s radar screen in real navigational situation in the Kattegat Strait.

Introduction

Safe ship navigation is one of the most import-
ant problems in marine navigation. It is difficult 
to make correct decisions during a collision sit-
uation because of the growing size, velocity and 
number of ships that are taking part in maritime 
transport. At the same time, there is a tendency 
in the domain of ship control towards automation 
of processes for choosing optimal manoeuvres or 
safe trajectories based on the information from 
the anti-collision system ARPA (Automatic Radar 
Plotting Aids). The ARPA system enables to auto-
matically track at least j = 20 ships encountered, 
to determine their movement parameters (speed 
Vj and course ψj) and elements indicating their 
closing to one’s own ship (DCPAj – Distance of the 
Closest Point of Approach and TCPAj – Time to the 
Closest Point of Approach) together with the risk 
of collision, rj; however, the operational range of 
a standard ARPA system ends up with the simula-
tion of a manoeuvre selected by navigator (Bist, 
2000; Kouemou, 2009).

Multistage safe ship control

Safe ship control depends on continuing observa-
tion of the situation at sea, determination and realisa-
tion of the anti-collision manoeuvre, and safe travel 
to the destination point. It is therefore important to 
determine the safe trajectory of a ship as sequence 
of single manoeuvres, and course and/or speed as 
a multistage decision-making process (Wiśniewski, 
2011). 

The problem of the development of the multi-
stage control process is very difficult, considering 
the high complexity of steering, which has dynamic, 
non-linear, multi-dimensional, non-stationary and 
game controlling features. In practice, the meth-
ods for the selection of a manoeuvre or trajectory 
assume the form of relevant controlling algorithms, 
programmed in the microprocessor controller gener-
ating the option of the ARPA anti-collision system 
or of the training simulator (Cross, 1994; Modarres, 
2006).

The steering mode of a ship depends on the 
range of precision of the information on the current 
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navigational situation and on the adopted model of 
the process. During the development of the process 
the following relevant elements are to be considered: 
equations of kinematics and dynamics of the ship, 
disturbances generated by the sea’s wave motion 
as well as wind and sea currents, navigational con-
straints, strategy of the encountered objects and the 
purpose of the control. A wide variety of models 
directly influence the synthesis of various algorithms 
of control and the effects of safe steering (Leondes, 
1998).

Model of control process

A ship’s steering under collision situations may 
be characterised by high alterations of the course, 
within the range 20°–90°, and reduction of speed by 
not more than 30%. The model of the ship’s dynam-
ics may be presented as in Figure 1.
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Figure 1. Ship as object of control: αr – reference rudder 
angle, nr – reference rotational speed of screw propeller, 
ψ – course, ψ  
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 – constraints as encountered j ship:  
ψj – course, Vj – speed, Nj – bearing, Dj – distance

The simplifications introduced in the model of 
the ship’s dynamics include the omission of the 
drift angle and fall in the ship’s speed during the 
manoeuvre, the adoption of a non-linear mathemati-
cal description of the ship’s dynamic features in the 
rudder control system according to Nomoto, and 
a linear model for the control system of the rotation-
al speed of the propeller.

State process equations

The description of the ship’s dynamics can be 
represented by the following state equations:
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where x1 = X; x2 = Y; x3 = ψ; x4 =  max  
 
; x5 = V; x6 = 

V  
 
; x7 = t; u1 = αr / αmax; u2 = nr/nmax; a1, k1, k2 – gain 

coefficients; T1, T2, T3 are time constants.

The identification research conducted with 
regards to a few types of cargo vessels under reg-
ular operational conditions at various speeds and 
loading states allows for the following assessment 
of the values of the parameters present in the above 
model: T1 = 5÷50 s, T2 = 10÷100 s, T3 = 50÷500 s,  
a1 = 50÷1000 s/rad, k1 = 0.01÷0.3 1/s, k2 = 1÷10 m.

Control and state constraints

The constraints of control and the state of the 
process are a result of the necessity to consider the 
physical values characterising the process:

	 10,1 21  uu  
 

	 (2)
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and the consideration of real navigational constraints:

	 0),( 21 xxgn  
 

	 (4)

At the same time, to ensure safe shipping it 
is necessary to consider the recommendations of 
the international regulations on the priority way,  
COLREG (Collision Regulations). In accordance 
with regulation 17, and in conditions of good visi-
bility at sea, the way of the vessel approaching from 
the right subsists: 

	 0),,,( jjjjj DNVg   
 

	 (5)

Control quality index

The basic quality index the ship’s control is to 
ensure safe passing of the encountered ships, which 
is considered in the state constraints of Eq. (5). 
Moreover, a goal function for optimisation is taken 
into consideration in the form of the smallest possi-
ble way loss required for safe passing of the encoun-
tered ships, which, for a constant speed of one’s own 
ship, leads to the time-optimal control:
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Neural representation of encountered ships
Ships domains

The areas in which the risk of collision exists, 
known as the encountered ships domains, are cre-
ated in the neural constraints computer programme 
procedure (Colley, Curtis & Stockel, 1983; Dovie, 
Dove & Stockel, 1980). The adopted ships’ domains 
are represented as a circle, in conditions of restrict-
ed visibility, and, in conditions of good visibility, in 
the form of a circle for ships on the left side and of 
a parabola, ellipse, or hexagon, for ships on the right 
side. The dimensions of domains depends on the rel-
ative speed of the ship being passed and are modified 
on the basis of the answer from an appropriately pre-
pared neural network which assesses the degree of 
the collision risk (Figure 2).

One of the fundamental factors to be taken into 
consideration when the ship’s domain is determined 
is the safe distance, Ds. This is the smallest accept-
able distance between the ship and the navigational 
obstacle. This parameter is estimated by the naviga-
tor based on the current navigational situation and 
is usually equal to the DCPAj distance (0.5–3.0 Nm) 
(Goodvin, 1975). 

For a comparative analysis, different domain 
shapes are assumed. The circle domain (5) is formu-
lated as a circle with radius equal to Ds: 
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where (Xj, Yj)  are the co-ordinates of the j-th encoun-
tered ship.

The parabolic form of constraint (5) is described 
by the equation:
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where ψj is the course of the j-th encountered ship, 
and ζ is the span of the parabola arms.

The elliptic form of constraint (5) is calculated 
using formula:
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where Cdj is the focal distance of the ellipse, Ldj, Bdj 
are the axes of the ellipse that are called dynamic 
length beam of the ship and can be computed using:

)767.0(1.1),345.01(1.1 4.06.1 LVBBVLL djdj   
 

	
		  (10)
In equations (10), L and B denote the length and 
beam of the ship, and V is the ship velocity. The 
basic parameter of the hexagon shape domain is the 
distance between centre point of ship and bow-point 
of the domain, Ldj.

Neural ships domains

We now consider a network that has five inputs 
and one output, with the aim of identifying one of the 
acceptable values of the response, with the smallest 
error possible, to particular input vectors: 

	 y = Γ [W x]	 (11)

	 x = [PjψwjV, Vj|Vwj|]	 (12)

Figure 2. Shapes of domains of neural encountered ships
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	 y = [0,1 – safe situation; 0,3 – attention;  
	 0,5 – risk of collision; 0,7 – dangerous situation;  
	 0,9 – collision]	 (13)

the following result is found:

	 })({min 2
ekk yy 

  
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where yk is the network response, yek is the expected 
network response, Γ the activation functions of neu-
ral network layers, Pj the position of the j-th encoun-
tered ship, Vj the speed of the j-th encountered ship, 
V the speed of one’s own ship, ψwj the relative course 
of the j-th encountered ship, |Vwj| the relative speed, 
and k the index of time moment (Figure 3).

The values of the elements of the xk vector are 
provided from the ARPA system, and the yk values 
determine the degree of the collision risk through 
the dimension of the domain assigned to the j-th 
encountered ship (Hertz, Krogh & Palmer, 1991; 
Hunt, Irwin & Warwick, 1995).

The one-way network has three layers of neu-
rons. The non-linear activation functions in the first 
and second layers represent a tangent nature and 
the output layer represents the sigmoidal nature. 
The network was modelled with the use of the Neu-
ral Network Toolbox from the MATLAB package. 
The learning process used the algorithm of the back 

propagation of the error with adaptive learning rate 
and the momentum. The learning data were prepared 
by simulating navigational situations and recording 
corresponding expected network answers given by 
an experienced navigator.

Dynamic optimisation of safe trajectory

The determination of the optimal control of the 
ship in terms of an adopted index of the control qual-
ity may be performed by applying Bellman’s princi-
ple of optimisation. The principle describes the basic 
features of the optimal strategy – whatever the initial 
state and decisions are, the remaining decisions must 
generate the optimal strategies from the point of the 
state resulting from the first decision. It results from 
this that the calculations using this method are usual-
ly initiated from the final stage and then the process 
goes toward the first one (Bellman, 1957).

The process of the collision prevention fulfils 
the duality conditions, therefore the optimal trajec-
tory of the ship under a collision situation is deter-
mined using the optimisation principle and is com-
menced from the calculation of the first stage and is 
then directed toward the final stage (Lew & Mauch, 
2007). 

The optimal time for the ship to go through k 
stages is determined as follows (Eq. 15):

Figure 3. The structure of the neural network generating the ships domains
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The optimal time for the ship to go through the k 
stages is a function of the system’s state at the end 
of the k–1 stage and control (u1, k–2, u2, k–2) at the k–2 
stage (Figure 4).

By going from the first stage to the last one, for-
mula (15) determines Bellman’s functional equation 
for the process of the ship’s control by the alteration 
of the angle of the rudder angle and the rotational 
speed of the propeller. The constraints for the state 
variables and the control values generate the neural 
constraints procedure in the computer algorithm 
dynopttraj for the determination of the safe ship 
trajectory.

The consideration of the constraints resulting 
from maintaining a safe approaching distance and 
the recommendations of the way priority law is per-
formed by checking whether the state variables have 
not exceeded constraints in form of neural domains 
in each of the intersections considered and by reject-
ing the intersections in which the excess has been 
discovered (Speyer & Jacobson, 2010; Guenin, 
Konemann & Tuncel, 2014).

Computer simulation

The trajectories have been computed by means 
of the dynopttraj programme for the ship’s situations 
recorded in the Kattegat Strait, both for conditions 
of good and restricted visibility at sea (Figures 5–7).

Conclusions

The synthesis of safe and optimal control of the 
ship improves the problem of steering using the 
dynamic programming method with a relatively pre-
cise description of the dynamic properties.

The synthesis of the steering process described in 
this paper (concluding with a description of appro-
priate algorithms for determining the optimal con-
trol procedures) forms a basis for the development 
of a computer program for the definition of the safe 
trajectory of a ship with the use of information from 
the on-board anti-collision system. 

The safe trajectory proposal can be simulated 
on the display of the ARPA anti-collision system as 
an additional feature of the system. The navigator 
is supported in the control of the process of gen-
erating and evaluating various options for efficient 
decision-making.

The neural networks presented in this paper may 
be used as elements of the systems for the assess-
ment of the safety of the ships passing by the intro-
duction of the possibility to make a current correc-
tion of the sizes of ships’ domains. They are able to 
represent the heuristic knowledge in a similar way to 
an experienced navigator.

The correctness of the assessment of the safety 
of the passing vessels with the use of the networks 
depends, to a decisive degree, on the correctness of 

Figure 4. Determination of the ship’s safe and optimal trajectory by means dynamic programming method
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Figure 5. Comparison of safe ship trajectories for different domain shapes in case of 17 met ships and good visibility at sea, 
Ds = 1.0 nm: a – 12 minutes velocity vectors of ships, b – circle and hexagonal domains tk

* = 4211 s, c – circle and elliptic domains 
tk

* = 4798 s, d – circle and parabolic domains tk
* = 4093 s

a b

c d

Figure 6. Computer simulation results of the safe ship trajectory in case of 17 encountered ships and good visibility at sea with 
circle and hexagonal domains: a – Ds = 0.9 nm tk

* = 4384 s, b – Ds = 0.8 nm tk
* = 4499 s

a b
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the data used in the process of the learning network. 
The use of the knowledge of a few experienced nav-
igators during the learning by the network may lead 
to the situation in which the network acquires their 
averaged knowledge.

The introduction of elements of the computation-
al intelligence, represented by a properly prepared 
network, to determine the ship’s domain and, as 
a  consequence, safe trajectory in a collision situa-
tion, may help less experienced navigators in the 
supervision of the anti-collision system assisting 
the navigational situation, increase the safety of the 
anti-collision manoeuvre and accelerate the process 
of selecting a manoeuvre to avoid the collision.
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