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Abstract. A study of the stress state and reliability of an isotropic body with the same
material crack resistance and evenly distributed internal defects-cracks under the conditions
of homogeneous axisymmetric loading is carried out. Defects are characterized by two
independent random variables — a radius and orientation angle. The probability density
distribution of the defect radius is chosen in the form of an exponential law. The probability
density distribution of the defect orientation angle is chosen in the form of a law that corre-
sponds to the material isotropy. The influence of the loading level, type of stress state and
body size (number of defects) on the most probable value, the mean value and the disper-
sion of failure loading (strength) are investigated.
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1. Introduction

Research of reliability and construction of structural materials fracture criterion
is an actual and important task. For high-strength materials, which in the operation
process are characterized by brittle fracture, it is necessary to create reliable methods
for predicting their properties. Taking into account the stochastic structure of brittle
materials is an important component of effective modeling of their failure. The com-
plex application of probabilistic-statistical methods and deterministic solutions of
materials brittle fracture mechanics problems allows us to qualitatively model
the strength and reliability of structural elements under different types of loading.
In paper [1], a two-dimensional finite element simulation-based approach was
developed to assess the pore-pore interactions and their impact on fracture statistics
of isotropic microstructures. In article [2], the probabilistic fracture mechanical com-
puting codes are compared. In work [3], strictly for statistical purposes, the micro-
structure of nacre is approximated by a diagonally pulled fishnet with quasibrittle
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links representing the shear bonds between parallel lamellae (or platelets). The prob-
ability distribution of fishnet strength is calculated as a sum of a rapidly convergent
series of the failure probabilities. A modified Weibull failure probability model
that considers the impact of compressive stress on cladding failure probability is
deduced, and then it is used to calculate the failure probability of different cladding
designs [4]. In paper [5], a probabilistic procedure for modeling multiple surface
crack propagation and coalescence is proposed. In the work [6], a data-driven
approach based on a Gaussian process for regression is developed to determine
the probability of axle failure caused by crack growth in railway axles. A reliability
analysis of fatigue crack growth for a steel subject to the growth of multiple cracks
is presented in [7].

The purpose of this study is to develop a comprehensive approach for calculat-
ing the reliability of stochastically defective bodies, which is based on the results of
the fracture mechanics of materials with deterministic internal defects and data
obtained by probabilistic methods.

2. Formulation of the problem

Consideration of internal defects in a three-dimensional body with their spatial
location more adequately reflects the process of studying the solids (structural
materials) strength. In this case, a disc-shaped (flat round in plan) crack, which is
characterized by a radius and two angles of orientation in space is the simplest
model. For the case of axisymmetric loading, we have two parameters — the radius
R and the angle of orientation o between the normal 7 to the crack plane and
the axis of symmetry Oz (Fig. 1). These parameters are statistically independent
random variables and we can consider the laws of their probability distribution.
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Fig. 1. Homogeneous axisymmetric loading of a stochastically defective body

Let us investigate a model of an elastic isotropic body (or its element) that has
a volume ¥V and the same material crack resistance K- under the conditions of
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homogeneous axisymmetric loading P and Q =7 P. Consider the uniform distribu-
tion of N disc-shaped defects-cracks (the number N is proportional to the volume
) that do not interact with each other.

According to the model material isotropy, the probability density distribution of
random variable « is determined by the ratio f(«)=sina (0 <a < 7/2) [8].

In article [8], the probability density distribution of a random variable R was
chosen in the form of a generalized fS-distribution. In this study, we choose the
probability density distribution of the R in the form of an exponential law [9]:

R

f(R)=%e’z (R>0). (1)

Here / is a distribution parameter that has a radius dimension. The correspond-
ing probability distribution function is defined as follows:

R

F(R)=1-e " ()

In Figure 2, the graph of a random variable R probability density distribution
is constructed.
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Fig. 2. The probability density distribution of a random variable R

The recorded distribution allows for the possibility of large radius cracks. As the
value R increases, the probability of the defect presence decreases. This assumption
simplifies the material model and mathematical calculations [10, 11].

3. Failure loading probability distribution function

In paper [12], the failure loading probability distribution function expressions
for the case of choosing the random parameter R probability density distribution
of a body element with one crack in the form of an exponential law (1), (2) are

obtained. Write these expressions by entering an immeasurable loading p = 12(—})\/z
c 7

for the following types of stress:
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1) all-round tension for P>0 >0 (0<7<1)

o 1 i . ~
E(p.m=T(p.n)=e€" —ﬁ _[ e \[(p\/;) —ndx, 0<p<owo;  (3)
2

2) all-round tension for 0> P >0 (1<7 < )

-2
P

E(P’ﬂ)sz(paﬁ)zeip_z—; I e’ (p\/;)il—ndx, 0<p<mw; (4

\[1—7] P

3) tension in the axial and compression in the lateral directions for P >0,
0<0 (-0o<n<0)

_ 2 1 K _ -1
E(pp)=T,(p.n)=¢” ——— [ & —pdx, 0<p<oo; (5
(P =T(pm)=e ﬂpfze (px) —mdx, 0<p<oo;  (5)

4) compression in the axial and tension in the lateral directions for P <0,
0>0 (o< <0)

E(_p977) =T4(_p977) :ﬁ I7 e_x\'(p\/;)_l_ﬂ dx, 0< —p <o, (6)

Based on the relations (3)-(6), it is possible to determine the body strength
probabilistic characteristics.

The failure loading probability distribution function of a body element with one
crack in partial cases is written like this:
1) the same all-round tension (P =Q, n71=1)

Fl(p,l)ze’pfz, 0< p<oo; (7

2) biaxial tension (P =0, g = Q\/z >0,7 > o)
K. \r

Fl(q,oo)zie_‘,/l—(q\/;)_ldx, 0<g<ow; ®)

3) uniaxial tension (P >0, 0=0,7=0)

E(p,0)=e" — ]E e’ (p\/;)il/zdx, 0< p<oo; 9)

—2
P
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4) tension in axial and equal compression in the lateral directions (P=-0 >0,

n=-1)
I ) .
E(p,-D=e" —Epj‘ze 1/1+(p\/;) dx, 0< p<oo; (10)

5) compression in the axial and equal tension in the lateral directions (-P =0 >0,

n=-1)
E(—P,—1)=%jze",/1+(p\/;)1dx, 0<—p<o0. (11)

Figure 3 shows the curves of the failure loading probability distribution function
F (p,n) of a body element with one defect for some of the considered partial cases.
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Fig. 3. Failure loading probability distribution function: 1 — the same
all-round tension, 2 — biaxial tension, 3 — uniaxial tension

The failure loading probability distribution function F (p,77) depends on the
loading level p and the type of stress state (from 77). The analysis shows that
the function F(p,77) increases with increasing magnitude p. As the parameter 7

changes, the shape of the graph of the function F,(p,7) changes.

4. Failure loading probability density distribution

The failure loading probability density distribution for a body with N defects
is recorded as [13]:

fN<p,n)=N<1—E<p,n))“%[’j””. (12)
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Substitute into formula (12) the expressions for the failure loading probability
distribution function (3)-(6) and differentiate the integrals by parameter p. We get
the expressions of failure loading probability density distribution f, (p,7):

1) all-round tension for P>Q0 >0 (0<7<1)

-2

N(1=T,(p,m) " "¢ e

21— () =1 f

2) all-round tension for 0> P >0 (1<7 <o)

Sfv(pm) = 0< p<oo; (13)

-2

)N—l de?” 1 v J- e dx

p3 +2p2\/1_77”2’72\/(p\/;)1_77 ﬁ > (14)

fy(p.)=N(1-T,(p,n)

0<-p<oo;

3) tension in the axial and compression in the lateral directions for P >0,
0<0 (-0o<n<0)

. N-1 b(p) —x
NO-Tpom) e de 0<p<w; (I5)

2p° 1= M= () -1 f

fN(p977) =

4) compression in the axial and tension in the lateral directions for
P<0,020 (—0o<n<0)

NO-T,pm) " . f e

fN(_p’n): 21?2\/—_77 b(,})rilwpzj;z (p\/;)—l_ \/_

0<—p<o0. (16)

For the partial cases considered above, we obtain the following formulas for the

function f}, (p,n):
1) the same all-round tension

fu(p)=2N(1-E(p,)))" e p?, 0< p<oo; (17)

2) biaxial tension

(1 F(q,oo))

Ji(g,0) = 0 2\/7\F
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3) uniaxial tension

N(1-F(p,0) " . "fe" .
fN(pao)_ 2p3/2 b(lp}glw Z@dx, OSp<OO,

e
4) tension in the axial and equal compression in the lateral directions

o U l) N b(f)—e_x B < peoo:
. = ’

fN(p’_l): — 5
W2t e 1+(pvx) V¥

5) compression in the axial and equal tension in the lateral directions

fy(=p,~D)=N(1-FE(-p,-1)"" x

e dx

x| lim 0<-p<o.
p)—>®

20”1 f
3
p zﬁpz . 17’2

(19)

(20)

e2))

For some partial types of the body stress state with stochastic N crack distribu-
tion in Figures 4 and 5, according to relations (17)-(19), graphs of the failure load-

ing probability density distribution f, (p,7) are constructed.

1% (Pﬂ]) 4
8 L

0

02 04 06 08 L0 12 P
Fig. 4. Failure loading probability density distribution at the same all-round tension
for materials with various number of defects
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Fig. 5. Failure loading probability density distribution: 1 — the same all-round tension,
2 — biaxial tension, 3 — uniaxial tension; solid for N = 80, dashed for N =20

The considered distribution f, (p,77) of a random variable p are unimodal.
The minimum value of the failure loading (strength threshold) is zero and does not
depend on the type of stress. This means that at an arbitrary (even arbitrarily small)
loading there is a non-zero probability of failure.

5. Probabilistic characteristics of failure loading

Consider the probabilistic characteristics of the failure loading (reliability)
for a body with a stochastic distribution of N defects and analyze their properties.
The most probable value (mode) Mo(p) corresponding to the level loading at which
the probability density distribution f, (p,7) reaches a maximum can be found from
equation [8]

(1= E(p.m)E (p,m) + 1= N)E (p.m)*=0. (22)

The failure loading mean value is found from the equation [13]

Prmax (7)

(P)=pPw+ [ (1=F(p.m)"dp. (23)

Prmin (17)

To determine the dispersion of failure loading, apply the formula [13]

Prax (17)

D(p)=pl(m+2 [ (1-F(p.n) pdp—(p)’. (24)

Prmin (17)

Substituting in formulas (22)-(24) expressions for the function F,(p,7) (3)-(6),
we obtain the relations for defining the specified probabilistic strength characteris-
tics. In particular, for partial cases (5)-(9) we will have:
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1) the same all-round tension

(p)=[(1-e"") o e3)

D(p)= 2]2(1 —e’ )dip —( (1 —e” )NdpJ ; (26)

oS3

2) biaxial tension

I[ \/T dx} g; @7)
D(q)=2]:(1—iexm dxj qdg -
Lo (28)
[H}iexJTGhﬁﬁthcm};

3) uniaxial tension

[1 oy j (p&)“de dp; (29)

P2

(p)=

O'—.8

D(p)= 2]2(1 —e 4 ]ﬁ e (p\/;)mde pdp—

-2
P

- [f[l —es f e (px )”zde dp} :

0

(30)

4) tension in the axial and equal compression in the lateral directions

(p)= I[l e”+—f JdeJ dp; 31)
D(p)zZI[l e +—j Jidx] pdp—

2
H

e et o]

(32)

0
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5) compression in the axial and equal tension in the lateral directions

(—p>=T 1—%Te"‘,/1+(p\/;)_ldx dp;
D(—p)=ZT 1—%?6_"[,,1 (p\/;)_ldx pdp—

N 2
- ! 1—%pjze'x,[1+(p\/;)_ldx dp|.

(33)

(34

In Figures 6 and 7, in accordance with expressions (25)-(30), graphs of the
mean value and dispersion of failure loading for materials with different number of

defects N under different types of stress state are considered.

10 50 90 130 170 210 250 N

Fig. 6. Failure loading mean value for materials with different number of
defects N under different types of stress state: 1 — the same
all-round tension, 2 — biaxial tension, 3 — uniaxial tension

D(p)-10° 4

10 50 90 130 170 210 250 N

Fig. 7. Failure loading dispersion for materials with different number of
defects N under different types of stress state: 1 — the same
all-round tension, 2 — biaxial tension, 3 — uniaxial tension
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6. Conclusions

With the same all-round tension for the increasing defects number, there is
a decrease in the value Mo(p) (Fig. 4). As the parameter N changes, the shape of
the failure loading probability density distribution curve f, (p,7) changes. In Fig-
ure 5, we observe the applied loading type effect on the body strength. The lowest

value Mo(p) will be for the same all-round tension, and the largest for uniaxial
tension. Similar regularities are traced in [8]. The change in the Mo(p) magnitude
and shape of the failure loading probability density distribution curve depends on
the type of stress state and parameter N. The maximum ordinate of the distribution
curve depends on the type of applied loading and is directly proportional to the pa-
rameter V.

The dependence of the failure loading mean value < p> on the type of stress state
and the number of defects is shown in Figure 6. For a fixed number of defects,
the value < p> changes, and its lowest level will be in the case of the same all-round
tension. Such patterns are observed in [8]. The number of defects N has almost
no effect on the body strength in a certain range of its sizes. As the number of
defects increases, the value < p> (strength of the body) decreases and asymptotically
approaches zero. This phenomenon is known as size effect and is studied in [3, 14].

Dependence of the failure loading dispersion D(p) on the number of cracks and
the type of stress state is shown in the Figure 7. The dispersion D(p) is a decreasing
function of the parameter N. At a certain interval of change N, we observe a signif-
icant decrease in the value D(p), which does not depend on the type of loading.
Similar to the case of the mean value < p> study, for a certain range of body sizes,
the failure loading dispersion D(p) is almost independent of the number of defects.

The identified patterns are consistent with the results of article [15], in which
the study of the stochastically defective body strength was based on the failure
loading probability distribution function of the Weibull type.
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