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Abstract. Difference equations with impulses are studied focussing on the existence of
periodic or bounded orbits, asymptotic behavior and chaos. So impulses are used to control
the dynamics of the autonomous difference equations. A model of supply and demand is also
considered when Li—Yorke chaos is shown among others.
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1. INTRODUCTION

Differential equations with impulses play an important role in many applications [9].
The purpose of this paper is to consider their discrete versions as follows. Let
{n;}ien C N be an increasing sequence of natural numbers. Let f,g € C(K, K) for
a subset X' C R™. Let us consider an impulsive difference equation (IDE) of the form

Tpy1 = f(wn) for n € No \ {n;}ien,
Tn;+1 = f(g(xm)) fori € N,
where Ng = N U {0}. So we consider in (1.1) iterations z, — zn+1 = f(z,) for
n € Ng \ {n; }ien, then impulses x,, — Z,, = g(x,,) at n € {n;};en and continuing with
iterations T, — Tn,+1 = f(Zn,).
Another type of IDE, but a similar one has the form

Tl = {f(xn)v n € No\ {ni}ien,, (1.2)

(1.1)

Tn+7, N=n,

When g is identity, so there are no impulses in (1.1), we get a discrete dynamical
system
ZTnt1 = f(zn) formn € Ny, (1.3)

which is well studied [4]. The purpose of this paper is to control the dynamics
of (1.3) by using the impulses z,, — Z, = g(x,) at n € {n;}ien-
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The paper is organized as follows. In Section 2, we consider (1.1) with equidistant
impulses to derive results on the existence, uniqueness and stability of periodic orbits.
Section 3 is devoted to affine IDE focussing on asymptotically equidistant impulses
and controlling their stability. In Section 4, conditions are derived for practical control-
lability of boundedness of solutions for affine IDE with shifted impulses. An impulsive
supply and demand model of the form (1.2) with shifted impulses motivated by [11] is
investigated in Section 5. When changing the impulse shift, it is shown a Li—Yorke
chaos on one side, while globally asymptotically stable periodic orbits on the other
side. The final Section 6 discusses periodic orbits and periodic points for general
nonautonomous periodic difference equations. Several concrete numerical examples
are presented to illustrate the theory. Related results are investigated in [1-3,5, §].

2. GENERAL EQUATIONS WITH EQUIDISTANT IMPULSES

The simplest case of (1.1) is for equidistant impulses, i.e., n; = A for a fixed A € N.
Then the dynamics of (1.1) is given by the mapping

F(z) = g(f>(x)), (2.1)

since
T, = Zin = F'(2)

i

and then
o = [P URI-DARIRI-1(20)), neN, (2.2)

where [-] is the ceil function. In particular, (2.2) implies

Tin+1 = f(Fi(l“o)) (2.3)

for any ¢ € N. Then (2.3) gives that any p-periodic orbit of F' generates a pA-periodic
orbit of (1.1). Now we are ready to prove the next result.

Theorem 2.1. Let Ly and L, be global Lipschitz constants of f and g, i.e.
|h(z1) — h(z2)|| < Lp|lz1 — z2|| for any x1,22 € K and h € {f,g}. If K is closed
and

LyL% <1, (2.4)

then (1.1) has a globally exponentially stable A-periodic orbit in K starting at the
unique fixed point Ty of F given by (2.1) in K.

Proof. By (2.4), mapping F' : K — K is a contraction with a constant LgL?,
so the Banach fixed point theorem gives a unique stable fixed point Zy of F'. For
any zo € K, (2.3) implies
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as well as
e — Fall = |10 (FIE170) (gg) = proTE1-08 (110 ) |
n—([Z]1-1)A n_ my_1,.
< Ly AR FrE1- (gg) — PTAT-1 ()
< max{1, L }(LyL7) & 171 |z — dol|
< max{1, L7 }(Ly L) 2 ™" ||zo — o
n—A
— mas{1, L} (L, L3) 5 o — o,
due to [r] > r for any r € R. By (2.4) the proof is completed. O

Example 2.2. Let us consider the impulsed logistic map of the form (1.1) with
f(x)=Xzx(1 —x), A € (0,4] and impulses g(z) = vz + 6, v € (0,1), 6 € [0,1 —~].

Now, K =[0,1] CR, Ly = X and L, = v, condition (2.4) takes the form yA® < 1.
Hence by Theorem 2.1 there is a globally exponentially stable A-periodic orbit of (1.1)
in K. On the other hand, using [4, Corollary C.4], we can find another conditions for
the existence of a globally asymptotically stable A-periodic orbit of (1.1) for the case
6 € (0,1 — v]. For instance, if A = 4, then Theorem 2.1 gives that for v < ﬁ, 0=0
and A = 4 the zero orbit is a globally asymptotically stable 4-periodic orbit of (1.1)
(see Figure 1a). While for v = 75, = 0.1 and A = 4, we apply [4, Corollary C.4]
and it follows that, there is a unique globally asymptotically stable 4-periodic orbit of
(1.1) starting from xg = 0.10942 (see Figure 1b).
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Fig. 1. Iterations of zg = 0.9 for the impulsed logistic map with A =4 and
the parameters: a) A =4, v=0.003, 0§ =0; b) A=4, vy =1/43 6 =0.1
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Slightly modifying the above arguments we obtain a result for periodic set of impulse
times, i.e., when n1 < ngs < ... < ng = A for a fixed A € N, and np = np_s + A
fork=s+1,s4+2,..., or equivalently

L%JA+”k—LEJs forke{s+1,s+2,...}\sN,
ng = s
g fA for k € sN,

where |-| is the floor function. Then the dynamics of (1.1) is ruled by

F(JJ) — (g o fAfns—l ogo fns—17n5_2 o---o0go fn27n1 ogo fnl) (Z‘) (25)
and (2.2), (2.3) remain valid. We state a result analogous to Theorem 2.1.

Theorem 2.3. Let Ly and Ly, be global Lipschitz constants of f and g, i.e.
|h(z1) — h(z2)|] < Lp|lz1 — x2|| for any x1,22 € K and h € {f,g}. If K is closed
and

LiL% <1, (2.6)

then (1.1) has a globally exponentially stable A-periodic orbit in K starting at the unique
fized point &y of F given by (2.5) in K.

Proof. We omit the proof as it is the same as the proof of Theorem 2.1. O

More complicated dynamics can be derived from the next result.

Theorem 2.4. Let F : [0,1] — [0,1] be a C'-map with fived points Fix F =
{0 =21 <22 < ... <ap < 1}. Suppose |F'(x;)| # 1 for any j = 1,...,k, so
fized points are either attractors or repellers. Moreover F(1) =0. If F'(z;) +1 <0
for some j > 1 then there is a 2-periodic point of F' in (0,z;) and also in (z;,1).
If (F'(xj) + 1)(F'(z;) + 1) < 0 for some xz; < xj, then there is a 2-periodic point of F
in (z;, ;).

Proof. Consider the function G(z) := ZEWI=% o1 any 2 ¢ Fix F. On the other hand

F(z)—z
for any zy € Fix F', we have

: _ oy FE@)F () -1 o,
i Glo) = fim e = P 1

by the I'Hospital rule. Hence G can be continuously extended on [0, 1]. Next, G(1) =1
and, since ' € C1([0,1],[0,1]) and F(0) = 0, we get F’(0) > 0 and G(0) = F'(0)+1 > 1.
If F'(xzj)41 < 0 for some j > 1, then G changes the sign on (0, z;) and also on (z;,1),
so G has roots in these intervals and these roots are 2-periodic points of F', since
G(z;) #0 for any i = 1,..., k. So if G(x) = 0 for some x € [0, 1], then F(F(x)) =«
but F(z) # x. Similarly, if (F'(x;) 4+ 1)(F'(z;) +1) < 0 for some z; < x; then G
changes the sign on (z;, x;), so G has a root in this interval and this root is a 2-periodic
point of F'. The proof is finished. O
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Example 2.5. We can apply Theorem 2.4 to the above case f(z) = Az(1l — x),
A € (0,4] and g(z) = vz, v € (0,1), such that for the given f, we can adjust v € (0,1)
so that (2.1) satisfies assumptions of Theorem 2.4. Consequently, (1.1) has many
A-periodic as well as 2A-periodic solutions which are not A-periodic. On the other
hand, a complementary result to Theorem 2.4 is [4, Theorem C.3]. For instance,
from Figure 2 one can see that (1.1) with f(z) = Az(1 — ), A =4, g(z) = vz + 6,
v=045,60=0.42 € [0,1 —~], A =2, leads to the convergence of all orbits of (1.1),
since there are no 2-periodic orbits of the corresponding F. Moreover, derivatives
of F at its fixed points satisfy F’(0.44305) = —0.79881, F’(0.74097) = 1.85808,
F'(0.86721) = —0.41638. Hence the fixed points 0.44305 and 0.86721 are stable while
the fixed point 0.74097 is unstable.
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Fig. 2. Graphs of F' and F? illustrating their fixed points (a); the orbit of g = 0.9 for
the impulsed logistic map with A = 2 and the parameters A = 4, v = 0.45, = 0.42 (b)

3. AFFINE IMPULSIVE DIFFERENCE EQUATIONS

In general, (1.1) is difficult to analyze. The simplest cases are affine ones with
f(z) = Az + a and impulses g(xr) = = + Bz + b for matrices A,B € L(R™) and
vectors a,b € R™. Then by the superposition principle of solutions of (1.1), the
stability of any solution of (1.1) is equivalent to the stability of the zero solution of
the linear case
Tpy1 = Aw,  for n € No \ {n; }ien,
Tny41 = A(l+ B)x,, forieN,

so f = A and g =1+ B for the identity matrix I € L(R™). By setting
i(n) =#{i e N|n; <n}

(3.1)
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for any n € Ny, the general solution of (3.1) is given by

zn, = X(n)zo, (3.2)
X(n) = A" (I4 B)AMem ==t A7 (I 4 B)A™. '

This is rather similar to formula [9, (3.3)], so we can apply those results of [9]
to (3.2). Moreover, assume that A and B are commutative, i.e., AB = BA, then
formula (3.2) is simplified to

X(n) = A*(1+ B)'™, (3.3)
which is rather similar to formula [9, (3.5)].

Remark 3.1. Before stating the next result, we need the following comment. Let
B € L(R™) and suppose that its spectrum o (B) satisfies

oB)N{zeClargz=—-m+¢e}=10

for some ¢ > 0 small. This is equivalent to the invertibility of B. Then following
arguments of [6, Theorem 1.13, Problem 1.37] and [7, pp. 105-106], there is a unique
logarithm matrix In B of B such that

cnB)C{zeC|-nm+e<Sz<m+¢}

which is independent of such €. Moreover, if A € L(R™) with AB = BA, then
Aln B = (In B)A. Finally, we set B? = e?'» 5 for any p € R and note ABP = BPA .

Now we have the following result similar to [9, Theorem 34].

Theorem 3.2. Consider (3.1) with AB = BA, 1+ B invertible, and assume
lim ir) =p (3.4)

exists and is finite. Then it holds

(i) if the spectrum radius r(A(L+ B)P) of A(I+ B)? satisfies r(A(I+ B)P) < 1 then
(3.1) is exponentially stable,
(ii) if r(A(I+ B)P) > 1 then (3.1) is unstable.

Proof. (i) There is a K > 0 such that

r(A(I+ B)?) +1
2

I(AQL+ BYY"|| < K ( ) . Vnen (3.5)

(see [7]). Set A = %. By (3.3) and (3.5), we derive

IX(n)]| = A" (I + B)" ™| = ||A" ™ B

— ”An e"P In(I+B) en(Ls)fp) In(I+B) ||

(3.6)

i

)
< [[(AT+ B)")"|I e”(T*p) In(I+B) I

i(n) 7p|H In(i+B)| _ Ken(lnA+

n

i(n)
< KA"e" Gl m@+B))
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Then using A < 1, there is ng € N such that

- In A
In A + Z(g)—p‘ ||1n(]I+B)||<nT<O (3.7)

for any n > ng. Consequently, using (3.6) and (3.7), we arrive at
|X ()] < K™ = K(VA)"

for any n > ng, which proves (i).
(ii) There is a K > 0 and 2o € R™, ||zo|| = 1, such that

I(A(T+ B)")"xg|| > KA™, ¥neN (3.8)
see [7]). By (3.3) and (3.8), we derive
(see [7]). By (3.3) and (3.8)
1X (n)zol| = [[A™(I+ B)' o] = [|A™ &'V B g |

_ || e ( (T’)—P) ln(]H-B)An npIn(I+B)

ol 59)
ﬂ— n — ’
> [lo " (SF2) OB =1 (A1 4 BY)a |
> oS [Im@EB) e pn _ g (A= G2 —p| [ 1n@+B)])
Then using A > 1, there is ng € N such that
In A
In A ’Hln]l—i—B |>n7>0 (3.10)

for any n > ng. Consequently, using (3.9) and (3.10), we arrive at

X (n)ao > K™%

for any n > ng, which proves (ii), since || X (n)zo| — o0 as n — oo. The proof is
finished. O

The next step would be the study of semilinear (1.1), i.e., a nonlinear perturbation
of (3.1) like in [9, Theorem 3.5, Section 3.2], but we do not go into details now.

4. AFFINE EQUATIONS WITH EQUIDISTANT AND SHIFTED IMPULSES

Even simpler cases than in Section 3 are affine ones

Tpt1 = Az, +a for n € Ng \ {iA}ien,

. (4.1)
Tiat1 = A(zia +7) +a forieN,

for a matrix A € L(R™) and vectors o,y € R™, so f(z) = Az + a and g(z) =z + 7.
Then by the superposition principle of solutions of (4.1), the stability of any solution
of (4.1) is equivalent to the stability of the zero solution of the linear case

Tpt1 = Az, forn e N|
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which is well-known [4]. Assume that A is hyperbolic and unstable, i.e., there is no
eigenvalue of A in the unit circle and the spectral radius r(A) of matrix A satisfies
r(A) > 1. Then the affine system

Tpi1 = Az, +a forneN (4.2)

has a unique hyperbolic unstable equilibrium z = (I — A) !« for the identity matrix
I € L(R™). If we are ensured to have iterations of (4.2) within a ball B, = {z € R™ |
lz|]| <7} and ||Z|| > r, then generic iterations of (4.2) starting at B, exponentially
quickly leave B,.. On the other hand, consider (4.1) on the interval n < ngA for a given
ng € N. Then (2.1) has the form

A1
F(x) = A%z + Z Ao+, (4.3)
3=0

and (4.1) has a unique hyperbolic unstable A-periodic orbit starting at

= (I— A%~ ZAJOH—'V ,

SO
A-1
’y:.’fo—AAfo— ZAJCY
§=0
Taking
A-1
1= Wa, (14)
§=0

we get Tg = 0, and the unique hyperbolic unstable A-periodic orbit is given by

k—1

{Sf‘k}kAzl for ), = Z Ajoz7 (4.5)

§=0
which is inside the ball By for 7 = Zf‘:_ol | A]l7||e]|. Consequently, supposing

(C1) Yo A o <,

the hyperbolic unstable A-periodic orbit (4.5) is in B,. Summarizing, we get
the following result.

Theorem 4.1. Suppose (C1) and take v by (4.4). Then for any xo € R™ satisfying

r—r
lzoll < TTA]a” (4.6)
the iterations of (4.1) starting at xo remain in the ball B, for n < ngA. Moreover,
the iterations of (4.1) starting at xo = 0 remain in the ball B, for any n € N.
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Proof. Assuming (4.6), we derive
znll < N2l + AN 2ol < 7+ [ A" o]l < 7
for n < npA, where z,, is given by (4.1). The proof is finished. O

Roughly saying, Theorem 4.1 gives a practical controllability of boundedness of
(4.2) using impulsive system (4.1).
Remark 4.2. 1. The above results can be extended to a semilinear case
Tpy1 = Axy + h(z,) +a for n € Ny \ {i{A}ien,
ziny1 = A(@ia +7) + h(@ia +7) +a fori €N,
for h : R™ — R™ with ||h(y) — h(2)|| < Lu|ly — z|| for any y, z € R™ and for a suitable
constant Lj > 0, but we do not go into details now.
2. By [7, Theorem 4.47], the lower bound of (C1) is Zf;ol r(A)’||a||, which also

gives a lower bound for r. More precisely, for any € > 0 there is a norm || - || on R™
A-1 ; A1 ;
such that > ;o [[All7 lall < 225—¢ r(A)’[lall + .

Example 4.3. To illustrate our results, we consider a simple scalar case

Tn+1 =101z, +1 for n € Ny \ {10@'}%‘@\1,

4.7
T10i+1 = 101($1OZ + ’7) +1 forie N, ( )

and ng = 10. The first 20 iterations of (see (4.2))
Tpt1 = 1.0lz, +1 forneN (4.8)

with ¢y = 0 are given by

{0,1,2.01, 3.0301,4.0604, 5.10101, 6.15202, 7.21354,
8.28567,9.36853,10.46221, 11.56683, 12.6825, 13.80933,
14.94742,16.0969, 17.25786, 18.43044, 19.61475, 20.8109, 22.019}.

The hyperbolic unstable equilibrium of (4.8) is Z = —100. On the other hand, by
(4.4) taking v = —10.46221, in (4.7), it has a unique hyperbolic unstable 10-periodic
orbit

{0,1,2.01, 3.0301, 4.0604, 5.10101, 6.15202,
7.21354,8.28567,9.36853,10.46221}

lying in the ball B;;, so we take r = 11 and (C1) holds. Now 7 = 10.46221 and (4.6)
gives

2ol < 0.198827. (4.9)

Summarizing, we see that the iterations of (4.8) with 2y = 0 leave earlier the ball By,
but using
ZTpi1 = 1.01z, +1 for n € Ng \ {10¢}ien,

‘ (4.10)
T10i+1 = 101(33101 — 1046221) +1 forie N,
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we get its 10-periodic orbit starting at x; and staying in By along with its first 100
iterations, if (4.9) holds. So we get a practical control of boundednes of iterations
of (4.8) using (4.10) (see Figure 3). Note the 100th iteration of (4.8) with o = 0

is 170.48138. Moreover, we worked with only 5 decimal digits. The closer the initial
condition is to the right-hand side of (4.9), the higher precision is needed stay in Bi.

a) b)
. o . o ° o . o . o e © o o o o o o o o
10 RASS A AR ARG RARE BARE INRAS il IRAAS IRh . 7S DUUR N DU R RN DU DU U NN .
e o o o o o o o o o e o o o e e e e e e
NI NN AT AN NI | YR SN SR TARE S A T S A
S S T S S N S S S RS B S RO A A SR S T
AREIE PERE RS MIII PEREI PERS PR PERIEIRIEINS
o o .o o .0 e .0 o .0 o e oile eie ele o0 °
4le. . e o . n - ‘.o- 4 “’ "... 717
o o o . o ) o . o . b S ' ? . ? . ! . f
2le....e »0 'y 00‘ . o . 24“’..’....
b e b ' b . p ' b . . ' b ' bd . e » °
% N A A A A A A Y N S ‘
0 20 40 60 80 100 0 20 40 60 80 100
= 0.1988.

Fig. 3. Iterations of (4.10) with the initial condition: a) g = 0; b) zg
In the latter case, 190 = 10.99997

5. IMPULSIVE SUPPLY AND DEMAND MODEL
Let {n;}ieng, ni = A, A € Nand A > 2. Consider an IDE

n), N i fi€Ngs
%le{fu> n € No\ {nikien, )
Tn +7, N =0,
for a number v € R and a function f: R — R given by
(5.2)

A A
flz)=10-Nz+ % -3 arctan(ux),
where A, a, b, u € R are parameters. IDE (5.1) is a supply and demand model presented
in [11, pp. 178-183] with equidistant and constant impulses. Following [11], we assume
that b > 0 and 1 > 0 and A € (0,1). Then the dynamics of (5.1) is given by the mapping
F(z) = f2" Yz +7), (5.3)
(5.4)

n €N,

since
Tn = fn_l_((zw_1)A(F(Z]_1($0) + ’7)»

where [] is the ceil function.
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In particular, (5.4) implies
zin = F'(x0) (5.5)

for any ¢ € N. Then (5.5) gives that any p-periodic orbit of F' generates a pA-periodic
orbit of (5.1).
Let k— <9 < ky for some k_ < k4. Then

k- +v<x <ki+7,
Tin41l = Tin + 7,
(1 —=Nziar; — AN < zinti1 < (1= N)ziay; + AX
for j=1,...,A—1 and i € Ny, where

a ™

So we get

(1= A" (@ia +7) — A1 = (1= 277
< Tinsj (5.7)
<A =N aa+y)+FAQ -1 =N forj=1,...,A,i € Ny.

First, we derive from (5.7)
|zingi] < (1 =N Hoal +y|+A forj=1,...,A,i€Ny. (5.8)
Then (5.8) gives

1—(1=))4a-D

i(A—1

||+ A

m fOI"LeN

<lzo| +
Note that the last estimation holds also for ¢ = 0. Then (5.8) implies

+A
‘$n| < |SC()|+1_|(Z|_)\)A_1+|’)/|+A fOI"IlGNo. (59)

Consequently, iterations of (5.1) are bounded.
Next, by g € [k—, k4], we obtain from (5.7),

(1=X2"1 k47 —AQ - (1 =127
< F(xo) (5.10)
SA=N2 Mk + ) AL - (1027,
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Assuming

1—(1—-)\2"1

1—(1-)2"1

(k- + A) (1 n)a-1

< < (ks — A) Rt
(5.10) implies

k- < F(xg) < k4 for xg € [k—, ky].

The Brouwer fixed point theorem gives the existence of a fixed point af € [k_, k]
of F', which implies the existence of A-periodic orbit of (5.1) starting from z{. Since
F : [k_,ki] — [k—,ky] then (5.1) may have much more sophisticated dynamics
applying results of [4,10], see Example 5.2 below. Note that (5.11) makes sense if and
only if

24 < ki —k_. (5.12)

Summarizing, we arrive at the following result.

Theorem 5.1. Consider (5.1) with b > 0, A € (0,1) and f given by (5.2). Then
all iterations of (5.1) are bounded on No. If (5.12) holds with (5.6), then taking -y
satisfying (5.11), (5.1) has a A-periodic orbit starting from [k_, ki].

Example 5.2. Let us consider (5.1) with A=0.1, a=0.2,b=0.3, p =23, v =0.1
and A = 2. The assumptions of Theorem 5.1 are fulfilled with k1 = £12. So the
existence of a A-periodic orbit (starting from xg = —0.07664) of (5.1) is obtained.
Moreover, in this case F' has 3-periodic orbits starting from the points —0.22767,
—0.14817, —0.05909, —0.00656, 0.30216 and 0.36595 (see Figure 4). Consequently,
(5.1) has kA-periodic orbits for any k € N by Sharkovskii’s theorem [10, Theorem
11.2]. So it has Li-Yorke chaos [4, p. 37, p. 49, p. 243].

0.5

F(x)

Fig. 4. Fixed point of F and its 3-periodic points for (5.1) with A = 0.1, a = 0.2,
b=03, u=23,y=0.1and A =2
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Next, similarly like above, assuming x¢ > k_ and

I— (11—t

k. +A 5.13
(ke ) < (5.13)
forallm=1,...,A, (5.10) implies
k- <z, forn=0,1,...,A.
When k_ > 0, then
1—(1—\)A"1
k. 4+A)———F— < 5.14
(k- + A i < (5.14)
implies (5.13) for all n = 1,..., A. Furthermore, we derive
Al
"#)=1—-A— ———
f'(x) b2 1 1)’
S0 \
'(z)] = 1-a— 28 AL
max | /(a) max{\ CRESY

Using
F'(zo) = f'(za_1) ... f'(z1), (5.15)
we arrive at the following result.

Theorem 5.3. Consider (5.1) withb >0, u >0, A € (0,1) and f given by (5.2). If
A
’1Ab‘“<1, (5.16)

then there is a unique A-periodic orbit of (5.1) which is in addition exponentially
stable.

Proof. By (5.15) and (5.16), F' : R — R is contracting, so the Banach fixed point

theorem gives the result. O
Note that (5.16) does not hold if and only if
A
1—A—TM§—1. (5.17)
Then there is a unique z* > 0 solving f/(z*) = —1 and we derive

. |DAF A —2b
zt = R (5.18)

Moreover, —1 < f'(Z) < f'(z) < 1 — X for any > & > x*. Hence taking k_ = 2z*
in (5.14), so considering

bA + Ay — 2b 1—(1-)A"1
- = - < )
(2 TCENE +A> TEVE=t (5.19)
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for any xg € [22*,00) we get
Xy € [22%,00) forn=0,1,...,A.

Consequently, F : [22*,00) — [22*,00) is a contraction. Summarizing, we obtain
the following result.

Theorem 5.4. Consider (5.1) withb >0, >0 and A € (0,1). Suppose (5.17) and
(5.19). Then [2x*,00) is invariant for (5.1) and there is a unique A-periodic orbit
of (5.1) in [22*,00), which is in addition exponentially stable. Here A and x* are given
by (5.6) and (5.18), respectively.

Proof. The proof follows from the Banach fixed point theorem, like for Theorem 5.3. [

Example 5.5. Concerning (5.1) with A\=08,a=b=1, u=15,vy=11and A =2
one can easily verify the assumptions of Theorem 5.4. Then z* = 0 and we obtain
the invariance of [0,00) and the existence of exponentially stable 2-periodic orbit
Zok = 2.22955, xop+1 = 13.22955 for each k € Ny (see Figure 5).

0o . . . .
30 - A R e A e z
20§+ renenne b A A T 5

o

oy

° e 0 -] ) ) ) ) ) )
o . . . .
10N rRAE s A ERR A R A b Sl 1 Sl F Sl H Sl H :
o
o

® @ © (1) [} Q [ 1) 1) [ (4]
0 T T T 1
0 5 10 15 20

Fig. 5. Orbits of 0 (empty red diamond) and 20 (empty blue circle) for (5.1) with
A=08a=b=1, u=1.5~v=11and A = 2 tending to exponentially stable orbit of
xo = 2.22955 (solid black circle)
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Note when p — oo, then (5.1) should be considered as

n/)s €N i f1 )
- {g(m ) €N\ {ni}ien, (5.20)
Tp+7, n=n
with v
a ™
g(z) =1 —-Nz+ 5 T 35 580,

which is discontinuous. Moreover z* — 0, (5.19) becomes

1—(1—-)2"1
AW <7, (5.21)
and (5.3),
G(z) = g> Y +7). (5.22)

Then like above, for any xy € (0,00), we get
Zn € (0,00) forn=0,1,...,A.

Consequently, G : (0,00) — (0,00) is a contraction possessing the form

G)=1-N>"Yz+yn)+A01-(1-X12"1, A= % _ 21()

Summarizing, we obtain the following result.

Theorem 5.6. Consider (5.20) with b > 0 and X € (0,1). Suppose (5.21). Then
(0, 00) is invariant for (5.20) and there is a unique A-periodic orbit of (5.20) in (0, 00)
with
1=y + A0 - (1 -2

1—(1—N)A1 ’

which is in addition exponentially stable.

o =

6. NOTE ON THE PERIODICITY

When n; = i for a fixed Ag € N, then the both (1.1) and (5.1) are nonautonomous
A-periodic difference equations of the form

Zpt1 = h(zn,m), n €Ny (6.1)

with h(z,n + A) = h(x,n) for the corresponding A and any suitable z and n. Indeed,
we take

h(z,n) = f(z), n€No\{i(Ao +1) — 1}ien,
’ g(x), n=i(Ag+1)—1,
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for (1.1), s0 A =Ag+1, and

h(w,n) = f(x), neNp\{iA}ien,,
T4y, n=il,

for (5.1), so A = Ag. Thus we consider now a general h: K x Ny — K with a subset
K C R™. We introduce the following definition.

Definition 6.1. A point zyp € R™ of (6.1) is p-periodic for some p € N\ {1} if zp = ;)
for any ¢ € N.

Of course any kA-periodic orbit starts with a kA-periodic point, and any p-periodic
point determines a kp-periodic orbit for k € N as the least one such that kp € AN.
Since (6.1) is A-periodic in n, it is natural to search for kA-periodic orbits of (6.1)
for some k € N. On the other hand, there can exist a p-periodic point z of (6.1) of
period different from AN. For instance, when A = 0.1, a = 0.1, b = 0.015, v = 1 and
A =2 in (5.1), then taking p = 4.49498 one obtains a 3-periodic point 2o = —0.90631
(see Figure 6). The corresponding 3A-periodic orbit can be seek as 3-periodic orbit of F.

o
o
~ -

Fig. 6. Orbit of zp = —0.90631 for (5.1) with A = 0.1, a = 0.1, b = 0.015, v = 1,
A =2 and p = 4.49498.
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So, in general, a p-periodic point does not give a p-periodic orbit when p ¢ AN.
Furthermore, the existence of a p-periodic orbit for a general (6.1) of period different
from AN is rather non-generic. Indeed, let & € N be the least one such that kp € AN.
Then we must solve the overdetermined system

l‘H_l:h(l‘i,jp—f—i), iE{O,l,...,p—Q},

6.2
iCO:h(mpflvjp—’—p_l)? j€{0717"'7k_1}' ( )

On the other hand, when p = kA then (6.2) is reduced to the existence of a k-periodic
orbit of
F(z)=h(;,A—=1)o---0h(z,0).
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