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The problem of exponential decay for solutions of porous-thermoelasticity system, when time t — oo is studied. For sufficiently
small values of parameter of intensity of elasticity-porosity interactions the exponential decaying is established.

The idea of compact decoupling is applied for the system of equations. Exponential decay is proved first for the simpler
decoupled system, then the property is derived for the original system.
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Introduction

In this paper we continue studies,which we have begun
in [6], on decaying of solutions as t — oo for the
thermoelasticity system of viscoporous media.

We consider the following system:

0Pu=Au+bVep—MVO in QxR
02¢ = aA¢ — bdivu — y¢ — 705 + M0
in Qx R4,
D10 = dAO — Mdivo,u — M19,¢ in Qx Ry,
=0, =0 on 9QxR,,
u(0) = u°, 8yu(0) = u', $(0) = ¢°, 0:(0) = (1)
=¢1,0(0)=6° in Q.

u =0,

In the above we denoted: Q < R*, n = 2, 3, is open
bounded set, the regularity of Q) will be precised later,
R, = (0, o), Ae = uAI +(p + A)Vdiv is Lame operator
and coefhicents 4, b, d, r, M, M,, r, p > 0 (more precise
constraints on coefficents will be introduced later).
Interpretation of #, ¢, 6 and mechanical justification
of (1) is given in [4] and was recalled in [6]. We recall that
u € R is the displacement vector for media occupying
domain Q, ¢ denotes the change of volume fraction
relative to equilibrium configuration, 0 is the temperature.

The system (1) in one dimensional case was studied in
[11] and it was proved that when 7 > 0, the exponential
decay takes place, and when r = 0 this effect does not
occur. It is known, that for thermoelasticity system
(without ¢) for 7 = 1 the energy decays exponentially
(see literature references in [6]).

Let us denote €;;(u) := % (9;u; + Ou;),

oij(u) == X Z en(w)dij + 2ue(u), 4,5 €{1,...,n},
=1

o(u) s e(v) = > oij(w)e;(v).

i,5=1

We remind that (A, u), = >

=1

Assumption 1.1 We require A+ p > 0, (A4 p)y >
b2 when n = 2 and 3\ + 2u > 0, (3\ + 2u)y > 3b°
when n = 3.

It was proved in [5, 6] that
Proposition 1.2 Ifb,~v,v, A satisfy Assumption 1.1
then there exist constants c1,co > 0 such, that

o(u) :e(u) > Z E?j(u)a

ij=1

o(u) : e(u) + 2bpdivu + v¢* > cp | ¢ + Z efj (u)

2,j=1

Ojaij(u)ﬂ' € {1, .. .,n}.

(2]
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In this section we assume C? regularity of 9.
We define spaces V = H}(Q)" x HY(Q), H =
V x L2(Q) x L?(Q)"*L. It was proved in [5],[6] that

Proposition 1.3 The bilinear form

(o) (5 ),

::/ [o(u')  e(u®) +aVe' - Vo + 79! ¢”+
Q

+botdive? + b¢2divu1]
is the scalar product in V and V is the Hilbert space.
Let & = (ul,¢',v,9%,07)" € H, i = 1,2. The

bilinear form
)% ),
) 2
)1y

1
e =(( 5
-|-/ [vl.v2+¢1¢2+0192]
Q

is the inner product in H and H is the Hilbert space.
The norm given by this scalar product we denote
IRIE

We consider operator:

0 , 0 , 1 , 0 , 0
0o, 0 .0, I ., 0
L:= A, bV , 0 , 0 , —MV |,
—bdiv , (aA—~I) , 0 , —rl , MI
0 , 0 , —Mdiv , —-M;I , dA

with domain X C H, X = (H?(Q) N H{(Q)" x

(H2(Q) N HE(Q)) x HY Q)" x H(Q) x (H2(Q) N HL ().

We see that L : X — H. We can rewrite (1) as the
ordinary differential equation in H:

dn
0t =Ln (2)
n(0) =7’ (3)

where n € H and n° = (u®, ¢°,u!, 91, 0°).

In [6], the definition of strong solution of (1) when
n° € X and weak solution when n° € H was given.
It was proved in [6] (Theorem 2.7):

Theorem 1.4 Let the coefficients satisfy Assump-
tion 1.1, O has reqularity of class C2.

Then on H the operator L generates the cy-semi-
group of contractions S(t), t > 0. Moreover when
(u(t), 6(8), v(t), 0(1), 6(8) " 1= S(E then v(t)
drult), w(t) = 0(t), t > 0, and (u(t), 6(),0(1)),
t > 0 for & € X is the unique strong solution of
(1), and for €° € H is the unique weak solution of

(1).

We recall from [12] that S(#n° € H when 1n° €
H, S(t)n° € X when ° € X, S(t)n° € D(L*) when
n° € D(LF), k€ N, t>0.

Definition 1.5 We say that open, bounded set ) C
R"™ satisfies Condition (C) if for every s > 0 the
system:

—Av=sv in Q,
divo=0 in £,
v=0 on 99,

has unique solution v = 0 € R".
For strong and weak solutions their energy is given

by the formula (see [6]):

B(t) = 5|1 =
1

5 (lu(®), 6(2), Dru(t), Dug(t), 0(t)) ||*.

Because of contractivity property of semigroup .S we
have E(t2) < E(t;) when 0 < ¢; < t5. In [6] it was
proved:

Theorem 1.6 If coefficients satisfy conditions from
Theorem 1.4 and domain 2 satisfies Condition (C)
then lim; .o, E(t) = 0.

To prove uniform decaying the following assump-
tion introduced in the paper [10] is necessary:

Assumption 1.7 We require that there exists T > 0
and C > 0 such that for every solution of the system

O2p=A.p in QxR,,
$p=0 on 00 xRy, (4)
$(0) = ¢°,8,0(0) = ¢! in Q.

the following inequality holds

16°11222 (I8 [Er-1 0y < 5

T
<c / v @121,

It was proved that in the class of domains Q in
dimenstions 7 = 2, 3 satifying condition (C) the uniform
decaying of energy of thermoelastic system (without
porosity, see [2, 10]) holds if, and only if the inequality
(5) is satisfied.

For dimension n = 2 description of geometric
properties of domains 2, for which the estimation (5)
holds, was given in [10]. For dimension n = 3 analo-
gous theorem was proved in [2] (see Theorem 3). In
both cases the additional condition A 4+ 2u > p was
assumed. When p, A satisfy the condition from As-
sumption 1.1 and additionally A € (—2u,—4) U Ry
the above condition is satisfied.
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Decoupled system corresponding to system
(1)

We are going to introduce decoupled system, derived
from (1), for which we are able to prove exponential
decay of energy. This result will be then carried over to
system (1). To obtain decoupled system we proceed in
a similar way as for the classical system of thermoelasticity
[8, 10, 13]. We drop the term M;0 in the second
equation of system (1) because 0 as a solution of
parabolic equation has good regularity. Then, keeping
the leading terms in the third equation, we get:

Al = %div@tu,

6=0 on Ry x0Q

in R+ X Q,

We consider operator P = V(A~1)div, where A :

H2(Q)NHY(Q) — L*(Q) and div : L2(Q)" — H~1(Q).

It is known that P is the orthogonal projection ope-
rator in (L2 (Q))n onto the subspace

{Vy:y e H(Q)}.

This means that V6 = %P@tu. By replacing V0
in the first equation in (1) by % Pd,u we obtain the
following decoupled system corresponding to system
(1) :

_ M?
0?1 = AJi +bVd — —POT in Q xRy,

o d_ ©)
0 = aA¢ — bdivi — v — y0,¢ in Qx Ry,

8155 = dAg — Mleatﬂ — M18t$ in Qx R+. (7)

Initial and boundary conditons are the same as in the
system (1).

Let us introduce ¥ = 0y, ¢ = 0y¢ and 7 :=
@ ¢, v,9)", o

H = {77 c(w,9) eV, e (LQ(Q)) RURS LQ(Q)}.

The space H equipped with inner product
(771,772)? = ((771,0) , (772,0)) is the Hilbert space;
we remind that (-,-) denotes inner product in H.

i 1 2
For(zi)eH,izl,Z, ((Z1><Z2 )) -
(nlmz)ﬁ + fQ n'n?. We denote the norm in H in-
duced by inner product (-,-)z by || - ||

We consider the subspace X C H, X := (H?*(Q)
UHS ()™ x (H2(Q) U HY(Q)) x (H3 ()" x H} ()

and the following operator A : X — H:

0 ; 0 , I , 0
— 0 0 0 I
A :: b b b
A, AV , —MEp o0
—bdiv , (aA—~I) , 0 , —rl

We notice that H = H x L?(Q), X = X x
(H*(Q) N H ().
We write the system (6)-(7) in the form of linear
equation in H:
¢ —
©_ I 0

ra n
h =
where & ( 0 ),
— A, 0
I=(5  w )
where Bn := —Mdivv — M.
We see that B : X — L2(€2). As the domain of
operator L we take X. We have L : X — H and it
is easy to see that L is a closed operator.

In the further considerations we shall need the
following proposition:

Theorem 2.1 Operator L is the generator of co-
semigroup in H, which we denote by S(t),t > 0.

For the fixed value of coefficient b > 0 in the sys-
tem (6), (7) we denote the corresponding cp-semigroup
with ?b()

Theorem 2.2 Let domain 2 satisfy the Condition
(C) and guarantee that inequality (5) holds. Then
exists by > 0 such, that for every b € (0,by) the
semigroup Sy(t) has the property of uniform decay-
ing.

The final theorem of this section establishes the
relationship between semigroups of main problem and
its decoupled version:

Theorem 2.3 For every T > 0, operator S(-)—S(-) :
H — C([0,7],H) is compact.

Main result
First we recall from [7] the following theorem.
Theorem 3.1 (Guo) Let 7(#) and T4(?) be ¢,-semigroups

on a Banach space Y with generators G and G + B
respectively. Assume the folowing hypotheses:

1. limy oo |[|T(t)yl| = 0 for everyy €Y,

2. ||ITe(t)|| < Me=*t, t > 0, where M,w > 0 are
constants,

3. T(to) — Tg(to) is compact for some to > 0.

Then there exist constants My,w; > 0, such that
| T ()| < Mye=“1t, ¢t > 0.

(2]
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Let Sy(-) = S(-), for fixed value of parameter b, where
the semigroup S(-) was defined in Theorem 1.6. The
main result of this paper is the following:

Theorem 3.2 Let the assumptions of Theorem 1.6
and Theorem 2.2 hold and b € (0,by), where by was
defined in Theorem 2.2. Then the semigroup Spy(+)
has the property of uniform decaying.

Proof. We derive the assertion from Theorem 3.1
applied to semigroups Sy(t), Sp(t), b € (0,by), where
bp was defined in Theorem 2.2. From Theorem 1.6
we deduce that Sp(t), t > 0 satisfies condition (i) of
Theorem 3.1. From Theorem 2.2, Sy(t), t > 0, satis-
fies the condition (ii) of Theorem 3.1. From Theorem
2.3 we deduce that the difference Sj(t) — Sp(t) sat-
isfies, for every ¢ > 0, condition (iii) from Theorem
3.1. From the conclusion of Theorem 3.1 we obtain
the assertion.

We indicate the possibility of slow decay for appropriate
domains Q. Let us recall that an orbit of the billiard in Q
consists of lines, which are reflected transvesally at the
boundary. A two-periodic orbit consists of a line segment
which insersects boundary perpendicularly.

We announce the following proposition:

Proposition 3.3 Suppose that there exists a two-
periodic orbit of billiard in Q@ and let w(t) be a positive
function with lim;_, w(t) = 0. Then there exists
€% € H such that lim;_, o w™1()]|S(t)E°]| = oo.

References

[1] Alabau, E, and V. Komornik. “Boundary observability,
controllability and stabilization of linear elastodynamic
systems”. SIAM J. Control Optim. 37 (2), 1998: 521-542.

[2] Burq, N., and G. Lebeau. “Measures de defaut de
compacte, application au systeme de Lame”. Ann. Sci
Ecole Norm. Sup. (4) 34, 6 (2001): 817-870.

[3] Cheng, J., et al. “Lipschitz stability in lateral Cauchy
problem for elasticity system”. J. Math. Kyoro Univ. 43
(3), 2003: 475-501.

[4] Cowin, S.C., and J.W. Nunziato. “Linear elastic materials
with voids”. J. Elasticity 13 (1983): 125-147.

[5] Glowinski, P, and A. %tada. ,Stabilization of
elasticity-viscoporosity system by linear boundary
feedback”. Math. Methods Appl. Sci. 32 (2009): 702-
-722.

[6] Glowinski, P, and A. Eada. ,Asymtotic stability os so-
lutions to the equations of linear elasticity and
thermoelasticity in viscoporous media”. Demonstartio
Mathematica 42 (4), 2009: 754-779.

[71 Guo, Bao-Zhu. “On the exponential stability of
co-semigroups on Banach spaces with compact
perturbations”.  Semigroup Forum 59 (1999): 190-
-196.

[8] Henry, D., O. Lopes, and A. Perissinitto. “On the
essential spectrum of a semigroup of thermoelasticity”.
Nonlinear Anal. 21 (1993): 65-75.

[9]1 Koch, H. “Slow decay in linear thermoelaticity”. Qurterly
Appl. Mah. 58 (4), 2000: 601-612.

[10] Lebeau, G., and E. Zuazua. “Decay rates for the three-
dimensional linear system of thermoelasticity”. ARMA
148 (1999): 179-231.

[11] Magana, A., and R. Quintanilla. “On the times decay of
solutions in one-dimensional theories of porous
materials”. Internat. J. Solids Structures 43 (2006): 3414-
-3427.

[12] Pazy, A. “Semigroups of linear operators and applications
to partial differential equations”. Appl. Math. Sci. 44.
Springer-Verlag, 1983.

[13] Zuazua, E. “Controllability of the linear system of
theormoelasticity”. /. Math Pures ex Appl. 74 (1995): 291-
-315.



