Opuscula Math. 43, no. 3 (2023), 455-467
https: //doi.org/10.7494/OpMath.2023.43.3.455 OPUSCULA MATHEMATICA

NEW OSCILLATION CONSTRAINTS
FOR EVEN-ORDER DELAY DIFFERENTIAL
EQUATIONS

Osama Moaaz, Mona Anis, Ahmed A. El-Deeb,
and Ahmed M. Elshenhab

Communicated by Josef Diblik

Abstract. The purpose of this paper is to study the oscillatory properties of solutions
to a class of delay differential equations of even order. We focus on criteria that exclude
decreasing positive solutions. As in this paper, this type of solution emerges when
considering the noncanonical case of even equations. By finding a better estimate of the
ratio between the Kneser solution with and without delay, we obtain new constraints
that ensure that all solutions to the considered equation oscillate. The new findings
improve some previous findings in the literature.
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1. INTRODUCTION

Since the inception of calculus and the emergence of differential equations, they have
been used to model and describe various life and technological problems that appear in
engineering, physics, chemistry, biology and other sciences. Delay differential equations
(DDE) are a preferred method for describing phenomena, due to the fact that they take
into account the temporal memory of phenomena. Understanding and investigating
these phenomena, however, is hampered by the difficulty of solving the equations that
come from the modeling of these processes. As a result, the qualitative theory makes
a significant contribution to finding a solution to this issue and enabling the study of
the qualitative aspects of equations. Oscillation theory, which deals with oscillatory,
non-oscillatory, asymptotic behavior and the distribution of zeros for solutions of
differential equations, is one of the disciplines of qualitative theory.

Several vital applications of DDEs have appeared in the various natural sciences,
population dynamics and technology, see [9]. As a result of the applications of these
equations, the asymptotic and oscillatory behavior of these equations has sparked
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significant research work; see, for instance, the monographs [1,4,10,19]. In partic-
ular, the qualitative properties of different classes of Emden—Fowler DDEs have
many applications in engineering and physics (e.g., many real-world problems involve
Emden—Fowler DDEs, such as the study of porous medium difficulties, p-Laplace
equations, and so on); see [5,11,12].

In this study, we consider the following class of DDEs of even-order:

I
(b-(v(”fl))'ﬁ +q-(povoo)=0, t=>t, (1.1)
where n > 4 is an even integer, k € Q},, := {z/y: ¥ and y are odd integers} and
k* = (k/k +1)""'. Throughout this study, we assume that:

(H1) b € C([to,00), (0,00)), g,0 € C([to,00),R), b'(t) > 0, q(t) > 0, o(t) < t, and
lim o 0(t) = 00,

(H2) the function ¢ € C (R,R) satisfies ¢(v)/v® >k > 0 for v # 0 and B € Q.

(H3) nm(to) < oo, where

oo

no(t) := /lfl/“(h)dh

and
o0

N (t) := /77m_1(h)dh7 for m=1,2,...,n—2.
t
For a solution of (1.1) we denote a function v in C"~1([t,, 00)) for some t, > to,
which b(v("~D)* € C([t,, 00)) and satisfies (1.1) on [t.,00). We take into account
these solutions v of (1.1) such that sup {|v(s)| : s > t,} > 0 for every ¢, in [t., 00).
A solution v of (1.1) is said to be nonoscillatory if it is eventually positive or
eventually negative; otherwise, it is said to be oscillatory. We define the class k as

k:= {U(t) : there exists ¢ > to such that 0 (£)v () < 0
fori=0,1,...,n—2, andt2t1}.

In the following, we review some of the previous results that were the motivation
for this study.

Zhang et al. [21] studied the asymptotic behavior of (1.1) in the noncanonical case,
that is when

oo
/b*l/“(h)dh < 0.
to

Without taking into account the sign of first derivative v’, the results in [21] ensured

that all nonoscillatory solutions of equation (1.1) tend to zero. As an improvement of
results in [21], Zhang et al. [20] proved that if § < x and

t

. I R ()
imsu / (Mﬂ 15~ G T s (g ) T

to
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then k = &, where M > 0 and b,(t) := i [ (s = t)Pno(s)ds. Combining the results
obtained in [20,21], it is easy to attain oscillation of all solutions of (1.1).
On the other hand, by imposing the following conditions

¢'(v) >0 and — ¢(—av) > P(zv) > P(x)p(v), for zv > 0.

Baculikovd et al. [3] studied the oscillatory properties of (1.1). They used
the comparison with first-order DDEs and proved that if that there exists
¢1 € C ([to, o0)) such that ¢'(t) > 0, ((t) > t, (n—2(c(t)) < t and

¢ h 1/k
1
lim inf / b=/"(h) /q(s)ds Y5 (J_a(a(h)))dh > <
—00
Cn-2(a(t) to

then k = &, where

¢(t)
G (8) == C(G0) s Tima(t) = / Ji(n)dh and  Jy(t) = Gu(t) — t.

For the works that focused on studying the oscillation of the even-order equations
in the canonical case, that is,

/b‘l/“(h)dh = o0,
to

see, for example, [8,14,16].
While proving the main results, we will need the following lemma.

Lemma 1.1 ([17]). Let F € C™ ([tg,0), (0,00)). If F ™ is eventually of one sign,
then there exist a t, such that t, >ty and a v € Z, 0 < v < n, with n + v even for
F™(t) >0, orn++ odd for (™ (t) <0 such that

~v>0 implies F(")(t)>0 for 0<k<~vy-—1,

and
y<n—1 idmplies (—1)T*FW1)>0 for y<r<n-—1,

eventually.

In this study, we provide new criteria that ensure that k = @. Our results take into
account the influence of the delay argument o(t) that has been neglected in related
results. Furthermore, the technique we have used does not rely on the traditional form
(lim sup(-) = oco) and consider all cases of o and /3. The criteria reported in this study
improve, generalize, and complement those in [3,15,20, 21].
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2. MAIN RESULTS

The following lemma is obtained by applying Lemma 1.1, and taking into consideration
!
that n is even and the fact that (b~ (U("_l))ﬁ> < 0 for every positive solution v.

Moreover, for n = 4, the following lemma is explained in detail in [18].

Lemma 2.1. Suppose that v is a positive solution of (1.1). Then there are three
possible classes for v:

(i) v >0, v Y >0 and v™ <0,
(ii) v' >0, v2 >0 and v~ <0,
(iii) (=1)v® >0 fort=1,2,...,n— 1.

Lemma 2.2. Assume that v € k. Then v®~"(t) > 0(t), where

{m’”, if K> B,

MO =\ man? 50, if r < 5,

and my, mo are positive constants. Moreover, if
50 s 1/k
/ i/ (ydh | ds = 0o (2.1)
to t1

then lim;_,o, v(t) = 0.

Proof. Let v € k. Suppose that k > . Taking into account the facts that v > 0 and
v’ < 0, there exists an m; > 0 such that v(£) < mq, and hence vP~#(t) > m? "

* /
Next, let « < (. From (1.1), we get (b(v(”*l))> < 0, and so

b(v("*l))" < —M < 0. Thus, by integrating the last inequality from ¢ to oo, we have
that
B (1) > MY R (t). (2.2)

Integrating (2.2) n — 2 times from ¢ to co and using (iii), we get
VIR 2 MO ().

Now, since v > 0 and v' < 0, we obtain that lim; ,. v(t) = ¢ > 0. We claim that
lim; o v(t) = 0. Assuming the contrary, we let ¢ > 0. Thus, there exists an t; > tg
with v(o(t)) > ¢ for t > t1, and then

- (b(v("*l))")l > kq - (UB oo) > kc? - q, (2.3)

for t > t1. Integrating (2.3), twice, from ¢; to ¢ and using (c), we obtain
t 1/k

vW”ws4wW“5%/«wm

t1
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and
t s 1/k
1
U(an)(t) < U(n72)(t1) _ (kcﬁ)l/n/ (b(s)/q(h)dh) ds.
t1 t1
From (2.1), we see that lim,_, . v("~2)(t) = —oo, which contradicts v(*=2)(¢) > 0.
Thus, the proof is complete. O
Lemma 2.3. Assume that v € k and (2.1) holds. If there exists a constant 6 > 0 such
that
¢ 1/k
01" (&)1 (t) (k/fJ(h)dh) > 4, (2.4)
to
then
V() < DR (s (1) (2.5)
and
d t
< ( ;’( ) ) <. (2.6)
de nn—Q(t)

Proof. Let v € k. From (1.1), we see that b(t) (v("_l)(t))ﬁ is a decreasing function,

and so
S

1
n—2 n—2 1/k n—1
02 (5) <MD (t) + bR ()0 )(t)/lmdh. (2.7)
t
Taking limg_,o, on (2.7), we get
o2 () = =b () () (t). (2.8)

Integrating (2.8) n — 3 times from ¢ to oo and taking into account (iii), we arrive at
ORS RO OUSHG

Integrating (1.1) from ¢; to ¢, we find

b(t) (v (1)" < bltr) (0D (1)) — / g(h)o? (o(h))dh

<b(t) (v )"~ k%o [atian (29)

t1

+ k(o (1)) / o(h)dh.

to
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Using Lemma 2.2, we get that lim;_,o, v(t) = 0. Thus, there is ¢t > t; such that

t1

b(t1) (U(nfl) (h))ﬁi + kvﬁ(a(t))/q(h)dh <0, forevery t > t.

It follows from (2.9) that

< kPR ()R (1) / o(h)dh (2.10)
< kB (2) / o(h)dh

Next, we see that

5—
d < v > _ 77%—217,+677n—1277n—3v' (2'11)

dt 2 s
Combining (2.5) and (2.10), we get
. 1k
V' < —kOY ", _gv /q(h)dh
to
This implies
. 1/k

19 o0+ 0n) " ymn—sv < =0 n,_snd v | k / q(h)dh | + 00" ynn—sv
to
t 1/k

= —91/“77”,2 k/q(h)dh +4 172:127771,31).

to
It follows from (2.4) that
MoV’ + 811 330 < 0,

which with (2.11) implies that (v/ng_Q)/ < 0. Hence, the proof is complete. O
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Theorem 2.4. Suppose that (2.1) holds. If there exist a function
pE Cl ([t07 00)7 (07 OO))

and a constant 6 > 0 such that (2.4) holds and

t

K 2 k+1
im0 | (p(h’q’(’” ~ T péfhgi?;m) b )

to

then k = @, where

o 55
B(t) = kO(t)q(t) <m> .

Proof. Assuming the contrary, we let v € k. Using Lemma 2.3, we have that (2.5) and
(2.6) hold. Integrating (2.6) from o to t yields

na(0(t))’
(ot = (2220 o,
which with (1.1) gives
(b(v(”—”)“)' < —kq (77"77;2_(20))65 P, (2.13)

Next, we define the function

(n-1)\ ¥
zp;:p(b(U 1) - > (2.14)
v Mh—2

Thus, ¥(t) > 0. From (2.5), (2.13) and (2.14), we obtain

k41

58 bl
0 Nn—2(0) KMn—3 p - KNn—3
w’§p¢k<> 6pg <w ) +pns,

T2 pt/n M2 M 2
Using Lemma 1.2 in [15] with D = p'/p, E = snn,_3p~Y*, ¢ = p/nt_o a = r and
v =1, we find
e+l /
w/ S (pmgrl KooK - p(I) + ( np ) : (215)
("{ + ]‘) P M3 Mn—2

Integrating (2.15) from ¢; to ¢, we are led to

3 (p'(h)" p(h)
/ <p(h>q>(h> T p~<h>ng_3(h>> dh < (nﬁg(h) w(h>>

t1

ty
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which follows from (2.14) that

t IRV o\ [
h/ (p(hm) (e 1) p“(h)n23(h)> "= (”“‘)b(") (S ) t
(2.16)
Integrating (2.5) from ¢ to oo provides
u(t) = =b ()" (0,2 (t), (2.17)

which with (2.16), gives

ey 1)
,! (p(h)@(h) <n+1>““pﬁ<h>n:z3<h>>dh<n5_2<t)'

Multiplying thus inequality by n7_,/p and then taking limsup,_,.,, we are led to
a contradiction. Hence, the proof is complete. O

Theorem 2.5. Suppose that there is a & > 0 such that (2.1) and (2.4) hold.
If the differential equation

1 IRVANY o
(g ) + w000 -0 218)

is oscillatory, then k = &.

Proof. Assuming the contrary, we let v € k. Proceeding as in the proof of Theorem 2.4,
we get that (2.5), (2.13) and (2.17) hold. Next, we set

fu(n_l) "
w::b( ” > < 0. (2.19)

From (2.13) and (2.19), we conclude that

o8 (n—1)\x
w < —k Mh—2(0) 0q — Hb(v ) v,
Tn—2 vrtl

which, in view of (2.5), gives
w4 @ + knp_gwFTD/E <0, (2.20)

From [2], if there is a w € C([t1,00),R) which satisfies (2.20) for ¢t > ¢; > to,
then equation (2.18) is non-oscillatory, which is a contradiction. Hence, the proof is
complete. O

Under the assumption 7, _2(to) < oo, in view of [6, Theorem 3] and [7, Theorem 2.3],
we obtain the following criteria for oscillation of (1.1)
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Corollary 2.6. Suppose that there is a 6 > 0 such that (2.1) and (2.4) hold.

If np—2a(to) < 0o and
¢

limsupnﬁ_z(t)/q)(r)dT >1 (2.21)
t—o0 i
or o
1
lim inf ——— [ 77t 3(h)®(h)dh > K* 2.22
mint— / W) (h) (2.22)

hold, then k = &.

Remark 2.7. Combining Theorem 2.5 and the results reported in the paper [5],
one can derive various oscillation criteria for equation (1.1). The details are left to
the reader.

Remark 2.8. Since m; and ms are arbitrary, the conditions that include them must
be fulfilled for all their values.

3. APPLICATIONS

Combining the results obtained in [21] with existing in the previous section, we provide
a new criterion for oscillation of all solutions of equation (1.1).

Theorem 3.1. If

lim inf / a(h) (";(;((hh)))) an > *62)!) (3.1)

and
“iﬂi&ﬂp/t (a0 (M)~ Gy ) = 52

to

for some puy € (0,1), then every non-oscillatory solution of (1.1) tends to zero.

Proof. The proof of this theorem is the same as that of [21, Corollary 2.1] when
¢(v) = v"*, and so we omit it. O

Theorem 3.2. Suppose that ¢(v) :=v", (3.1) and (3.2) hold. If there exist a function
o € C! ([ty,0),(0,00)) and a constant § > 0 such that (2.4) and (2.12) hold, then
every solution of (1.1) is oscillatory.

Proof. Assuming the contrary, v is a non-oscillatory solution of (1.1). Therefore, that
there exists an t; € [tg,00) with v and v o o are positive for ¢ > ¢;. It follows from
Lemma 2.1 that v satisfies one of the cases (i)—(iii). Now, from Theorem 3.1, we see



464 Osama Moaaz, Mona Anis, Ahmed A. El-Deeb, and Ahmed M. Elshenhab

that the cases (i) and (ii) contradict conditions (3.1) and (3.2), respectively. Then, we
have that (iii) holds, that is, v € k. From Theorem 2.4, we arrive at a contradiction
with (2.12). Hence, the proof is complete. O

Theorem 3.3. Suppose that ¢(v) :=v", (3.1) and (3.2) hold. If there exist a function
o € C! ([tp, ), (0,00)) and a constant § > 0 such that (2.4) and (2.22) hold, then all
solutions of equation (1.1) are oscillatory.

Example 3.4. Consider the delay differential equation
(e (" (£))") + goe™ v (t — 9) =0, t > to, (3.3)

where qo,00 > 0. We note that 3 = &, b(t) = e, q(t) = qoe"™*, ¢p(v) = v" and
o (t) =t — 0g. Thus, we conclude that

n(t)=et forall.=0,1,2.

Then, (3.1) and (3.2) are satisfied. Now, if we choose § := (qo//{)l/“ and p(t) = e™",
then we see that (2.4) is satisfied. Moreover, (2.12) holds if

Kn+1

(705)4,
> —.
o€ (k + 1)~ 1

(3.4)

Thus, from Theorem 3.2, (3.3) is oscillatory if (3.4) holds. Moreover, we can obtain
the same criterion (3.4) by using Theorem 3.3.

Remark 3.5. By using [21, Corollary 2.1], (3.3) is oscillatory when gy € (k*, 00).
Whereas, condition (3.4) becomes gg € (n*e’”"‘;", oo). Since e?0%% > 1, we have that
Theorem 3.2 presents an improved result for oscillation of equation (3.3). Furthermore,
condition (3.4) considers the impact of o(t), which has been neglected in the previous
studies [15, 21].

Remark 3.6. Set k = 1 and op = 1 in (3.3), [3, Corollary 4] showed that equation
(3.3) is oscillatory when ¢o > 25/e. However, condition (3.4) reduces to go > 0.20389,
which is better for testing the oscillation of (3.3).

4. CONCLUSION

This paper is concerned with creating improved criteria that ensure that there are no
decreasing solutions to a class of even-order delay differential equations. Using these
criteria, we obtained new oscillation constraints for the considered equation. Through
an example and appropriate remarks, we also noted that the new criterion provides
sharper results for oscillation than the related previous results in [3,15,20,21]. It will
be interesting to extend these results to the neutral delay differential equations of
even-order; see [5,13] for more details.
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