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Abstrat. In this paper we present the results of researh whih was onduted

in years 2006/2007 and 2007/2008 on groups of students of Pedagogial University

of Craow. The results are related with the role of the omputer in the proess

of solving the tasks on the funtions with parameter, disovering some properties

of funtions, formulating statements desribing observed regularity and �nding the

method of proof.

1. Introdution

The seond half of the XX entury and the beginning of the XXI entury are

the period of rapid development of omputer tehnology. Its importane in

various �elds of human life onstantly inreases so it is no wonder that it also

gains entrane to eduation. Throughout the world, many people arry out

researh on the e�etive use of omputer tehnology in teahing and learning

mathematis. One of the issues is an attempt to answer the questions: How

to use e�etively omputer tehnology to shape the image of mathematial

onepts? and: How to help learners to develop reative ativity? The work

in this �eld was also arried out at the Pedagogial University of Craow.

The results of this researh an be found in the papers [2℄, [3℄, [4℄, [6℄ and [8℄,

among others.
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2. Methodologial notes

Our results presented in this paper were obtained during attempts to use the

omputer in the formation of some mathematial onepts in the proess of

solving ertain tasks. In these studies, we used the omputer to help students:

• to �nd the solutions to the problem onerning the properties of fun-

tions with the parameter,

• to justify the orretness of the obtained solutions,

• to disover ertain properties of funtions and formulate them in math-

ematial language and disover methods of proof.

We were interested in �nding answers to the following researh questions:

• How an a omputer with appropriate software help understanding the

ontent of the mathematial problem?

• Can a omputer be useful in disovering the solution to a mathematial

problem?

• How muh an a omputer help to deepen understanding the mathemat-

ial onepts?

• How muh an a omputer be useful in disovering methods of proof of

observed fats?

Some results onerning these issues have already been signaled in our paper

in 2005. In this paper we present results of our researh whih was onduted

in years 2006�2008 among three groups of postgraduate students (Group A �

a group of 14 people in the aademi year 2006/2007, Group B � a group of

18 people in the aademi year 2006/2007, Group C � a group of 17 people

in the aademi year 2007/2008). The researh involved 49 students. Most

of them were teahers who widened their mathematial knowledge to get the

right to teah this subjet. Their study lasted three semesters. During their

studies they had to learn many new mathematial ontents. We expet that

the use of omputer an be a positive motivation for them to try to solve more

di�ult tasks.

As the researh tools we used the sets of tasks with the parameter whih

relate to the properties of elementary funtions and questionnaire whih on-

tains twelve questions on the previous experiene of using a omputer and an

opinion on the role of the omputer in the lass of mathematial analysis and

future plans related to the use of the omputer. We use the following working
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methods: observation of students' work, disussion with students, analysis of

homework solutions and questionnaires. Researh were onduted aording

to the following plan:

1. Students work on solutions sets of tasks in pairs without the aid of

a omputer.

2. Common disussion about the obtained solutions with use of a omputer

during the disussion.

3. Students working alone � solving homework.

4. Students omplete the questionnaire.

5. Analysis of the olleted material and putting the researh hypotheses.

Researh started with work on tasks without a omputer. The idea was to

hek whether students will feel the need to use a omputer. In our researh

we used three tasks. The �rst of them onerned a linear funtion fm(x) =
(2m−3)x+3, where m is a real parameter. The idea was to investigate whether

students pereive that a hange of the loation of plots of these funtions

depends on a hange of the value of the parameter m. We will not analyze

this task in urrent paper, beause it is already desribed in other papers. In

the task 2 the goal was to answer the question: what an be said � depending

on the parameter m � about the domain and the set of values for the following

funtions: gm(x) = 1
fm(x) and hm(x) =

√

fm(x), where fm is de�ned as in

Task 1. We hose this task to researh how the respondents understand the

onept of omposite funtions and if they are able to indiate those funtions'

domains and sets of values. In addition, we were interested to see whether

they an designate the limit ases. Task 3 deals with the desription of the

position of a plot of the funtion f(x) = ax2 + bx + c depending on the real

values of the parameters a, b, c. The solution of this task an help you to

analyze graphs of funtions drawn on a omputer. In our researh we used

programs Derive 5.0 and Wykresy 3 (Graphs 3). We wanted to hek our

assumption that the loation of the graph when you hange the oe�ient b

will be di�ult to desribe for students. The role of homework and use of

omputers in solving problems will be disussed in another paper.

Wykresy 3 is a simple program useful for drawing graphs of funtions.

This program allows us to enter formulas and draw graphs of funtions with

a parameter. Using it one an observe how the position of the graph depends

on the parameters. The program is available at

http://www.up.krakow.pl/mat/komputery/prokomp.html.
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The questionnaire was anonymous and onsisted of 12 questions divided

into three groups. The �rst group inludes general questions about omputer

use by students during independent problem solving or during lasses in shool.

The seond group onsists of questions onerning the role of a omputer

during the exerise and in the proess of solving problems. Students have to

indiate one from �ve situations whih have ourred:

a) a student independently disovered the solution and the omputer did

not help in any way,

b) a student independently disovered the solution and a omputer on-

�rmed the obtained result,

) a student independently disovered a way to solve the problem and om-

puter simulations helped him to �nd an error in reasoning,

d) a student has not disovered the solution and understand how to solve

them after the analysis using omputer,

e) a student has not disovered the solution and a omputer did not help

him in any way.

In this group there was also a question whih presentation helped them better

to disover and formulate the observed hypothesis. The last group of questions

onerned the respondents subjetive feelings about omputer-aided teahing.

They were asked about whether:

• more topis should be implemented in a similar way?

• the partiipant is satis�ed that the lasses were onduted using a om-

puter?

• the respondent would like to use a omputer in the future in the lass-

room?

3. Analysis of results

Students onsidering the family of funtions fm(x) = (2m − 3)x + 3 should

observed that the point (0, 3) belongs to the graphs of all funtions from this

family. For m > 1.5 these funtions are inreasing, for m < 1.5 these fun-

tions are dereasing, and for m = 1.5 the funtion fm is onstant. Researh

has shown that the greatest di�ulties for students were aused by onstant

funtion. Most respondents generally did not inlude it in the solutions. Only



Computer use in the disovery of properties of funtions 241

after using a omputer one notied that it meets the onditions of tasks 1

and 2. This is probably beause the respondents do not have yet well formed

onept image of linear funtion (see [7℄). They did not see that in the family

under onsideration there is a onstant funtion whih has slightly di�erent

properties from other funtions of this family. Therefore, in a situation om-

pliated by the use of a parameter, students did not re�et on the limiting

ase whih orresponds to the funtion f(x) = 3 ([1℄). Regarding to the task

2, it should be notied that the domain of the funtion gm is the set of real

numbers without the root of the funtion fm for m �= 1.5 or the set R for

m = 1.5. However, the domain of the funtion hm is the set of real numbers

for whih the funtion fm takes the non-negative values, and the whole R,

when m = 3. The answers to general questions show that almost 45% of re-

spondents use a omputer while solving tasks independently, and 67% use it

at their lessons. This fat an arouse optimism, but let us notie here that the

most of the teahers were not learners of mathematis. The most frequently

reported methods used were:

• Drawing graphs of funtions;

• Searh the web de�nitions, theorems and examples of the solutions;

• Perform alulations and hek the results of various ativities, in par-

tiular, for operations on matries, alulating determinants, solving

systems of equations or the tasks from statistis and eonomis.

Analysis of responses to the question about the role of a omputer during

solving the tasks shows that 6% of the students solved the task without the

help of a omputer and 30% sought on�rmation of the orretness of their

solution by omputer. Approximately 17% of respondents knew the way to

solve the task, but using a omputer has deteted errors in their solution.

The largest group (about 47%) were people who ould not solve the task and

understood the solution after the analysis of drawings on the omputer sreen

viewing. A group of students, representing 11% of respondents, were not able

to solve a task and usage of a omputer did not help them.

From these data we an onlude that the appropriate use of a omputer

an ontribute to understanding the solution of the problem. It is still an open

issue whether a student an independently use a omputer to �nd a solution.

Observation of students' work while solving the task 3 showed that they

do not really know how to graph the funtion hanges when the parameter

b is hanging and the numbers a and c are onstant. The �rst way to use

a omputer in the lass was to show students an image made using the program

Derive 5.0 (see Figure 1).
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Analysis of this Figure does not lead the students loser to the disovery

of a omplete solution, although there are some hypotheses. Illustration using

Wykresy 3 whih allows observation of hanges in variable values has led the

students to the formulation of appropriate hypotheses. In this ase, the plot

moves along a parabola with the equation y = −ax2 +c, as shown in Figure 2.

Analysis of the vertex oordinates led one of the respondents to justify the

orretness of an appropriate solution.

Figure 1. Figure 2.

The fat that this result was on�rmed by a mathematial operations surprised

55% of respondents. At the same time, almost 80% of study partiipants were

in favor of the use of dynami presentations that really helped them to under-

stand the solution. Moreover 98% of the �nal workshop partiipants expressed

their satisfation with this form of work and 90% would like to partiipate in

similar ativities in other subjets. There ourred some surprising answers

to questions about use of a omputer in lasses onduted by respondents.

Only 33% of respondents expressed the willingness to use a omputer in their

lessons. Comparing this response with answers to general questions, we an

see a perentage derease of the number of people who need to support their

teahing with omputers.

4. Conlusions and researh hypotheses

The onduted observations have revealed a ertain behavior of students dur-

ing solving tasks with a omputer. Most respondents sought for a solution by

empirial observations, i.e. by examining the orrelation between the graph

and the spei� parameter value. Thereby, obtaining a orret solution is

not the intuitive feel of proving the orretness of their observations. Suh
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a behavior is already known and also ourred in other studies of this type

(f. [3℄). Answering researh questions, it should be notied that a omputer

with appropriate software an be helpful in �nding a solution, but requires that

the user knowledge and skills mathes to software suitable for the problem un-

der onsideration. The knowledge of mathematial onepts related with the

problem whih ours and some experiene of students in the reative ation

are also neessary.

During the researh students do not hoose the software by themselves,

but they use the software suggested by the teaher. Moreover, in the ase

of di�ulty one ould ask the teaher for the help. It was also observed in

some tasks that there ourred di�ulties in interpreting data visualization

on the sreen. Possible auses of this phenomenon onsist in inomprehension

terms in the task and inexperiene in the use of parameter expressions. In

independent work on a task one may also do not reeive omputer appliation

skills as a tool for exploration of reative solutions.

We note that nearly half of study partiipants said that they understood

the task solution by working with omputer. In our view, it is an argument

for the use of this tool in the teahing proess.
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