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Abstract. We analyze the existence of solutions for a class of quasilinear parabolic
equations with critical growth nonlinearities, nonlinear boundary conditions, and
L' data. We formulate our problems in an abstract form, then using some techniques
of functional analysis, such as Leray—Schauder’s topological degree associated with the
truncation method and very interesting compactness results, we establish the existence
of weak solutions to the proposed models.
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1. STATEMENT OF THE PROBLEM

In this work, we are concerned with a class of quasi-linear parabolic problems with
nonlinear boundary conditions, whose model reads as follows:

% —AU+G(t,x,u, vu) :f(t,l') in QT,
(0, 2) =0 in Q, (1.1)
% +7(t, o,u) = g(t, 0) on X,

where Q is an open regular bounded subset of RY for N > 1, with smooth boundary 99,
T>0,Qr=(0,T)xQand L = (0,T) x 0. v denotes the unit normal vector to the
boundary 02 and A is the Laplacian operator. The nonlinearity G is a Carathéodory
function and -y represents the nonlinearity defined at the boundary 7. The given data
f, g are two measurable functions. This kind of problems arises from the modeling of
the standard nonlinear heat-transfer equation following the Kirchhoff, and enthalpy
transformations. For further elaboration, we refer the readers to see [4, 24, 30-32].

The studies of nonlinear partial differential equations have attracted much atten-
tion over the last twenty years. Several works have been interested in the existence,
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uniqueness and asymptotic behaviors of solutions to such problems under different
conditions and using various techniques [1, 3, 19, 20, 23, 29]. In particular, PDEs
involving nonlinear boundary conditions are of special interest to various areas of
applied mathematics, physics and control theory. The book by Ridulescu et al [25] is
one of the most suitable references to understanding theoretical analysis of nonlinear
PDEs. This book can be considered as the starting to study the complex behaviors
of nonlinear PDEs via different approaches such as fixed point methods, topological
degree, penality method, etc. Systems of the form (1.1) are used to model various
problems issued from different fields, such as biology, chemistry, and physics. Therefore,
several researchers have treated this type of problem under either Dirichlet or Neumann
boundary conditions, and different analytical and numerical techniques and methods
for the existence problem have been used [2, 4, 7, 12-16, 28].

In order to trace the objectives of our work, we propose to start by recalling
some previous studies which strongly rely upon our problem. One can mention the
following: The work by Amann [5] focuses on the existence problem of nonlinear
elliptic equations with nonlinear boundary conditions. Completely continuous maps in
ordered Banach spaces are used to extend the applicability of the general existence
and uniqueness theorem, by obtaining sufficient criteria for the existence of sub and
super-solutions. The result developed in this work was based on the transformation
of the proposed nonlinear elliptic boundary value problem into an equivalent fixed
point equation in C(Q). In [11], the authors deal with the existence of a solution
of a ¢-Laplacian problem with nonlinear boundary conditions. Using the sub- and
super-solution method combined with the Nagumo condition, the authors established
the existence of solutions to the studied problem and derived a-priori bounds for the
derivatives of the solutions. Using topological methods, Amster [6] proved the existence
of solutions that belong to the space C2(22) NC!(£2) of a nonlinear elliptic second order
problem, with nonlinear boundary conditions under a variant of the so-called Hartman
condition. Their proof relies on the maximum principle and the unique solvability of
the associated linear Robin problem. The work [8] concerned by the existence and
uniqueness of entropy solutions for a quasilinear parabolic equation under a nonlinear
boundary condition. Their proof was based on the nonlinear semi-group theory. Last
but not least, it is worth mentioning that the authors in [18] used a combination of the
truncation method, and Schauder’s fixed point theorem to obtain an existence result
for a class of the periodic version of quasilinear parabolic problems under nonlinear
boundary conditions.

In this paper, we aim to establish the existence of solutions to (1.1) with weak
regularities on data f and ¢ using general assumptions on the nonlinearities. We
shall assume that (f, g) belongs only to L'(Qr) x L'(Xr), and we will suppose that
G(t,z,u, Vu) enjoy some growth structure and involves a sign conditions. Further,
the nonlinear boundary term (¢, o, u) will be assumed to meet some specific growth
conditions. The last one will be used to derive some coercivity property of the considered
operator. We would like to mention that the major difficulties in our work lie not only in
consideration of irregular data but also in the absence of the initial condition (uy = 0).
In general, the standard theory developed for initial boundary value problems does
not be applied. By taking into account the nature of our assumptions, we can see that
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the present work contributes to enriching the existing literature not only on nonlinear
PDEs with L' data but also on those having Neumann and Robin-type boundary
conditions.

In the following points, we will highlight our main objectives:

— establish the existence and uniqueness of weak solution to the heat equation with
nonlinear boundary conditions and L? data,

— develop Leray—Schauder’s fixed point method to investigate the existence of a weak
solution to (1.1) with bounded nonlinearities,

— show the existence of a weak solution to (1.1) with L! data,

— prove compactness results which will be applicable to parabolic equations with
nonlinear boundary conditions.

We have arranged the rest of our paper as follows: In Section 2, we put forward
mathematical preliminaries and assumptions used to solve problem (1.1). Section 3
tackles interest in a modified version of problem (1.1) by taking the case of G =0, f
and g are regular enough. We will use the monotone operator theory to investigate the
existence and uniqueness of a weak solution when the data belongs to L?. In Section 4,
we employ Leray—Schauder’s topological degree to obtain the existence of a weak
solution to problem (1.1) in the particular case, where the nonlinearity G is bounded.
Last but not least, in the fifth section, we prove the existence of a weak solution to
problem (1.1) when the data belonging only to L' and the nonlinearity has quadratic
growth with respect to the gradient. We close our paper with Section 6 which takes an
interesting compactness result of the heat operator with nonhomogeneous Neumann
boundary conditions and L' data.

2. MATHEMATICAL PRELIMINARIES AND ASSUMPTIONS

For the reader’s convenience, we propose to exhibit the functional framework which
involves the L? setting. Let 0 < T' < +oo, we define the functional space

V= L*0,T; H(Q)).

It is well known that

2

|l lyi= / Vu(t,z) 2 di + / fu(t,z)Pdz dt |
Qr Qr

stands the standard norm of the space V. In addition, we can notice that the following
norm

2

ully == / IVt 2) 2 dt + / lu(t, o) Pdo dt
Qr Er
is an equivalent norm to the standard norm ||| - |||y. As we can see, V is a Banach,

reflexive and separable space. We will denote by V* the topological dual space of V



590 Laila Taourirte, Abderrahim Charkaoui, and Nour Eddine Alaa

which reads as V* := L?(0,T; (H(Q2))*), and we designate by (-, -) the duality pairing
between (H 1(9))* and H!(Q). Now, we are ready to define the space

wW(0,T) = {uev % ev*}

We equip it with the norm

du

lellwo,ry = llully + ‘

From the classical result [21], we have the following embeddings:

W (0,T) < C ([0,T]; L*(2)), (2.1)
TR 12(Qr). (22)
Now we will recall a surjectivity result for monotone operators. This result will be
used in the following.

Proposition 2.1 ([21]). If X is a reflexive Banach space, L : D(L) C X — X* is
a linear maximal monotone operator and A : X — X* is a hemicontinuous, monotone
A wxex 4o gs |lul|x — o00), then L+ A is surjective.

llullx

W (0,T)

and coercive operator (i.e.

2.1. ASSUMPTIONS

In this paper, we will examine the existence of solutions to problem (1.1) under the
following assumptions:

(A1) The functions f and g are measurable functions belonging to certain Lebesgue
spaces.

(A2) v: Xy xR — R is a Carathéodory function which satisfies for almost (t, o)
in X7 and for all s in R

s — 7(t, 0, s) is a nondecreasing function, (2.3)
57(t,0,58) > 708°, (24)
Y(t.o,8)] < (1 +]s]), (2.5)

where v and ; are nonnegative constants and 1 < § < & +2

(A3) G :Qrx Rx RN — R is a Carathéodory function which satlbﬁes some growth
conditions to be specified later.

2.2. SOME TRUNCATIONS FUNCTIONS

For any k > 0, we define the standard truncation function

Tk (s) = min{k, max{s, —k}}
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and we note S,(v) = [ Tk(s)ds. Furthermore, we can construct 7, € C* a more
regular truncation function such that

T(r)=r if0<r<Ek,
T(r) <k+1 if r >k,
0<7(r)<1 ifr >0,
T.(r)=0 ifr>k+1,

Typically, the construction of such truncation 7, can be given as follows:

s in [0, k],
m(s) =< (s —k)*—(s—k)*+s in[kk+1],
1(k+1) for s > k+ 1.

For € > 0, we define the following convex function:

e {_i +eexp (—es — I (|o5])) if s <0,

0 if s > 0.

By a simple computation, we can easily show that j. satisfies the following properties:

(a) j!(s) is bounded for all s € R,
(b) ji(s) — sign™(s) when € — 0,
(¢) je(s) = (s)” when e — 0,

where sign™ is the following “sign” function:

- -1 ifr <0,
e (=00 g0

In the remainder of this paper, we denote by C' every generic and nonnegative constant.
The value of this constant can change in different situations. It may depend on the
given data but always remains independent of the estimated sequence index.

3. EXISTENCE RESULTS IN L? FRAMEWORK

The aim of this section is to provide the existence and uniqueness result of the weak
solution to (1.1) without nonlinearity (G(¢,x,u, Vu) = 0). Then the studied problem
reads as follows:

%’;—Au:f(t,m) in Qr,

u(0,2) =0 in Q, (3.1)

% +7(t70-7 U) :g(t,O') on ZT-
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Here, we will assume that the term source f belongs to L?(Qr), and the data g stands
an element of L2(X7). For the nonlinearity v(-), we shall assume that hypotesis (Az)
holds. Then, our purpose is to investigate the existence and uniquness of weak solution
to problem (1.1) in the following sense.

Definition 3.1. A measurable function u : Q7 — R is said to be a weak solution to
problem (3.1) if it satisfies the following conditions:

ueW(0,T), u(0,z)=0in L*(Q),

T
/<?;Z,90> dt+/VuVstxdt-l-/v(t,a,u)apdodt: /fsodwdt-ﬁ-/gapdadt
’ or > Qr

T Er
(3.2)
for all test functions ¢ € V.

We exhibit the main result of this section in the following theorem.

Theorem 3.2. Let f € L*(Qr), g € L?>(X7) and assume that assumption (Az) holds,
then problem (3.1) admits a unique weak solution u in the sense of Definition 3.1.
Furthermore, the weak solution u satisfies the following energy estimate:

[l oo (0,752200)) + lullv < C (1fllz2@ry + l9lle2r)) » (33)
where C' is a constant depending only on T,Q, N and ~q.

3.1. PROOF OF THEOREM 3.2

We will detail the proof of Theroem 3.2 in the following subsections.

3.1.1. Existence result

In this step, we are aiming to establish the existence of weak solution to (3.1). To do
s0, we will formulate the parabolic partial differential equation (3.1) into an equivalent
abstract equation posed in the Banach space V. Thereafter, we shall use the result
of Proposition 2.1 to study the existence of solution to the last one. Let us start by
introducing

D(L) ={ueW(,T) : u(0) =0}.
By virtue of the density property of C°(Qr) in V, and using the fact that
C(Qr) C D(L), one can conclude that D(L) is dense in V.

Here, we introduce the operator £ : D(L£) — V* such that

T
0
(Lu,p) = / <({;Z7<p> dt, forall p € V.
0

Then, the result given in [21, Lemma 1.1, p. 313] leads to conclude that £ is a closed,
skew-adjoint and maximal monotone operator. Now, we consider on V the following
operator

AV — V¥,
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satisfying
(Au, ) = / VuVedrdt + /W(t,a, u)pdodt, for all ¢ € V. (3.4)
Qr Sr

One can therefore verify that the existence of a weak solution of (3.1) is equivalent to
finding a solution to the abstract equation written as follows:

Lu+ Au=F, (3.5)
where F stands for an element of V* defined as
(F,p) = / fodxdt + /ggo dodt, forall p € V.
Qr 7

Now, we are in the setting to verify the conditions of Proposition 2.1. We have the
following results:
(a) The operator A is hemicontinuous. Let u,v € V, we have

(Au,v) < / [Vu||Vo| dedt + / |v(t, o, u)||v] dodt. (3.6)
Qr Sr
Using Hoélder’s inequality and assumption (As), it is straightforward to get
(Au,) < [Vulzz(@n Vol aian +n [ loldode +x [ ullol dode.
ET 2T
Applying Holder’s inequality again, one obtains the following
(Au,v) < VUl L2 0r) IVVl 21y + Cllvll 2mr) + nllvll 2w 1l 22 (57

According to the trace theorem (see for example [17, Theorem 4.1.3]), and since

1§9<¥<%,Weobtain

(Au,v) < [lully[lvlly + Cllvllv + Cllolvllully,
hence

| Au|

v < Cmax {[Jully, Jull$} -

By applying the results of Theorems 2.1 and 2.3 from [21], we derive that the operator
A is hemicontinuous.
(b) The operator A is monotone. For any u, 4 € V, we have

(A(u) — A1), u — a) = / |V(u—a)|* dedt + /('y(t, o,u) —(t,0,0)) (v —a) dodt.
Qr

YT
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By using (2.3), we conclude that
(A(u) = A(@),u — @) > 0,

which proves that 4 is a monotone operator.
(c) The operator A is coercive. Thanks to the hypothesis (A42), we have

(Au,u) = / |Vu|? do dt + /’y(t,a,u)udadtz min (1, yo) ||u/|3-

Qr Xr

Therefore,

im <Au,u)_ lim  min(1,7)|ully = oo,
lulv—=oo Jlully llullv—oo

which is equivalent to saying that A is a coercive operator.

With the help of Proposition 2.1, we conclude the existence of u € D (L) solution
to the abstract equation (3.5). Therefore, we obtain the existence of a weak solution to
the parabolic equation (3.1).

3.1.2. Uniqueness result

Let u1 and ug be two weak solutions of (3.1). By taking the difference between the
weak formulations (3.4) of u; and us, respectively, we obtain that, for all p € V,

T
/<W,gp> dt + /(Vul — Vus)Vepdrdt
0 Qr (3.7)

+ /(’y(tmul) —7(t,0,uz2))pdodt = 0.
P

Let us take ¢ = (u1 — u2)x(0,+) as a test function in the weak formulation (3.7).
By using the monotony assumption (2.3), one gets

t

[P0 ) [V a0, 38)
Qt

0

where Q; = (0,t) x Q. We deal with left-hand side of (3.8) via the integration by
parts formula, one gets for almost every ¢ € (0,T)

/(u1 — up)2(t) dz < 0.

Therefore, we get u; = ug a.e in Qr, which shows that the obtained weak solution u
of (3.1) is unique.
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3.1.3. Energy estimate

In this step, we shall show that every weak solution u of (3.1) satisfies the energy
estimate (3.3). To do this, we start by taking ¢ = ux (o) in the weak formulation
associated to (3.1) with 0 < ¢t < T. We have

t

/<?;Z,u> dt—i—/|Vu|2 dxdt—i—/'y(t,mu)udodt
Qt

0 2 (3.9)

:/fud:z:dtJr/gudet,

Qt Et
where %; := (0,t) x 092. Now we employ assumption (As) in (3.9) to get

1
5/u?(t) dt+/|Vu\2dxdt+70/|u|2dodt

“ @ = (3.10)
< /|fu| dxdt + / lgu| dodt.
Qt Et
From Young’s inequality and by applying trace theorem, it follows that
/u2(t) dtg/\f|2d:cdt+/|g|2dadt+c/|u|2dxdt. (3.11)
Q Q¢ b Q
By applying Gronwall’s lemma, we obtain
[ dade < (exp(r) - 1) <||f|%2<QT> + ||g||%z@T)>. (3.12)
Qr
We substitute the result of (3.12) in (3.11) to get
2 2 2
su u (t) < +
s [0 <11 + ol
Q (3.13)
+Cep(0) (Iflzan + o) )
Therefore,
[ull o (0,7:22(0)) < C(T, Q)(|f||L2(QT) + ||9||L2(2T))~ (3.14)

On the other hand, combining the inequalities (3.10), (3.11) and (3.12) we obtain

min{1,0}|lullv < C(T, Q>(||f||L2<QT) + ||g||Lz(zT)). (3.15)

In view to the estimates (3.14) and (3.15), we conclude that (3.3) holds, which
completes the proof.
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4. EXISTENCE RESULTS FOR BOUNDED NONLINEARITY

In this section, we study the existence of solutions to problem (1.1) when the
non-linearity G(t, x,u, Vu) is bounded. We will state the main result of this section in
the following theorem.

Theorem 4.1. Along hypothesis (A3)—(As), we assume the existence of a nonnegative
function M € L*(Qr) such that for a.e. (t,z) in Qr,

|G(t,z,s,7)] <M(t,z), forall (s,r) € RxRY. (4.1)
Then for any (f,g) € L*>(Qr) x L*>(Xr), problem (1.1) has a weak solution u satisfying
u e W(0,T), wu(0,x)=0in L*(Q),

T
/<?;:,Lp> dt—l—/VuV(pdxdt—l—/v(t,U,u)godadt—!—/G(t,x,u,Vu)goda;dt
0 Qr Qr

T

= /fapd:cdt—k/ggodadt,

Qr Er
(4.2)
for all test function p € V.

4.1. PROOF OF THEOREM 4.1

To establish the result of Theorem 4.1, we propose to use Leray—Schauder topological
degree. As a first step, let us formulate the existence question of weak solutions to (1.1)
into the seeking of a fixed point for a well-posed mapping. Hence, let us consider the
following mapping

H:[0,1]] xV —V
(A, v) — u,

where u is a weak solution to the following nonlinear parabolic equation

% _AU+>\G(t,.’E,U,vv) = )\f(t7l') in QT7
u(0,7) =0 in ©, (4.3)
% + W(t’ g, ’LL) = )\g(t,(]') on ET'
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According to hypothesis (4.1), we can notice that the function AG(¢, x, v, Vv) belongs
to L%(Qr). Therefore, the result of Theorem 3.2 assures that for any fixed (\,v)
in [0,1] x V, problem (4.3) has a unique weak solution u in the sense that

u € W(0,T), u(0,z)=0in L*(Q),

T
0
/ <(,;;, g0> dt + / VuVdxdt + /'y(t, o,u)pdodt
, O < (4.4)
+ / AG(t, z,v, Vv)pdrdt = A / Ffodzdt + X / g dodt,
QT QT X
for all test function ¢ € V. Consequently, we derive that the mapping H is well-defined.

In addition, using again the result of Theorem 3.2, we conclude from (3.3) that u the
weak solution of (4.3) satisfies the following energy estimate

ull Lo 0,1:02(0)) + lully < C MG, 2,0, Vo)l 2(gr)

(4.5)
+ A le2@r) + l9llz2c2)] -

Using assumption (4.1) with the fact that A belongs to [0, 1], the inequality (4.5)
becomes

lull 2 o,msz20) + lully < C (M2 (@r) + 12200y + 9llz2(2r) - (4.6)

Let us mention that inequality (4.6) will play a crucial in the sequel. It will be very
helpful in the proclamation of some interesting properties of the mapping H. As well
known, to apply Leray—Schauder topological degree, we must proceed by following
three steps:

Step 1. The mapping H is continuous. To study the continuity of the mapping H, we
take (An,v,) a sequence in [0,1] x V such that (\,,v,) converges strongly to some
(A, v) in [0,1] x V. And, we shall prove that H(\,,v,) converges strongly to H(A,v)
in V. Let us start by setting

Up = H(An,v0),  u=HAv). (4.7)

From (4.7), we know that for a fixed n the function wu,, stands to satisfy the following
weak formulation

Uun € W(0,T), un(0,z) =0 in L*(Q),

(4.8)

St~

<aautn,90> dt+/Vuanodxdt—i—/7(t7g7un)(pdgdt
Qr

X7

Jr/)\nG(t,x,vn,an)godxdt:)\n/fgoda:dt+)\n/gg0dadt.
Qr Qr Er
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Furthermore, by estimate (4.7), it follows that

[unll Lo 0,mL20)) + lunlly < C (1M 2y + 1fl22(@r) + l9l22(2p)) (4.9
where C'is a constant depending only on 7', 2, N and ~p. In view of (4.9), we deduce that

the sequence (u,) is bounded in V. Let us return back to estimate the time derivative

32)‘;' in thj@ space V*. By taking into account the weak formulation (4.8), we get

/<8a“;,<p> dt g/|wnw| da:dt—l—/lv(t,o,un)gp\ dodt
0 Qr Xr

+/|G(t,x7vn,an)ga| dxdt+/\fcp| dxdt (4.10)

Qr Qr
+/|g<p| dodt.
YT

With the help of (4.1) and assumption (As), we may use Holder inequality on the
right-hand side of (4.10). Then

3un
‘ / dt < [Vunllzon IVl z2(@m
4.11
+ 1 (14 unl 2 me) el 22 2 (4.11)
+ (1M 2@y + 1 fllL2(0) 1€l L2(@r)
+ ||9||L2(ET)||90||L2(2T)'

Thanks to the trace theorem (see for example [17, Theorem 4.1.3]), and since 1 < s <

N2« N we derive from (4.11) the following inequality

aun
‘ [ (Ge ) dt] <l + o (14 ual) il

(4.12)
+ C (1Ml 2y + £l L2(00)) llellv
+ClgllLz =) llellv,

where C is a constant independent of n. By using the estimates (4.9) and (4.12),
we conclude that % is uniformly bounded in V*. At this stage, we are able to use
the compactness result of (2.2) and therefore there exists a subsequence of (uy,),
for simplicity denoted again by (u,,), such that

u, — u strongly in L?(Qr) and a.e in Q7. (4.13)

In addition, the boundness of (u,) in W(0,T) permits us to conclude the following
weak convergence:
un, — u weakly in W(0,T). (4.14)
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Furthermore, by the trace theorem (see [22, Theorem 3.4.1]), we get
U, — u strongly in L?(¥7) and a.e in Y. (4.15)
By employing the growth assumption (2.5) and (4.15), it results that
Y(t, o, un) — y(t,0,u) strongly in L?(X7) and a.e in X7 (4.16)

Let us recall that (v,,) converges strongly to v in V. This fact allows us to have the
following almost everywhere convergence:

(Un, Vo) = (v, Vo) a.e in Q. (4.17)

In accordance with (4.1) and (4.17), one may apply the Lebesgue dominated conver-
gence theorem to obtain

MG (t, 2, vn, V) = AG(t, x,v, Vo) strongly in L*(Q7) and a.e in Qr.  (4.18)

As we can see, the continuity of the mapping H requires the strong convergence of
(Vuy,) in L2 (QT)N. To do so, we take the difference between the two weak formations
(4.4) and (4.8) with ¢ = (u, — u) as a test function. Then we have

T
/<8(u”6t_u)’(un—u)>dt+ / IV, — Vaul|? dedt
0 QT

+ / (v(t,0,upn) —(t,0,u)) (uy, — u) dodt

b3 (4.19)
+ / (MG (t, 2, vn, V) — AG(t, 2, v, Vv)) (U, — u) dadt,
Qr
=M= | flup—u)dedt+ (N, — N) [ g(u, —u)dodt.
/ /

With the help of the Hélder inequality, we derive from (4.19) the following inequality

1/(% —u)(T) dx + / |V, — Vu|® dadt

2
Q Qr
< vt o,un) — (0, u)l| L2 () [[un — ull L2 (50
+ MGt 2,00, Vop) = AG(t, 2,0, V) || L2 ) [1Un — ull2(Qr)

(4.20)

+ 2| fllz (@) lun — ullz2(@r) + 2ll9llL2(p) lun — ullL2(sy)-

Thanks to the strong convergences (4.13), (4.15), (4.16) and (4.18), we pass to the
limit in (4.20) as n — oo, one obtains

lim / |V, — Vul|® dzdt < 0.

n—oo

Qr
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This proves that

Vu, — Vu strongly in LQ(QT)N and a.e in Q. (4.21)
Therefore, by (4.13) and (4.21), we derive that
U, — u strongly in V. (4.22)

The obtained convergences (4.14), (4.16), (4.18) allow us to pass to the limit in all the
terms of (4.8). By the fact that problem (4.3) has a unique solution, one may deduce
that the mapping H is continuous.
Step 2. The mapping H is compact. Here, we aim to show that H is compact. To do so,
let us take (A, v,) a bounded sequence in [0, 1] x V, we shall prove that (H(A,,v,)) is
relatively compact in V. We start by setting u, = H(\,,v,)). By following the same
reasoning as in the continuity step, we can easy to establish that (u,) is bounded in
W(0,T). Therefore, we can deduce the existence of a measurable function v : Qr — R
and a sub-sequence of (u,) denoted again by (u,,) for simplicity such that

un — u strongly in L?*(Qr) and a.e in Q7. (4.23)

U, — u strongly in L?(X7) and a.e in Y. (4.24)

v(t, o u,) = Y(t,0,u) strongly in L?*(X7) and a.e in S (4.25)

As can be seen, the compactness of the mapping H requires establishing that (Vu,,)
converges strongly to Vu in L?(Q7)~. This convergence makes the difference between
the compactness proof of H and that of the continuity which we have already established
in step 1. At this stage, we do not have any information about the almost everywhere
convergence of (v, Vu,) in Qr, this fact presents major difficulties. And so, we cannot
deal with the terms G(t, z,v,, Vv,) by following the same argument of obtaining
(4.18). To overcome these difficulties, let us remark that from [18, 27] (see also [1]
and [15] for Dirichlet boundary case), we can derive that

Vu, = Vu a.e in Qr. (4.26)

Then, to prove that (Vu,) converges to Vu strongly in L?(Qr)", we subtract the
weak formulation (4.8) for different sequence indexes n and m with ¢ = (un — uy,) as
a test function. One obtains

T
/<3(“n8t“m),(un um)>dt+ / Vg, — V| dadt
0

Qr
+ / (vt o,un) —y(t, 0y um)) (un — Up,) dodt
Tr (4.27)
+ / (AMG(t, 2, v, Vo) — A G(t, 2, 0m, Vo)) (Uy — ty) dedt,

Qr
=0 = 2Am) | flun —upm)dedt + (A — M) | g(un — up,) dodt.
/ /
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To deal with (4.27), we use (4.1) with Hélder’s inequality. It results that

1/(un — Up,)3(T) dx + / Vi — Vi, |* dedt

2
Q Qr
< vt ovun) =yt 0y um) 22 [un — Umllz2(sr) (4.28)
+ 2 2(@r) lun — wmllL2(@r)
+ 2/ fllz2@rylun — wmllL2(Qr)
+2[lgllL2 () lun — umllL2(2r)-

By employing the convergences (4.23), (4.24), (4.25) and (4.26), we may use Fatou’s
Lemma to pass to the limit in (4.28) as m — oo, one gets

/ |V, — Vu|® dadt

Qr

< vt o,un) =¥t o)l z2sp lun — ullL2(sr) (4.29)
+ 2[M| 2@ lun — ullL2(@r)
+ 2/ fllz2(@e) lun — ullL2(@r)
+2[|gll 2 (2 llun — ullL2(2r)-

Applying again the convergences(4.23), (4.24) and (4.25) to pass to the limit in (4.29)
as n — 0o, we arrive at

lim / |V, — Vu|?* dedt <0,

n—oo

Qr

which is equivalent to say that Vu, converges strongly to Vu in LQ(QT)N. Conse-
quently, the mapping H is compact.

Step 3. Existence of radius R such that deg(u — H(\, u), Br,0) = 1. The purpose
of this step is the construction of a nonnegative radius R independent of A such
that u # H(A,u) for any v € 0Br, A € [0,1]. To do this, we take u € V such that
u = H(A u) for some A € [0,1]. Hence, the measurable function u subjects to the
following weak formulation

uw€W(0,T), u(0,z)=0in L*(Q),

T
/<§Z,g@> dt+/Vquodmdt—&-/v(t,a,u)(pdadt (4£.30)
0 QT T '
+//\G(t,x,u,Vu)god:vdt:A/fcpda?dt+)\/ggod0dt,

Qr Qr Sr

for all test function ¢ € V. Furthermore, by taking into account assumption (4.1),
we deduce from (4.6) that u satisfies the following estimate

l[ull oo 0,522 (0)) + lully < C (1M 2@r) + 1 f 20 + 9llz2(2r))
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where C is a constant independent of A. Then, by choosing

R > C (M2 + 1fl2(@r) + l9llL220)) »

we ensure that the Leray—Schauder topological degree deg(Zy — H (), ), Br,0) is well
defined in the ball Br. In addition, we derive that the Leray—Schauder topological
degree satisfies the following homotopy invariance property

deg(Zy — H(1,),Br,0) = deg(Zy — H(0, ), Br,0). (4.31)

To conclude, we need to check that deg(Zy — H(1,-), Br,0) # 0. To this done, we con-
sider ¢ = H(0, ¢), which means that ¢ satisfies for all test function ¢ € V the following
weak formulation

CeW(0,T), ¢(0,2)=0in L*(Q)

T
4.32
/<g§,g0> dt+/VCVgoda:dt—l—/v(t,a,()godadt:Q (4.32)
0 Qr T
By choosing ¢ = ¢ in (4.32), we obtain
%/Cz(T) dzr + / |V¢|? dadt + /W(t,o, ¢)¢dodt = 0. (4.33)
Q Qr X

By employing (Az), we deduce from (4.33) the following inequality
1 .
5 [ o+ min{La0C <o,
Q

which implies that ( = 0 a.e in Qp. Therefore, we conclude that
deg(Zy — H(0,-),Bg,0) = 1.

By combining this result with that of (4.31), we arrive at
deg(Zy — H(1,-), Br,0) # 0.

Hence, a direct application of Leray—Schauder topological degree (see, e.g., [25])
permits us to derive the existence of u a weak solution to (1.1) that satisfies the weak
formulation (4.2).

5. EXISTENCE RESULTS IN L! FRAMEWORK

In this section, we study the existence of weak solution to (1.1) when the given data
(f, g) are nonnegative functions belonging to L*(Qr)x L*(3r). Furthermore, we assume
that the nonlinearity G(¢, x,u, Vu) satisfies general growth conditions which are:

G(t,x,s,1)s >0, (5.1)
Gt s,m)] < plsl) (L) + 1)) (5.2)
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for all (s,r) in R x RY and for a.e (¢,z) in Q7. Where L is a nonnegative function
belonging to L'(Qr) and pu : RT — R is a nondecreasing continuous function.

As a fisrt step, we propose to define the notion of weak solution to (1.1) for the L!
setting.

Definition 5.1. A measurable function v : Q7 — R is said to be a weak solution to
problem (1.1) if it satisfies the following conditions:

uweC([0,T],LY(Q) L0, T;WH'(Q), G(t z,u,Vu) € L' (Qr),

- / u%f dadt + / VuV dzdt + / v(t, 0 u)p dodt

Qr Qr Zr (5.3)
—|—/G(t,x,u,Vu)goda:dt: /f@dmdt—l—/ggpdcdt,
Qr Qr S

for all test function ¢ € C' (Qr) such that ¢(T,-) = 0.
At this stage, we state the main result of this section.

Theorem 5.2. We assume that (A1)—(As), (5.1) and (5.2) hold and T > 0 fized.
Then the problem (1.1) has a weak solution u satisfying 0 < u < w a.e. in Qr where
w is the weak solution to (6.2) given in (Lemma 6.2, Appendiz).

In what follows, two typical examples are presented in which the various assumptions
on the nonlinearities G and =y of Theorem 5.2 are satisfied.

Example 5.3. As the first example, we take:

y(t,0,5) = s|s|°2a(t,o) for all s € R and for a.e (t,0) € I,
G(t,z,s,r) = arctan(s) (1 + ||r[|*) for all (s,7) € R x RY and for a.e (t,z) € Qr,

where 1 < 0 < % and a is a measurable function belonging to L>°(Xr) such that
0<a<a(to) <aforae (t,o) € Xr.

Example 5.4. For the second example, we consider

v(t,0,5) = sa(t,o) for all s € R and for a.e (¢,0) € Xr;
G(t,z,s,7) = b(t,x)s (L+||r||?) for all (s,r) € R x RY and for a.e (t,z) € Qr,

where a is the function stated as above and b is a measurable function belonging to
L>(27) such that 0 < b < b(t,z) < b for a.e (t,2) € Qr.

Remark 5.5. Note that in the first example, we chose a(t, o) = 0, hence the boundary
conditions associated with (1.1) are those of inhomogeneous Neumann. In the second ex-
ample, choosing a(t, o) # 0, the boundary conditions are Robin’s inhomogeneous ones.
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5.1. PROOF OF THEOREM 5.2

In order to prove Theorem 5.2, we start by introducing an approximate scheme with
a more regular data, namely in L2, for which we prove the existence of weak solutions,
using the previous Theorem 4.1. Finally, through some a-priori estimates that we
obtain by adapting some very interesting techniques, one proves that the solution of the
approximated problem converges indeed to the solution of the proposed problem (1.1).

5.1.1. Approximating scheme

Let w be the nonnegative weak solution to (6.2). For all n € N* we introduce
wy, = Tp(w) and we define the Carathédory function G,, by

G(t,z,s,8)

G, t,x,s, =
( x,S 6) 1+%‘G(f,$78,£

)l.l{wgn} a.e in QT-

After that, we set
fn= Tn(f)~1{w§n}7 gn = Tn(g)'l{wgn}7
fn= f-l{wgn}, gn = gn-l{wgn}-
It is clear that the sequences (f,), g») are nonnegative and satisfying
0< fo<f, (fa) = finLYQr) and |fullr@m < Ifller@m, — (5:4)
0<gn<g, (92) 2> ginL'(Sr) and |gnlrisr) < lglrren. (55

Now, we introduce the approximate problem of (1.1) as follows:

% - Au" + Gn(tﬂxﬂunvvun) = fn(t,x) in QT7

un(0,2) =0 in ©, (5.6)
% +7(t, 0,un) = gn(t, o) on Y.

As a first step, we shall ensure the existence of a weak solution to the approached
problem (5.6). This is the objective of the following lemma.

Lemma 5.6. For any n € N*, problem (5.6) has a weak solution u, in the sense that

U €W(0,T), u,(0,2) =0 in L*(Q),

T
/<a§;nas0> dt+/VunV<pdxdt+/v(t,a,un)gpdadt -
0 .

T Xr

—l—/Gn(t,x,un,Vun)godxdt: /fngodxdt—l—/gngodadt,
Qr Qr Er

for all test function ¢ € V. Moreover, we have

0<u, <w, <w. (5.8)
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Proof. To establish the result of Lemma 5.6, we remark that the nonlinearity is bounded
by n. Then, by using the existence result of Theorem 3.2, we derive that for any
n € N* problem (5.6) has a weak solution u,, which satisfies the weak formulation (5.7).
It remains to show that u,, satisfies (5.8). To do so, we start by proving that w,, is
nonnegative. Let us take j.(uy,) as a test function in (5.7). Then by integrating over Q,
we obtain

/js(un(t,x)) dx + / |Vun|2jg(un) dxdt + /Gn (t, 2, Up, V) ji(uy,) dedt
Q Q1 Q1
+ /'y (t,0,un) Ji(uy,) dodt = /fnj;(un) dxdt + /gnjé(un) dodt.

P Q¢ 2

The convexity of j. implies

/ IV tun|® 5 () dzdt > 0.
Q:

For the other terms, we use the fact that j/(u,) = 0 on the set where u, > 0.
We therefore have

/js(un(t7 x))dz + / G (t, x,up, Vuy,) ji(uy,) dedt
Q Q:N[up<0]

(5.9)
+ / v (t, 0, u) ji(uy) dodt < /fnj;(un) dxdt + /gnj;(un) dodt.
2N [un <0] Q1 3t
By letting ¢ — 0 in (5.9), one obtains
/u; (t,z)dx — / Gy, (t, U, Vuy,) dedt
e tH1[Un
2 QiN[u, <0 (5.10)
— / v (t,0,uy) dodt < —/fn dxdt — /gn dodt < 0.
3¢ N[y, <0] Q: P

By using the sign conditions (2.4) and (5.1), the inequality (5.10) becomes

/u;(t,x) dx <0.

Q

This proves that u, > 0 almost everywhere in Q7. As a result, we can derive from the
sign conditions (2.4) and (5.1) that
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Now, we are in the setting to show that u, < w,. To do this, we use a simple
computation to seek the equation satisfied by w,,, we have

5twn = 3,511)77'1(10) = at’w.]_{wgn},

Vwy, = Vu.r),(w) = Vw.1{y<n,

Aw, = Aw.dgy<ny + |Vw|?. 7 (w).

Since 0 < —7//(s) < C(n) and by using the fact that w is a weak solution to (6.2),
it follows that w,, satisfies

% - Awn Z ﬁl(t7$) in QT7
wn(0,-) =0 in Q, (5.13)
dwp

5 + (o, w) Iw<n) = gn(t,o) on Ip.

Thus, we can directly deduce that (u, — w,,) verifies the following weak formulation:

T
/<W,gp> dt+/V(un7wn)chdxdt
0

Qr
+ / (’y(t,a, Up) —'y(t,a,w).l{wgn})gododt (5.14)
X7
—l—/Gn(t,x,un,Vun)(pdxdt < /(fn —j;)godxdt—i— /(gn — gn)p dodt,
Qr QT S

for all nonnegative test function ¢ € V. Let us choose (u, —wy)" as a test function
in (5.14). By employing (5.12), one gets

/H(un —wy) dr + / IV (uy, — wy) T|? dadt

Q Qr

+ / (v(t, 0,un) = Y(t, 0,w) L iweny) (un — wp)t dodt (5.15)
T

< [ (fn— fn)(un —wp) T drdt + | (gn — Gn)(un — wy,) T dodt,
/ /

where II(y) = foy sTds > 0. Let us remark that f, — fn <0 and g, — gn <0. Then
the inequality (5.15) is reduced to

/ IV (up, — wy,)T|? dadt
Qr

(5.16)
+ / ('y(t, o, un) — (¢, o,w).l{wgn}) (U, — wy) T dodt < 0.
Xr
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Let us remark that we can split the second integral as follows:

/ ('y(t, o, Un) — (t, U,w).l{wgn}) (U, — wy)t dodt
X
= / (y(t, o, un) — Y(t, 0,wp)) (up — wy)t dodt

SrNw<n]

(5.17)

+ / (’Y(ta g, Un)) (Un - wn)+ dodt.

SrNfw>n]
From (5.12), (5.16) and (5.17), we deduce that
/ IV (un, — wy,) T|? dadt
QT
s [ o) =0 0n) (a — ) dodt < 0.

Srnfw<n]

(5.18)

We can deduce from inequality (5.18) the existence of a constant ¢ such that
(up, — wy)T = c a.e. in Q7 and by using again (5.18) and assumption (2.3), we arrive
at (up —wy)T =0 a.e. in Qp. This is equivalent to say that u, < w, a.ein Qr. O
5.1.2. A priori estimates

In the sequel, we shall proceed to derive some adequate a-priori estimates on the
solution u,, and the nonlinearity G, (¢, z,u,, Vu,), to eventually prove that, un-
der appropriate additional assumptions, (u,) converges to a solution of (1.1) as n
tends to oo.

Lemma 5.7. Let u,, be the weak solution to the approzimate problem (5.6). Then
(i)

0<t<T

sup /|un(t7:1c)|dx <C,
Q

||Gn(t,$, Un, vun)HLl(QT) + ||’Y(t,0', un)HLl(ZT) <C,

/ VT (uy)|? do < Ck.
Qr

Proof. (i) Let us consider the equation satisfied by w, over Qr. We have

a@it” — Auy + Gty uy, Vuy) = f, in Qp. (5.19)
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Using the results of (5.4) and (5.12), we get

ouy,
ot
Next, we integrate over Q; for all ¢ € (0,7T) to obtain

/un(t,x)dxdt+/’y(t,x,un)dadt§ /fdxdt—i—/gdodt.
Q

P Qr 3T

_Aun Sfln QT-

Thanks to (5.11), we obtain

sup / hin(t, )] dz < 1l (@m + 9l (-
ogthQ

(ii) We consider again the equation satisfied by w,,, we have

aait" — Aty + Gt 7, tn, Vtin) = fn in Qr. (5.20)

By integrating over Qr, we get the following equality

/un(T,x)da:+/Gn(t,x,un,Vun)dmdt—F/’y(t,a,un) dodt

Q Qr T
= /fn dxdt + /gn dodt,
Qr S

which yields

1Gn(t, 2, un, V)| 11 gy + 10VE 0 un) 1150y S 1l + 190215y -

(iii) Multiplying the equation (5.19) by the truncated function T}, (u,), and inte-
grating on Q1 to obtain

/%kdexdt+/|VTk(u")|2dxdt

Qr Qr
+ / G, (t,z,Uup, Vuy) Ty, (uy) dadt + /V(t,a, un) Ty (uy) dodt (5.21)

Qr X7
= /T;c (up) fr dzdt + /Tk(un)gn dodt.
QT S

Thanks to (5.8), (5.11), (5.12) and the fact that u,(0) = 0, we get

[ Sutun() dode+ [ 19700 dede <k (1510 0y + l9lm0))
Q Qr
which completes the proof. O



On the solvability of some parabolic equations. . . 609

Remark 5.8. With the help of (ii) from Lemma 5.7, one can use the compactness
results of Lemma 6.1. Then, we derive the existence of a subsequence of (u,), for
simplicity again denoted by (u,,), such that

u, — u strongly in L*(0, 7, Wh1(Q)),
(Un, V) — (u, Vu) a.e. in Q.
As a result, one may deduce that
Tk (uy) — Ti(u) a.e in Qp,
v(t,o,up) — (¢, 0,u) a.e in L.

Furthermore, by employing (2.3), (2.5) and (5.8), one may apply the Lebesgue conver-
gence theorem to get

Ty (wn) — T (u) strongly in L*(Qr), (5.22)
v(t,0,u,) — y(t,0,u) strongly in L' (7). (5.23)

Lemma 5.9. Let u, be the sequence defined as above. Then, we have

lim sup / |G, (t, 2, un Vg, )| dedt = 0.
k——+oco pn
[un>k]

Proof. From relation (5.21), we derive
/ Gy (t,x, Uy, Vuy) T (uy,) dedt < / Tk (up) fr dadt + /Tk(un)gn dodt.
Qr Qr Xr

Then for every 0 < M < k, we have

k / G (t,z,u,Vuy,) dedt < k / fn dzdt + / g dodt
[t > k] QrN{un>M)] SrNfup>M]
+ M / fn dxdt + / gn dodt
QrNuy, <M] SrNfup, <M]
Hence

/ G (t, 2, U, Vuy,) dedt < / I X[un>nr) dzdt + /gX[un>M] dodt
[un>k] QT X7

+% /fdxdtJr/gdadt

Qr X
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To finally obtain the sought result, we need to show that

lim sup /fX[un>M] dxdt + /gX[un>M] dodt | =0.
Qr

k400 p
Xr

To this aim, we shall use (5.8). We get

1 1
| [un > M]| < i lunllzrgm < i lwll 11 (gq)

W hence
M : nhllz | [u 3 > ] |

Since (f,g) € L' (Qr) x L' (¥7), then is equi-integrable. Hence for each ¢ > 0 there
exists (01, d2) such that for all mesurable Fy C Qr and Es C Xp we have

\E4| < 61, /fm&g;
B,

|Es| < 6, /ﬁwﬁgg
Es

According to the previous result, we obtain that for each € > 0, there exists M, such
that for all M > M,

2e
sup /fX[un>M] d-rdt+/gX[un>M] dodt | < 3
n
QT T

Choosing M = M, and letting k tend to infinity, we obtain
lim sup / G, (t, 2, up, Vuy,) dzdt | = 0.

k—+oco pn
[un>k]

5.1.3. Strong convergence of truncations

This section takes interest in proving the strong convergence of (T (u,)) in
L?(0,T; H*(£2)). We have the following result:

Lemma 5.10. Let (u,) be the sequence defined as above. Then, we have
(Ty (un)) = Ti(u) strongly in L* (0,T; H'(R2)),

for every fized k > 0.
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Proof. The proof will be done by following steps.

Step 1. First, let us take a smooth approximation of Tj(u) denoted T} (u), that has
the following properties:

{ (Ti(u),), = v (T (u) — Tk(u)uz) (5.24)

Tk (u)u| < K,
T (u), — Ti(u) strongly in L ),

(0,T; H(Q)) , as v tends to infinity.

In all what follows, we will denote by w(n, v, h) all quantities (possibly different) such
that

lim lim lim w(n,v,h)=0. (5.25)

h—+o0 v—+00 n—+o0

As

We take @y (un — Ti(u),) ™ as a test function in (5.7) with ¢x(s) = se**”, one gets

T

/ <6(;1n7 ox(uy — Tk(u)y)> dt + / VunVor(un — Tp(w),)” dadt

0 T

+ /’Y(t,o, Un )P (Un — Tx(u),)” dodt + / G (t, 2, U, Vg ) o (un — Ti(u),) ™ dedt
T Qr

= / froa(un — Ti(uw),) ™ dedt + /gngo,\(un — Tr(u),)~ dodt.

Qr

31
(5.26)

It follows that

/ (Vun = V(T (w)y)) V (un = T(w)y) @5 (un — Ti(u)y)” dzdt
[“nng(u)u

]
< - / Tnox (un — Ti(u),)  dvdt — /gnso,\ (tup — Tr(u),)” dodt
Qr

Er
T

- / <8(;1”,<m(un - Tk(“)u)_> dt — / VT (1) Veor (un = Ty (u)y)~ dadt (5.27)
0 Qr

+ / ’Y(ta g, Un)QOA(Un - Tk(u)y)7 dodt
Py

+/Gn(tvxaunvvun)@)\(un7Tk(u)u)7d13dt.
Qr
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Now, since (Tx(u),) is bounded by k, then ¢y (u, — Ti(u),)~ = 0 on the set where
u, > k. Hence

[ V@) = 1)) 4 (1 Tiw),)” dd

Qr
= / V(T (u),)V (T (un) — T (u),) 5 (un — Ti(w),)” dxdt.
Qr

Passing to the limit via Lebesgue’s convergence theorem, we obtain

lim V(Ti(u),)V (un — Te(w)y) ™ @ (un — T (u),)” dxdt

n—-+oo

Qr

= / V(Ti(w), )V (T (u) — T (u),) @)\ (v — Ti(u),)” dzdt.
Qr

Recalling that (T} (u),) — Ty (u) strongly in L? (0, T; H'(Q)) and a.e. in Qr, one gets

/ V(T (u),)V (un — Ti(w)y)~ @5\ (Un — Tk(u),)” dedt = w(n,v).
Qr

Now, using (5.27), we obtain

/ (Vuy — V(Ti(u)y)) V (up — Ti(u),) ‘/7/)\ (up — Ty (u),)  drdt
[u'n <Tk (u)u]
< - fnoa (un - Tk(u)u)_ dxdt — InPx (un - Tk(u)l/)_ dodt

/ /

T (5.28)

* 0/ <aauf’ oA (un = Tk<“)»)> dt + / Y (t, 0, ) px (= Ti(u),) ™ dod

s
+ / Gn(t, z,un, Vg )ox(un — Tk(u),)” dedt + w(n,v).
Qr
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Since @y (un, — T (w),)” =0, if u,, > k, we also have

/ \Vun|2g0A(un — Ti(u),) dxdt

Qr

< / Vu,V (uy — Tr(w)y) ea(un — Tk (u),)~ dadt
QT

+ / Vu, VT (uw),ox(un, — Ti(u),)” dedt
Qr

< / |V, — VT (w), 2o (un — Ti(u),)” dedt
[u" STk(u)V]

+ / VT (un) VT (w),ox(tn — Ti(u),)” dedt

Qr
+ / VT (w),V (uy, — Ti(w),) ox(un — Ti(w),) ~ dedt.
Qr

Recalling the convergence of (Tj(u),) to T(u) in L? (0,T; H*(2)), as well as the
convergence of (Tj(uy)) to Tj(u) weakly in L? (0,73 H*(2)) and the fact that
ox (u—Tg(u))” =0. We find, as n and v tend to infinity,

/ |V [2ox(tun — Ti(u),)” dedt
QT

< / |Vu, — VTk(u),,|2<p)\(un — Ti(u),) dedt + w(n,v).
[“nSTk (u)v]

And so, (5.28) becomes

Vu, — VT (u), 2(,0/ Uy, — T (u),)” dxdt
A

[unSTk(u)u]
< /u(k:)\VunPgo,\(un — Ti(u),) " dadt
Qr
+w(n,v) + /*y(t, 0y Un )ox(un — Ti(w),) " dodt
X
T

+ / <8;?,<PA(% - Tk(u)u)_> dt

0
- / frox (uy — Ti(w),)” daedt — /gngm\ (up, — Tx(u),) " dodt,
QT s
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hence

/ Vit — VTk(u), 20y — p()ps)dadt
[un <Tk(u),]

+O/T<agtn7<ﬁ,\ Tk(u)u)_>dt

+ /'y(t,a, Un ) oA (un — Tk (w),) " dodt — / faox (up — Ti(uw),)” dzdt

ET QT

- /gnw (up, — Ti(u),)” dodt.

Xr

Choosing A large enough such that o) (s) — u(k)pa(s) > g we obtain what follows:

o / |V, — VT (u), |>dzdt

[un <T% (u) ]

)+ /T <8§‘;,% Tk<u>u>—>dt

+ / At oo = Tulwh)dodt — [ fuips (un — Ti(w),) dod

X

(5.29)

- /gnw (tp, — Ti(w),)” dodt.

T

Recalling the convergence (5.23), as well as the convergence of ¢y (un — Tk(u),)  to
ox (u—Tg(u),)” as n tends to infinity, we obtain

/fy (t,0,un) x (Un — Ti(w)y)” dodt = w(n,v). (5.30)
Y

In the same way, one may use the convergence results of (5.4) and (5.5) to deduce that

/ fror (up — Ti(w),)” dadt = w(n,v), (5.31)

/gnw (un — Tk(u)y) dodt =w(n,v). (5.32)
Xt
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By recapping (5.29), (5.30), (5.31) and (5.32), one obtains

T
Qg / |V, — VTi(u),2drdt < w(n,v) + / <8g:, ox (U, — Tk(u)y)> dt.
[unSTk (u)u] 0
(5.33)
On the other hand, by following the same idea of [26], one has no difficulty verifying that
T
oy, _
T oty — Ti(u),)” ) dt <w(n,v, h). (5.34)
0

Using (5.34), inequality (5.33) becomes
/ |V, — VT (u), 2 dedt < w(n,v).
[un <Tk(u)s]

Step 2. Closely following the technique of [26], we choose

\IJn - T2k (un - Th (un) + Tk (un) - Tk(u)l’) )
as a test function in (5.7), with h > &k > 0. We have

T
/ <8g: s \I/n> dt + / VUnV\I’ndxdt + / ’Y(t, o, un)\pndg'dt
’ ©r =T (5.35)

—&-/Gn(t,%un,Vun)\I}nd:ﬁdt: /fn\Ilndxdt—i—/gn\Ilndodt.
QT QT ET

Since ¥, is positive, one may use results of (5.11) and (5.12) to achieve that

/'y(t,m Up ) ¥ dodt + / Gr(t,x, un, V) ¥, dzdt > 0. (5.36)
Er Qr
On the other hand, by a simple changes in the proof of Lemma 2.1 from [26], we can

prove that
T

/ <agt”,qfn> dt > w(n, v, h). (5.37)
0

Then by using (5.36) and (5.37), equality (5.35) becomes

/VunV\Ilndxdtg /fn\I/ndxdt+/g"\Ilndodt+w(n,l/, h). (5.38)
Qr Qr S
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Now, note that VU,, = 0 if |u,| > h + 4k. Let us then set M = h + 4k. We will start
by splitting the first integral on the left hand side of (5.38) on the sets [|u,| > k] and
[lun| < k], we then obtain for n large:

/VunV\I/ndxdt: /VTM(un)V\I/ndxdt

o or (5.39)
> / VT (upn).V (Ti(un) — Tk (w),) — / Vs (un)||VTE(w)y].
Qr [Jun |>k]
The last term of the equation (5.39) can be dealt with in the following way:
/ IVT s (un)| VT (w), |dedt
[lun|>k]
< /|VTM(un)||VTk(u)‘X[‘un‘>k]d.’L‘dt
Qr
+ / VT (un)||VTk(w), — VT (u)|dedt,
[lun|>k]
hence
Cx(M) [ IVT0) o + C2() [ VTk(w), = VT < wln,nh), - (5.40)
Qr Qr

where C1 (M) and Cy(M) are constants depending on M. This implies that

/ VT ).V (Ti () — Tho(u),) dedt < / ull, + /gn\I/n Fw(nvh). (5.41)
Qr Qr Sr
The other terms of the same equation (5.38) will be dealt with in the following way:

/ £ dadt — / FTox (1 — Ty () + T () — T (u)y) dadt + o(n)
Qr Q

(5.42)
= /ngk (u—Tp(u)) dedt + w(n,v),
Q

hence

/ fnVUpdadt = w(n,v,h). (5.43)

Qr
In the same way, we deduce that

/gn‘llndadt =w(n,v, h). (5.44)

S
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Therefore, we can conclude that

/ VT4 (1) — VTe(w)2 < w(n, v, ) — / VT (w). (VT () — VTi (1)
QT QT

Since (T (un)) converges to Ty (u) weakly in L? (0, T; H'(€)). Letting first n tend to in-
finity, then respectively v and h, we finally obtain that (VT (u,)) converges to VT (u)
strongly in L? (Qr) for every fixed k > 0, and by using (5.22) we conclude the proof. [

5.1.4. Passing to the limit

Let ¢ € C* (Qr) such that (T,-) = 0. Multiplying the first equation of (5.6) by ¢,
integrating over @Qr and applying integration by part formula, one has

0
— /un—w da:dt—i—/VunV<pdxdt+/7(t7a,un)gpdadt

ot
Qr Qr S (5.45)
+/Gn(t,x,un,Vun)cpdxdt: /fngoda:dtJr/gncdedt.
Qr Qr Zr

Our aim is to pass to the limit in (5.45) as n goes to co. By using Remark 5.8, we
have the following convergence result

u, — u strongly in L*(0,7, W'1(Q)), (5.46)

(Un, V) — (u, Vu) a.e. in Qr, (5.47)

Y(t, o, un) — (t,0,u) strongly in L*(X7) and a.e. in X, (5.48)

G (t,x, up, Vu,) — G(t,z,u, Vu) a.e. in Q. (5.49)

Finally, we need now to prove that the convergence in (5.49) holds in L*(Qr). To this
aim, we propose to use the Vitali lemma. Let us then prove that for each € > 0 there
exists # > 0 such that

(K C Qr measurable, meas(K) < ) = / |Gr(t, , un, Vuy)|dedt < e Vn. (5.50)
K

In order to prove (5.50), we divide the integral as follows:

/ |G (8, 2, U, Vuy,)| dedt < / |G (¢, 2, Un, Vuy,)| dedt
K

KN[un,>k]
+ / |G (t, @,y up, Vug)| dedt := I + Is.
KN [u, <Kk|
The first integral I; verifies the following inequality

I < / Gy, (t, 2, Uy, Vuy,) dedt,

[un>k]
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Lemma 5.9 insures the existence of £* > 0, such that, for all & > k*, we have

I <

Wl m

As the second integral I is concerned, assumption (5.2) implies that for all k£ > k*
I < pu(k) / (L(t,2) + |V Ti (un) [2) dadt.
K

On the one hand, since L € L' (Qr), then L is equi-integrable in L! (Q), hence there
exists 61 > 0, such that, if |K| < 4y, then

Wl ™

w(k) | L(t,x)dxdt <
/

On the other hand, using Lemma 5.10, the sequence (|VT} (un)|?), is equi-integrable
in L' (Qr). Consequently, there exists d2 > 0 such that if [K| < d2, we have

(k) / [Tk () P < <.
K

Last but not least, if we choose §* = inf (01, d2) and if |K| < §*, we obtain

/Gn (t, z,un, Vuy,) dedt < ¢,
K

which concludes the proof of our statement.

6. APPENDIX

This section tackles the proof of some interesting results which rely strongly on
parabolic equations with nonlinear boundary conditions.

Lemma 6.1. Let (uy,) be a weak solution to the following problem:

% _Aun = Kn mn QT7
un(0,2) =0 in £, (6.1)
85‘,/” =Ty on X,

such that the following estimate holds:

Hf@nHLl(QT) + HTn||L1(ET) <C
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Then, there exists u in L' (0, T, W11(Q)) such that, up to a subsequence, the following
convergences are satisfied:

u, — u strongly in L'(0, T, WH1(Q)),

(un, V) — (u, Vu) a.e. in Qr,

N+2
Up — u strongly in L™ (X))  foralll <r < ; .

Proof. The proof of this lemma is more or less classical (we refer the reader to
[10, Lemma 5]; see also [9]). O

The above result will be used to deal with the compactness result for the heat
parabolic equation with nonlinear boundary conditions. In the following lemma, we
will establish the existence of a weak solution to (3.1) in the L' setting.

Lemma 6.2. Assume that (2.5) holds and let (f,g) be two nonnegative measurable
functions belonging to L*(Qr) x L*(31). Let us consider the following problem:

S8 —Aw = f(t,x) in Qr
w(0,-) =0 in 2 (6.2)
%" +(t,o,w) =g(t,o0) on Xp.

Then, problem (6.2) admits a weak solution w in the following sense:

w e C ([0,T], LY () N L' (0,7, W"1(Q)),

- /waﬁ dmdt+/wad:cdtJr/v(t,o,w)wdadt

ot
Qr Qr Sr
= /f(pdxdt+/g<pdadt,
Qr S

for all ¢ € C* (Qr) such that o(T,-) = 0.

Proof. Since f € L'(Q7)" and g € L*(X7)" then we can construct a pair of sequence
(fn) € L?(Q7) and (g,) € L?(X7) such that

0<f.<f and f,— fstronglyin L'(Qr),
0<g,<g and g, — gstrongly in L*(Xr).

From the result of Theorem 3.2, we know the existence and uniqueness of w,, a weak
solution to the following problem:

6g;n - Awn = fn(tax) in QT?
wn(0,-) = 0 in Q, (6.3)
Ouy

S+ (t,0,wn) = gn(t,o)  on .
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Since (f,) and (g,) are nonnegative functions, we derive that w,, > 0. Furthermore,
by using the fact that f, < f and g, < g, we get

ow,,

ot

— Aw, < f. (6.4)

Next, we integrate the first equation of (6.3) over Qr, one obtains

/wn(T,x) der/'y(t, o, wy,) dodt < /fd:cdtJr/gdadt. (6.5)
Q Qr

ET ET

Since w, > 0, the following estimate holds:

v (wi)ll L sipy < Wl @ey + 1911 sy -

Then, by using the compactness result of Lemma 6.1, we derive the existence of w in
LY (0, T, Wh1(Q)) such that, up to a subsequence, the following conditions are satisfied:

w,, — u strongly in L*(0, T, W(Q)),
(wnavwn) — (’LU,VIU) a.e. in QTa
N +2

wy, — w strongly in L"(X7) foralll <r<

Furthermore, by assumption (2.5), we have

N +2
Iy(t,o,m)| <71+ |r]?) ae. (t,0) in Xp forall 7 € R, and 1 < 0 < ; .

Hence 7(t, o, w,) — v(t, 0, w) strongly in L!'(Xr) and then passing to the limit in the
weak formulation of (6.3) leads to

— /wg—fdxdt+/Vngpdzdt+/7(t,07w)<Pdadt

Qr Qr S
= /f<pdacdt+/gapdadt7
Qr Er

for all ¢ € C*(Qr) such that ¢(T,-) = 0. Hence w solves problem (6.1), which
concludes the proof. O
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