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Abstrat. We show that the one-sided regularizations of the generator of any uni-

formly ontinuous set�valued Nemytskij operator, ating between the spaes of fun-

tions of bounded variation in the sense of Shramm, is an a�ne funtion. Results

along these lines extend the study [1℄.

1. Introdution

Let (X, | · |) and (Y, | · |) be two real normed spaes, C be a onvex one in X
and I = [a, b] ⊂ R (a, b ∈ R, a < b) be an interval. Let cc(Y ) be the family of

all non-empty onvex and ompat subsets of Y . We onsider the Nemytskij

operator, i.e. the omposition operator de�ned by (HF )(t) = h(t, F (t)), where
F : I −→ C, h : I × C −→ cc(Y ) is a given set-valued funtion. It is shown

that if the operator H maps the spae ΦBV (I;C) of funtions of bounded

Φ-variation in the sense of Shramm into the spae BSΨ(I; cc(Y )) of set�

valued funtions of bounded Ψ-variation in the sense of Shramm, and is
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uniformly ontinuous, then the one-sided regularizations h− and h+ of h with

respet to the �rst variable, are a�ne with respet to the seond variable. In

partiular,

h−(t, x) = A(t)x + B(t) for t ∈ I, x ∈ C,

for some funtion A : I −→ L(C, cc(Y )) and B ∈ BSΨ(I; cc(Y )), where

L(C, cc(Y )) stands for the spae of all linear mappings ating from C into

cc(Y ).

2. Preliminaries

We start by realling some very basi fats as de�nitions and known re-

sults onerning the spae of funtions of bounded variation in the sense of

Shramm.

Let F be the set of all onvex funtions φ : [0,∞) −→ [0,∞) suh that

φ(0) = φ(0+) = 0 and lim
t−→∞

φ(t) = ∞. Then we have

Remark 1. If φ ∈ F , then φ is ontinuous and stritly inreasing

(see [1, 7℄).

A sequene Φ = (φi)
∞
i=1 of funtions from F satisfying the following two

onditions:

(i) φn+1(t) ≤ φn(t) for all t > 0 and n ∈ N,

(ii)
∞
∑

n=1
φn(t) diverges for all x > 0,

is said to be a Φ�sequene.

Let I = [a, b] (a, b ∈ R, a < b) be an interval. For a set X we denote by

XI the set of all funtions f : I → R.

If In = [an, bn] is a subinterval of the interval I (n = 1, 2, . . . ), then we

write f(In) := f(bn) − f(an).

De�nition 1. Let Φ = (φn)∞n=1 be a Φ�sequene and (X, | · |) be a real

normed spae. A funtion f ∈ XI is of bounded Φ-variation in the sense of

Shramm in I if

vΦ(f) = vΦ(f, I) := sup
m

∑

n=1

φn

(

|f(In)|
)

< ∞, (1)

where the supremum is taken over all m ∈ N and all non�ordered olletions

of non�overlapping intervals In = [an, bn] ⊂ I, n = 1, . . . ,m ([18℄).
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It is known that for all a, b, c ∈ I, a ≤ c ≤ b we have vΦ(f, [a, c]) ≤
vΦ(f, [a, b]) (that is vΦ is inreasing with respet to the interval) and

vΦ(f, [a, c]) + vΦ(f, [c, b]) ≤ vΦ(f, [a, b]).

In what follows we denote by VΦ(I,X) the set of all funtions f ∈ XI

of bounded Φ-variation in the Shramm sense and by ΦBV (I,X) the linear

spae of all funtions f ∈ XI suh that vΦ(λf) < ∞ for some onstant λ > 0.

In the spae ΦBV (I,X) the funtion ‖ · ‖Φ de�ned by

‖f‖Φ := |f(a)| + pΦ(f), f ∈ ΦBV (I,X),

where

pΦ(f) := pΦ(f, I) = inf
{

ǫ > 0 : vΦ

(

f/ǫ
)

≤ 1
}

, f ∈ ΦBV (I,X), (2)

is a norm (see for instane [14℄).

For X = R, the linear normed spae (ΦBV (I,R), ‖ · ‖Φ) was studied by

Shramm [18, Theorem 2.3℄. The funtional pΦ(·) de�ned by (2) is alled the

Luxemburg-Nakano-Orliz seminorm [5, 25, 26℄.

It is worth mentioning that the symbol ΦBV (I, C) stands for the set of

all funtions f ∈ ΦBV (I,X) suh that f : I −→ C and C is a subset of X.

Let cc(X) be the family of all non-empty onvex ompat subsets of X,

and let D be the Pompeiu-Hausdor� metri in cc(X), i.e.

D(A,B) := max
{

e(A,B), e(B,A)
}

, A,B ∈ cc(X), (3)

where

e(A,B) = sup
{

d(x,B) : x ∈ A
}

, d(x,B) = inf
{

d(x, y) : y ∈ B
}

. (4)

It is easy to hek that the Pompeiu-Hausdor� metri D is invariant with

respet to translation, i.e.

D(A,B) = D(A + Q,B + Q) (5)

(see [4, Lemma 3℄) for all A,B ∈ cc(X) and bounded nonempty subset

Q of X.

De�nition 2. Let Φ = (φn)∞n=1 be a Φ�sequene and F : I −→ cc(X).
We say that F has bounded Φ-variation in the Shramm sense if

wΦ(F ) := sup

m
∑

n=1

Φn (D(F (tn), F (tn−1))) < ∞, (6)
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where the supremum is taken over all m ∈ N and all non�ordered olletions

of non�overlaping intervals In = [an, bn] ⊂ I, i = 1, . . . ,m.
From now on, let

BSΦ(I, cc(X)) :=
{

F ∈ cc(X)I : wΦ(λF ) < ∞ for some λ > 0
}

. (7)

For F1, F2 ∈ BSΦ(I, cc(X)) put

DΦ(F1, F2) := D (F1(a), F2(a)) + pΦ(F1, F2), (8)

where

pΦ(F1, F2) := inf
{

ǫ > 0 : Sǫ(F1, F2) ≤ 1
}

(9)

and

Sǫ(F1, F2) := sup
m

∑

n=1

φn

(

1

ǫ
D

(

F1(tn) + F2(tn−1);F2(tn) + F1(tn−1)
)

)

, (10)

where the supremum is taken over the same olletion ([an, bn])mn=1 as in

De�nition 2. Then (BSΦ(I, cc(X)),DΦ) is a metri spae, and it is omplete

if X is a Banah spae [24, Lemma 5.4℄.

Taking into aount [23, Theorem 3.8 (d)℄ and [24, ondition 5.6℄, we get

the following

Lemma 1. Let Φ = (φn)∞n=1 be a Φ�sequene and F1, F2 ∈ BSΦ(I, cc(X)).
Then, for λ > 0,

Sλ(F1, F2) ≤ 1 if and only if pΦ

(

F1, F2

)

≤ λ.

In what follows, let(X, | · |), (Y, | · |) be two real normed spaes and C be

a onvex one in X. Given a set-valued funtion h : I × C −→ cc(Y ) we set

the omposition operator H : CI → cc(Y )I generated by h as:

(Hf)(t) := h(t, f(t)), f ∈ CI , t ∈ I. (11)

Moreover, let us denote by A(C, cc(Y )) the spae of all additive funtions

and by L(C, cc(Y )) the spae of all set-valued linear funtions, i.e. the spae of

all set-valued funtions A ∈ A(C, cc(Y )) whih are positively homogeneous [1℄.

Now we quote the following lemma given by Nikodem.

Lemma 2. ([15, Theorem 5.6℄). Let (X, | · |), (Y, | · |) be normed spaes

and C a onvex one in X. A set-valued funtion F : C −→ cc(Y ) satis�es

the Jensen equation

F
(x + y

2

)

=
1

2

(

F (x) + F (y)
)

, x, y ∈ C, (12)
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if and only if there exist an additive set-valued funtion A : C −→ cc(Y ) and a

set B ∈ cc(Y ) suh that F (x) = A(x)+B for all x ∈ C.

3. The omposition operator

Now we will present our main result.

Theorem 1. Let (X, | · |) be a real normed spae, (Y, | · |) a real Banah

spae, C a onvex one in X and suppose that Φ = (φn)∞n=1 and Ψ = (ψn)∞n=1

are Φ�sequenes. If the omposition operator H generated by a set-valued

funtion h : I × C −→ cc(Y ) maps ΦBV (I, C) into BSΨ(I, cc(Y )) and

is uniformly ontinuous, then the left regularization of h, i.e. the funtion

h− : I × C −→ cc(Y ) de�ned by

h−(t, x) := lim
s↑t

h(s, x), t ∈ I, x ∈ C,

exists and

h−(t, x) = A(t)x + B(t), t ∈ I, x ∈ C,

for some A : I −→ A(X, cc(Y )) and B : I −→ cc(Y ). Moreover, if 0 ∈ C,

then B ∈ BSΨ(I, cc(Y )) and the linear set-valued funtion A(t) is ontinuous.

Proof. For every x ∈ C, the onstant funtion I ∋ t −→ x belongs to

ΦBV (I, C). Sine H maps ΦBV (I, C) into BSΨ(I, cc(Y )) for every x ∈ C,

the funtion I ∋ t −→ h(t, x) belongs to BSΨ(I, cc(Y )). Now the omplete-

ness of cc(Y ) with respet to the Pompeiu-Hausdor� metri [24, Lemma 6.12℄

implies the existene of the left regularization h− of h.

By the assumption, H is uniformly ontinuous on ΦBV (I, C). Let

ω : R
+ −→ R

+ be the modulus of ontinuity of H, that is

ω(ρ) := sup
{

DΨ

(

H(f1),H(f2)
)

: ‖f1−f2‖Φ ≤ ρ; f1, f2 ∈ ΦBV (I, C)
}

, ρ > 0.

Hene we get

DΨ

(

H(f1),H(f2)
)

≤ ω
(

‖f1 − f2‖Φ

)

for f1, f2 ∈ ΦBV (I, C). (13)

From the de�nition of the metri DΨ and (13), we obtain

pΨ

(

H(f1);H(f2)
)

≤ ω
(

‖f1 − f2‖Φ

)

for f1, f2 ∈ ΦBV (I, C). (14)

From Lemma 1, if ω
(

‖f1 − f2‖Φ

)

> 0, the inequality (14) is equivalent to

Sω(‖f1−f2‖Φ)

(

H(f1),H(f2)
)

≤ 1, f1, f2 ∈ ΦBV (I, C). (15)
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Therefore, for any a < α1 < β1 < α2 < β2 < · · · < αm < βm = b, αi, βi ∈ I,
i ∈ {1, 2, · · · ,m}, m ∈ N, the de�nitions of the operator H and the funtional

Sǫ, imply

∞
∑

i=1

ψi

(D
(

h(βi, f1(βi)) + h(αi, f2(αi));h(βi, f2(βi)) + h(αi, f1(αi))
)

ω
(

‖f1 − f2‖Φ

)

)

≤ 1.

(16)

For α, β ∈ R, α < β, we de�ne funtions ηα,β : R −→ [0, 1] by

ηα,β(t) :=















0 if t ≤ α
t− α

β − α
if α ≤ t ≤ β

1 if β ≤ t .

(17)

Let us �x t ∈ I. For arbitrary �nite sequene a < α1 < β1 < α2 < β2 <
· · · < αm < βm < t and x1, x2 ∈ C, x1 �= x2, the funtions f1, f2 : I −→ X
de�ned by

fℓ(τ) :=
1

2

[

ηαi,βi
(τ)(x1 − x2) + xℓ + x2

]

, τ ∈ I, ℓ = 1, 2, (18)

belong to the spae ΦBV (I, C). From (18) we have

f1(τ) − f2(τ) =
x1 − x2

2
, τ ∈ I,

therefore

‖f1 − f2‖Φ =
∣

∣

∣

x1 − x2

2

∣

∣

∣;

moreover

f1(βi) = x1; f2(βi) =
x1 + x2

2
; f1(αi) =

x1 + x2

2
; f2(αi) = x2.

Using (16), we get

∞
∑

i=1

ψi





D
(

h(βi, x1) + h(αi, x2);h
(

αi,
x1+x2

2

)

+ h
(

βi,
x1+x2

2

))

ω
(∣

∣

∣

x1−x2

2

∣

∣

∣

)



 ≤ 1. (19)

Fix a positive integer m. We have

m
∑

i=1

ψi





D
(

h(βi, x1) + h(αi, x2);h
(

αi,
x1+x2

2

)

+ h
(

βi,
x1+x2

2

))

ω
(∣

∣

∣

x1−x2

2

∣

∣

∣

)



 ≤ 1. (20)
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From the ontinuity of ψi, passing to the limit in (20) when α1 ↑ t, we
obtain that

m
∑

i=1

ψi









D

(

h−(t, x1) + h−(t, x2); 2h
−

(

t,
x1 + x2

2

))

ω

(

∣

∣

∣

x1 − x2

2

∣

∣

∣

)









≤ 1.

Hene,

∞
∑

i=1

ψi

(

D
(

h−(t, x1) + h−(t, x2); 2h
−

(

t, x1+x2

2

))

ω
(∣

∣

x1−x2

2

∣

∣

)

)

≤ 1,

and, by (ii),

D
(

h−(t, x1) + h−(t, x2); 2h
−
(

t,
x1 + x2

2

))

= 0.

Therefore,

h−
(

t,
x1 + x2

2

)

=
h−(t, x1) + h−(t, x2)

2

for all t ∈ I and all x1, x2 ∈ C.

Thus, for eah t ∈ I, the funtion h−(t, ·) satis�es the Jensen funtional

equation in C. Consequently, by Lemma 2, for every t ∈ I there exist an

additive set�valued funtion A(t) : C −→ cc(Y ) and a set B(t) ∈ cc(Y ) suh
that

h−(t, x) = A(t)x + B(t) for x ∈ C, t ∈ I, (21)

whih proves the �rst part of our result.

The uniform ontinuity of the operator H : ΦBV (I, C) −→ BSΨ(I, cc(Y ))
implies the ontinuity of the funtion A(t) so that A(t) ∈ L(C, cc(Y ))
[15, Theorem 5.3℄. Putting x = 0 in (21) and taking into aount that

A(t)0 = {0} for t ∈ I, we get

h−(t, 0) = B(t), t ∈ I,

whih implies that B ∈ BSΨ(I, cc(Y )).

Remark 2. The ounterpart of Theorem 1 for the right regularization h+

of h de�ned by

h+(t, x) := lim
s↓t

h(s, x), t ∈ I,

is also true.
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Remark 3. Taking ψn(t) = ψ(t) (t ≥ 0) , we obtain the main result

of [1℄.

Remark 4. Denote by S the set of all funtions f ∈ ΦBV (I, C) suh that

f(t) =
1

2
[ηα,β(t)(x1 − x2) + x + x2] ,

where ηα,β is de�ned by (17) and x = x1 or x = x2. It follows from the argu-

ment used in the proof that Theorem 1 remains valid if the uniform ontinuity

of the operator H is postulated only on the set S.
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