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Taking the random electromagnetic cosh-Gaussian beam as a typical example of random electro-
magnetic beams, the analytical expressions for the cross-spectral density matrix element of random
electromagnetic cosh-Gaussian beams propagating through non-Kolmogorov atmospheric turbu-
lence are derived, and used to study the changes in the states of polarization (degree of polarization,
orientation angle and degree of ellipticity) of random electromagnetic cosh-Gaussian beams in
non-Kolmogorov atmospheric turbulence. It is shown that the states of polarization of random electro-
magnetic cosh-Gaussian beams in non-Kolmogorov atmospheric turbulence are different from
those in free space. The degree of polarization decreases, and the orientation angle and degree of
ellipticity increase with increasing structure constant. The on-axis degree of polarization and the
degree of ellipticity appear to have an oscillatory behavior and the orientation angle has a rapid
transition for the larger cosh-part parameter of random electromagnetic cosh-Gaussian beams in
atmospheric turbulence.

Keywords: non-Kolmogorov atmospheric turbulence, random electromagnetic beams, degree of polari-
zation, orientation angle, degree of ellipticity.

1. Introduction

The propagation of a laser beam through atmospheric turbulence has been of consider-
able importance in connection with optical communications and laser weapons, etc.,
for a long time [1-4]. Based on the unified theory of coherence and polarization of
random electromagnetic beams [5, 6], the spectrum, spectral degree of coherence, de-
gree of polarization and Stokes parameters of electromagnetic beams propagating
through atmospheric turbulence were studied extensively [7-16]. WOLF et al. investi-
gated the far-zone behavior of the degree of polarization of electromagnetic Gaussian
Schell-model beams propagating through atmospheric turbulence, and pointed out that
the degree of polarization of the beam for the long-propagation distance tends to the
value in the source plane [7, 8]. The degree of polarization, spectrum and spectral
degree of coherence of partially coherent electromagnetic cosh-Gaussian (ChG) and
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Hermite—Gaussian beams was reported by X1AOLING Ji et al. [9, 11]. JIXIONG Pu et al.
analyzed the degree of polarization and the degree of cross-polarization of stochastic
electromagnetic beams through atmospheric turbulence, and showed that the degree of
cross-polarization is generally unbounded and does not decrease with propagation dis-
tance [12, 13]. L1 et al. studied the changes in the on-axis and transverse spectral Stokes
parameters of random electromagnetic vortex beams propagating through atmospheric
turbulence [14]. The spectral properties of random electromagnetic partially coherent
flat-topped vortex beams in atmospheric turbulence were studied by HAryAN WANG and
X1aNMEI QIaN who found that the variations of the spectral properties depend closely
on the strength of atmospheric turbulence and the properties of the source beam [16].
However, in analyzing the states of polarization of electromagnetic beams in atmos-
pheric turbulence most of the publications focused on the degree of polarization. In gen-
eral, not only does the degree of polarization change on propagation, but also the shape
and the orientation of the electromagnetic beams will change together [6, 17-19]. As
was observed, the power spectrum of atmospheric turbulence in some aspects of the
stratosphere and troposphere may exhibit non-Kolmogorov statistics [20, 21]. There-
fore, the Kolmogorov model is sometimes incomplete for describing atmospheric tur-
bulence. TosELLI et al. introduced a non-Kolmogorov model to analyze the scintillation
index of optical plane wave and angle of arrival fluctuations for a free space laser beam
propagating through atmosphere [22, 23].

In this paper, we investigate the changes in the degree of polarization, orientation
angle and degree of ellipticity for random electromagnetic cosh-Gaussian (ChG)
beams in the non-Kolmogorov atmospheric turbulence. Based on the extended Huygens
—Fresnel principle, we also obtain the analytical expressions for the elements of the
cross-spectral density matrix of random electromagnetic ChG beams propagating
through non-Kolmogorov atmospheric turbulence in Section 2. The changes in the de-
gree of polarization, orientation angle and degree of ellipticity for random electromag-
netic ChG beams are illustrated by numerical examples in Section 3. Finally, Section 4
provides some conclusions drawn from the present work.

2. Theoretical formulation

The cross-spectral density matrix of random electromagnetic beams at the source plane
z =10 1is expressed as [6]

Vllxx(s15 SZ, 07 a)) Vny(Sli 527 05 a))

W(O)(sl, $,,0, ) = (1)
VVyx(sly s27 Os a)) VVyy(sl’ Sz, 07 w)
where
VVij(Sl, Sy, 0) = (El-*(Sl, O)E}(SZs 0)) ()

and i, j = x, y unless otherwise stated. The quantities £, and E|, represent two electric
-field components, s, = (s, Sly) (/=1, 2) is the two-dimensional position vector at
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the source plane z=0. The * and () stand for the complex conjugate and ensemble
average, respectively, @ is the frequency and omitted later for brevity.

The elements I¥;;(sy, 85, 0) of the cross-spectral density matrix of random electro-
magnetic ChG beams at the source plane are expressed as [24]

2 2
S1x + Sly
W, (51, 5, 0) = A,.AjBijcosh[.Qo(slx+s1y)}exp[—zj
Wo
2 2 2
Sy ts (S1,—55.)
X cosh |:‘QO(S2x + S2y>:| exp [_ zx—zzy-j exp |:_ 1)6—22x:|
Wy 20'l.j
2
(s1,—53,)
X exp [—”—zzy 3)
20'l.j

where 4; and 4; denote the amplitude of the electric field-vector components E; and £,
B, are correlatlon coefficients between two components E; and E; of the electrlc field
-Vector at the points s; and s, in the source plane z =0 [25] wo is the waist width,
£2, is the parameter associated with the cosh-part, o, and o, are the auto-correlations
length of E, and E, field components in the source plane respectlvely, , and o, are
the cross- correlatlons length of E, and E|, which represents the spatlal correlatlon
between the x and y components of the electric field vector [26].

Each element of the cross-spectral density matrix, propagating in atmospheric tur-
bulence, obeys the extended Huygens—Fresnel principle [3]

Wy or 029 = (55=) [, [ [, (51. 55, 0)

X exp{—éi—[(pl—sl)z - (Pz‘%)ﬂ}(exp[w*(sp P TW(sy, P D)
4)

where  is the wave number related to the wavelength 4 by k = 2n/A, p; = (pyy, pyy) is the
position vector at the z plane, and (exp [y *(s;, p;) + ¥ (s,, p,)]) is given by [6, 27, 28]

(exply*(sy, py) T W (s, P D

= exp{—4n2kzzj(l) J-:dicdéxgon(ic)[l —JO(K|(1 —&E)(py—Py) +E(sy s2)|ﬂ}
(5)

where J;) is the zero-order Bessel function and ¢,(x) is the spectral density of the re-
fractive index fluctuations of turbulence.
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By introducing two new variables of integration u, v
s;ts
15
U= —7" V=5-%5 6)

and substituting Egs. (3) and (5) into Eq. (4), we obtain

1 k \? ik, 2 2 2
Wby 02 2) = 4,48, (5] exp[ 30} = p) Jexp[-T(p; — py)”]

X jjd2ujjd2vexp [— 2;[22 }exp [%(pl — pz)u] exp [—iz—kuv]

0

'k
x expl-a,;v*1exp[-T(p; — p)vIexp[ 5=(p; + pp)V]

X {exp[2QO(ux + uy)] +exp[Qy(v, + vy)]

+emﬂ—Qva+vﬁ]+emﬂ—29dux+uﬂl} (7)
where
ay = —=+—_+7 (82)
2w, 20‘17
_ thkzz oo 3
T(a, z) = TI D, (k, a)dx (8b)

0

To model the turbulence, the non-Kolmogorov spectrum is used [22, 23]

exp[—(;cz/zci)]

®,(x) = A@)C; e 0<k<e, 3<a<4 (9a)
(K2+ Ké)
A(e) = I'a- l)cozs(Otn/Z) (9b)
47
Ky, = 2m/L, (9¢)
k, = cla)l, (9d)
_[A(5-« 2m V@ =3)
c(a) = [F(T)A(a)T} (%)
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where L, and /; are the outer and inner scales of atmospheric turbulence, respectively,
and 7"(*) is the Gamma function, « is the generalized exponent, Cﬁ is the generalized
structure constant with units m® =% [22, 23, 29]. On substituting Eq. (9) into Eq. (8b),
the integral calculations deliver

2,2 2
k' z ~2 Ko 2—-a
T = —4
(a, 2) 6(a_2) (a)C, {exp(Ki Jxm

2
o K _
xBaZMﬁ+2xﬂ[{2§z—%J2kga} (10)

Recalling the integral formula [30]

Iexp(—px2+2qx)dx = Eexp(q?z) (11)

the tedious but straightforward integral calculations lead to the elements of the cross
-spectral density matrix of random electromagnetic ChG beams in non-Kolmogorov
turbulence, which is given by

1 k 2 ik 2 2
Wby 2 2) = 4,4, B () exp[ -3} )
2
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2 2 2 2
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ik
Py = 5o (pretp2) = T(pr=p2) + 2y (13)
1| ik ik
By, = 5 |—(p1x=P2) —5—F } (13g)
2x 2 |:Z 1x 2x 22%‘ 2x

Due to the symmetry, Py, B,,, P,,, B,, can be obtained by the replacement of
Pixs Pox IN Py, Byy, Py, By With pyy, ps,, respectively. M5 and M, can be obtained by
the replacement of Q in M, and M, with —Q,,.

The degree of polarization of random electromagnetic ChG beams through atmos-
pheric turbulence is defined by the formula [6, 17]

P(p,z) = Jl— 4det[w("’z)]2 (14)
{Tr[W(p, 2)]}

where det and Tr denote the determinant and the trace of the cross-spectral density ma-
trix. In general, not only does the degree of polarization change on propagation, but
also the shape and the orientation of the beam will change together, which can be spec-
ified by the orientation angle 6 and the degree of ellipticity ¢ of the polarization ellipse
[6, 18, 19]. The orientation angle # that the major axis of the polarization ellipse makes
with the x direction is given by the formula [6, 17]

2Re[ Wy (p. 2)]
VVxx(p’ Z) - VV;/y(p’ Z)

where Re denotes the real parts. The degree of ellipticity that can describe the shape
of the polarization ellipse is given by [6, 17]

0(p,z) = L atan

> }, —n/2<60< /2 (15)

e(pz) = A /4 0<e<l (16)

minor’ “* major

It is unity for circular polarization and zero for linear polarization. 4o, and Ay,
are the major and minor semi-axis of the polarization ellipse. The expressions can be
written as

1
2

Aor (P 2) {J( W= W)+ 4J,[° + (0, — ) + 4[Re(7,,)T’ }

(17a)

Arzninor(p’ Z) - %{N/( VVxx_ W/;/y)z + 4'|I/ch|2 - A/(W/;cx_ VVyy)2 +4[Re(Vny)]2 }
(17b)

By letting p = 0 in Egs. (14)—(17), the on-axis degree of polarization P(0, z), the
on-axis orientation angle 6(0, z) and the on-axis degree of ellipticity (0, z) can be de-
rived for random electromagnetic ChG beams through atmospheric turbulence.
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3. Numerical calculations and analyses

Figure 1 gives the on-axis degree of polarization P(0, z), orientation angle 6(0, z) and
degree of ellipticity &(0, z) of random electromagnetic ChG beams in free space (C2 = 0)
and in non-Kolmogorov atmospheric turbulence (C2 = 10" and 5 x 1074 m23) vs. the
propagation distance z. The calculation parameters are 4 = 1.06 um, wy, =3 cm, 4, = 4,
=2, B,,=B,, =1, B,, = 0.2exp(in/6), B, = 0.2exp(-in/6), 0, = 1 cm, 5,,= 1.5 cm,
Oy, = 0, =2 cm, ) =30 m', [;=0.01 m, L, = 10 m, & = 3.2. The parameters selected
meet the realizability conditions [31]. As can be seen, the states of polarization (P, 9, ¢)
of random electromagnetic ChG beams depend on the structure constant C> and the
propagation distance z. The states of polarization of random electromagnetic ChG beams
in non-Kolmogorov atmospheric turbulence are different from those in free space.
Figure 1 implies that the states of polarization vary non-monotonously with increasing
propagation distance z, and there exists a maximum for degree of polarization P and
a minimum for orientation angle 8 and degree of ellipticity ¢. At a fixed z, the larger the
structure constant C2, the smaller the degree of polarization P; the larger the orienta-
tion angle 8 and degree of ellipticity €. For example, at z =5 km, P(0, 5 km) = 0.518,
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o— - .
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Fig. 1. Changes in the on-axis degree of polarization P (a), orientation angle 6 (b) and degree of ellip-
ticity ¢ (c¢) of random electromagnetic ChG beams vs. the propagation distance z for different values
of the C2.
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0.245, 0.208, 0(0, Skm) = 24.432, 33.839, 41.730 deg, (0, 5 km) =0.202, 0.250,
0.266, for C,% =0, 107", 5x10 4 m 23, respectively.

The on-axis degree of polarization P(0, z), orientation angle 8(0, z) and degree of
ellipticity £(0, z) of random electromagnetic ChG beams in non-Kolmogorov atmos-
pheric turbulence vs. the propagation distance z are depicted in Fig. 2 for different
values of auto-correlations length o,,,, where C:=10"m?? 6, =15cm, o = Oy
= 2 cm. The other calculation parameters are the same as those in Fig. 1. Figure 2a
demonstrates that the on-axis degree of polarization P decreases with an increase in
auto-correlations length o,,,. Figure 2b shows that the on-axis orientation angle 6 has
a minimum or a maximum when o, < g, or g, > 0,,, respectively. Figure 2¢ shows
that the on-axis degree of ellipticity ¢ is a constant for the case of 0, = o,,, and ¢ in-
creases with an increase in auto-correlations length o,,, for the case of ,,, # 7,

Figure 3 represents the on-axis degree of polarization P(0, z), orientation angle

0(0, z) and degree of ellipticity &(0, z) of random electromagnetic ChG beams in
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Fig. 2. Changes in the on-axis degree of polarization P (a), orientation angle 6 (b) and degree of ellip-
ticity ¢ (¢) of random electromagnetic ChG beams in non-Kolmogorov atmospheric turbulence for
different auto-correlations length o,,,.
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Fig. 3. Changes in the on-axis degree of polarization P (a), orientation angle § (b) and degree of ellip-
ticity ¢ (¢) of random electromagnetic ChG beams in non-Kolmogorov atmospheric turbulence for dif-
ferent cross-correlations length o, (g,,).

non-Kolmogorov atmospheric turbulence vs. the propagation distance z for different
values of cross-correlations length o, (g,,) = 1.5, 2 and 2.5 cm, where o, = 1 cm.
The other calculation parameters are the same as those in Fig. 1. As can be seen, the
larger the cross-correlations length o, (o,,), the larger degree of polarization P, ori-
entation angle § and degree of ellipticity &, i.e., the P, 8 and ¢ will increase with an
increase in cross-correlations length o, (0,,,).

The changes in the on-axis degree of polarization P(0, z), orientation angle 6(0, z),
degree of ellipticity (0, z) of random electromagnetic ChG beams in non-Kolmogorov
atmospheric turbulence vs. the propagation distance z for the different values of cosh
-part parameter €2 are plotted in Fig. 4, where C? = 107" m™”. The other calculation
parameters are the same as those in Fig. 1. From Figs. 4a and 4¢ we note that the on-
axis degree of polarization P and degree of ellipticity ¢ appear to have an oscillatory
behavior when Q, = 70 and 90 of random electromagnetic ChG beams in atmospheric
turbulence, however, the oscillatory behavior disappears for smaller Q (e.g., 2, < 50).
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Fig. 4. Changes in the on-axis degree of polarization P (a), orientation angle & (b) and degree of ellip-
ticity ¢ (¢) of random electromagnetic ChG beams in non-Kolmogorov atmospheric turbulence for dif-
ferent cosh-part parameter £,,.

As Fig. 4b suggested, there exists a rapid transition of the on-axis orientation angle 6
when @ = 50, the critical position of orientation angle transition increases as the £,
increases, but for , < 30, the transition will disappear.

4, Conclusion

In this paper, based on the extended Huygens—Fresnel principle, the analytical expres-
sion for the elements of the cross-spectral density matrix of random electromagnetic
ChG beams propagating through non-Kolmogorov atmospheric turbulence has been
derived, and used to study changes in the on-axis degree of polarization, orientation
angle and degree of ellipticity of random electromagnetic ChG beams propagating
through non-Kolmogorov atmospheric turbulence. It has been shown that the states of
polarization (P, 8, ¢) of random electromagnetic ChG beams depend on the structure
constant, auto-correlations length, cross-correlations length, cosh-part parameter and the
propagation distance z. The states of polarization of random electromagnetic ChG beams
in non-Kolmogorov atmospheric turbulence are different from those in free space.
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Ata fixed z, the larger the structure constant C2, the smaller the degree of polarization P,
the larger the orientation angle @ and degree of ellipticity €. The P, 6 and ¢ will increase
with an increase in cross-correlations length. The on-axis degree of polarization P and
degree of ellipticity ¢ appear to have an oscillatory behavior when €, = 70 and 90 of
random electromagnetic ChG beams in non-Kolmogorov atmospheric turbulence,
and there exists a rapid transition of the on-axis orientation angle of the polarization
ellipse 6 when €, > 50. The results obtained may have beneficial applications to the
space optical communications and remote sensing.
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