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LEGENDRE POLYNOMIALS APPLICATION FOR EXPANDING
FUNCTIONS IN THE SERIES BY THESE POLYNOMIALS

Abstract

Introduction and aim: Selected elementary material about Legendre poljalenmave been
shown in the paper. The algorithm of expanding fiems in the series by Legendre polynomials
has been elaborated in the paper.

Material and methods The selected knowledge about Legendre polynomial® lbeen taken
from the right literature. The analytical method theen used in this paper.

Results: Has been shown the theorem describing expandingtifuns in a series by using
Legendre polynomials. It have been shown selectadhples of expanding functions in a series
by applying Legendre polynomials.

Conclusion: The function f(z) can be expand in the inter¢al,1l) in a series according to
Legendre polynomials where the unknown coefficiez@ia be determined using the method of
undetermined coefficients.
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ZASTOSOWANIE WIELOMIANOW LEGENDRE’A DO ROZWIJANIA
FUNKCJI W SZEREGI WEDLUG TYCH WIELOMIANOW

Streszczenie

Wstkep i cel: W pracy pokazuje swybrane podstawowe wiadoseoo wielomianach Legendre’a.
W artykule opracowano algorytm rozwijania funkcjseereg wedtug wielomianéw Legendre’a.
Materiat i metody: Wybrane wiadomi@i o wielomianach Legendre’a zaczergni z literatury
przedmiotu. W pracy zastosowano metadalityczm.

Wyniki: W pracy pokazano twierdzenie dotyoz rozwijania funkcji w szereg wedtug wielomia-
néw Legendre’aPokazano wybrane przyktady rozwijania funkcji wegenvedtug wielomianow
Legendre’a

Whiosek: Funkcja f(z) mée by w przedziale/-1,1) rozwingta w szereg wedtug wielomianow
Legendre’a, gdzie nieznane wspoéitczynnikimaowyznaczy stosugc meto@ wspotczynnikow
nieoznaczonych.

Stowa kluczoweWielomiany Legendre’a, funkcja, rozwijanie w szereg
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1. Introduction to expanding functions in the seris by using Legendre polynomials

In many problems it is necessary to expand thetiomd=f (z) in the interval-1,1) in a
series according to Legendre polynomials:

f(2) = zcn P (2). 1)

n=0

The coefficients gcan be determined from the orthogonality of Leggomwlynomials. We
multiply both sides of equation (1) by,@) [2]-[4]:

f(@Pm (@ = D cnPr @Pn @). (2)

n=0

The equation (2) we integrate both sides in thervate€—1,1) respect to variable z. Then
we have:

+1 o
j f (2)Py, (2)dz= j > cnPh @)Pn (2)dz. (3)
-1 n=0
Therefore
00 +1
j f@)Py (2)dz= > ¢, j f (2)Py, (2)dz. (4)
n=0 -

We use in further consideration of a recursivetietship between Legendre polynomials
of the following form [1]:

(N+DPh41(2) - (@2n+ 1zR, (2) +nR1(2) =0 (5)
forn=1,2,3, ....

Now we calculate the value of the integral on ilgétrside of the equation (4) for m=n. So
in the formula (4) we replace n by n-1. We therefor

NP, (2) - (20 = 12R1(2) + (= DPy—2(2) =0 (6)
forn=2,3, ....
The equation (6) we multiply both sides by the espron (2n+1)Kz). Then we have:
n(2n + IP? (2) - (4n? - 124 (2)Pn (2) + (N— (2N + DPy—p (2P, (2) = O )
forn=2,3,....
The equation (5) we multiply both sides by the espron (2r1)P,.1(z). Then we have:
(N+1)(@n = DPy—y @Prs1(@) - (4n? - 1z (2P, (@) + N(2n - DRZ4 (2) =0 ®)
forn=1,2,3, ....

From equation (7) we subtract the equation (8)itlgss Then we have:
n(2n + DP? (2) - (4n? - 1zP_1 (2P, (@) + (N - (2n + DP_5 (2)P (2) +
- (n+D)@2n-DP -1 2)Prs1(2) + (4n - 1ZR,—1 (2P, (2) — n(@2n- 1)P ~1(2) =0.

9)
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After some simplifications, we have:
n@2n+1P?(2) + (2n° —n-DP,_5 (2)P, (2) — 2n% + N DPr_1 (2)Prey (2) +
- n@n-1P24(2) =0
forn=2,3, ....

Equation (10) we integrate both sides in the irgk{v1,1) respect to variable z. So we
have the following equality:

(10)

+1 +1
n2n+1) jpﬁ (2)dz+ (2n% -n-1) [Pr—2 @R, (2)dz+

-1 -1 (11)
+1 +1 +1
—(2n%+n-1) [Prt @Prwa @dz=n@n-1) | P2, (z)dz= [ 0dz
-1 -1 -1

forn=2,3, ....

With orthogonal Legendre polynomials we have that second and third integral in the
equation (11) are equal to zero. Therefore, aftpr@priate transformations we get:

+1 n 1+1
2 _a- 2
j PR (@)dz=" — j P2, (2)dz (12)
-1 -1
forn=2,3, ....
By saving formula (12) successively for n = 243,.. we get the following sequence:
+1 5%l
[P @dz== [P (2)dz, (13)
5
-1 -1
+1 +1 +1 +1 +1
5¢ 2 SG’)—‘ 2 3 2 3 2
P (2)dz=> [PS (2)dz=2 P (@dz== | P (2)dz= P (2)dz, 14
[P5 @)dz== [P @)dz="1F [RY ()dz=— [ A ()dz=——— [P (2) (14)
-1 -1 -1 -1 -1
+1 5 *l
2 2
Py (z2)dz= R’ (z)dz. 15
[P @dz=——— [Fl @)z (15)
-1 -1
Because
R =z, (16)
then
+1 +1 3 +1
jPlz(z)dz: jzzdzzz— :E—(—Ej=g. 17)
3-1 3 3) 3
-1 -1
Therefore:
+1
[RR@dz=—>_F=_2_, (18)
4 2n+1 3 2n+1
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Thus, the equality (4) has for m = n the followiogm:

f(2)P, (2)d c . (19)
jl @)Pn @) dz= Z o
From which it follows that
+1
ch=(n+3) j f (2)P, (z)dz. (20)
-1

Theorem 1.
Let f=f (z) be an arbitrary function of the varatz defined in the intervét1,1) and satis-
fying the conditions:

» f(z) in the intervals is a smooth function (i.easha continuous derivative in the intervals)
in the intervak-1,1),

+1
» the integraljf 2 (z)dz has a finite value,
-1
then the series
f(2)=Y chPa(@) for -1<z<+l (21)
n=0
where
+1
cnz(n+%)jf(z)Pn (z)dz for n=012,.. (22)
-1

is convergent and its sum is the function f(z)ahepoint of the inner intervat1,1) which is
a point of continuity of this function [1].

Therefore by virtue of theorem 1 the series of trenf(1) is convergent and its sum is a
function f ().

2. Examples of expanding functions in the series hysing Legendre polynomials

Example 1
Let us consider the following function:
0 if -1<z<a
f(z) = ’
) {1 it asz<l (23)
According to the theorem 1, the function (23) carekpand in following series:
f(z)= Y cnPh (@), (24)
n=0

where the coefficients,@re as follows:
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1
Ch=(n+3) jpn (z)dz.

(25)

For the calculation of the coefficientswe use the fact, that,®) = 1 and the equation:

dPn+1 dPn_l
- =@2n+ 1P, (2).
iz iz ( )Ph (2)
Therefore
Ph(2) = L (dp’”l - dP”‘lJ .
2n+1\ dz dz
Then

Ch =

n+1 1(dPn+1 dR,- 1jd
2n+1 dz dz

Which means further that

1
n+2 jdpn-l_ldz J‘dPn d
2(n+1) . dz

and hence

Ch = % [Pr+1@ = Pr1@ —Pr—1 @ + P12 @]

Finally, we get

Ch = % [Ph+1@) —Pr-1@)]-

forn=1,2,3, ....
Other hand, when n = 0, we have:

1
Co = (0+2) [Py ()dz

a
where B(z) = 0.
Hence finally we get:

co——(l a).

So the studied function (23) has the following exgan in a series:

(@)= 08 > [Pria @ -Prs @] P
n=1

where-1 <z < +1.

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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Example 2
Let the function f(z) be a polynomial of n-th deg@f the form:

f(z) = ag +ayz+ayz’ +...+ apm_qz™ T +ap,z" Zan : (35)
Expansion (1) takes the form:

m
f(z)= Y ciPh (2). (36)
n=0

The coefficients ¢ can be find from the system of linear equationkjctv we get by
substituting to formula (36) the expressions forgémdre polynomials and equating
coefficients of the same powers in the left antitrgjde of the equality.

Let us consider the following function of thd degree:
f(z) =23 (37)
and find its expansion in a series of Legendre mpatyials.

Therefore:

2 _ 3_
2% = CoPy (2) + C1R (2) + CoP2 (2) +CaP3(2) = o + iz + ¢ 322 1+f33 > > SN

After a suitable arrangement of expressions thaldg38) has the form:

0+0[Z+0% +12° = (cg —2co)+ (1 -5c3)z+3c, 22 + gcgz?’ (39)

After aligning the appropriate coefficients we abttne following system of equations:

Co _%CZ =0

c-3c3=0
3¢, =
2C2 0

5S¢, =
2C3 1.

(40)

After solving the system of equations (40) relatve, ¢1, ¢, andc; we obtain:

CO_O
_3
C
175 (41)
C2 0

Thus, equality (38) takes the form:

3=Sz45 (42)
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Considering that

R(2) =2z, (43)
3
5z° -3z
@) =—F— (44)
2
function (37) has the following expansion in aegmccording to Legendre polynomials:
2 =3R@)+2R2). (45)

Example 3 Let us consider the following function of thi degree:
f(z)=2z%-1 (46)
and find its expansion in a series of Legendre mpatyials. Therefore:
2% ~1=CoRy (2) + ¢1R (2) + CoP (2) + C3P3 (2) + 4Py (2). (47)

Substituting the appropriate expressions for thgebere polynomials #z), Pi(z), Px(2)
and R(z) equality (46) takes the following form:

¥?2-1  5°3-3%  35/*-30z2+3
+03 +C4 ;
2 2 8

After a suitable arrangement of expressions thaldg48) has the form:

(48)

74 -1= Cotgz+ceo

~1+02+0Z2 +0Z3 +12" =

_ 1. .3 3 3. _30.\,2,5.,3,35. 4 (49)
=(Co—5C2+5Ca) +(C1—5C3)Z+(5Co —5C4)2" +3C3Z" +22C4 7"

After aligning the appropriate coefficients we abttne following system of equations:

Co —%Cz +§C4 =-1

o -32c3=0

2

3 30 — 50
§C2_§C4—0 ( )
5 —
503 =0
35 —
§C4 =1

After solving the system of equations (50) relatoey, ¢, ¢, ¢z and ¢ we obtain:

0
c;=2 (51)
0
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Thus, equality (48) takes the form:
¥°-1, g 352" -302%+3

4_1=_4,4
zi =gy — g 3 (52)
Considering that#fz) = 1, and
3%2-1
P (2) = > (53)
3524 -302% +3
P4(2) = (54)
8
function (46) has the following expansion in aegmccording to Legendre polynomials:
4 4 4 8
Z'-1=—Ry(2) +=P,(2) + —=P4 (2).
-R@ P+ P(@) (55)

5. Conclusion

» The function f(z) can be expand in the intery&l,1) in a series according to Legendre

polynomials, i.e.f(z) = chPn (z) where the unknown coefficientg can be determined
n=0
by using the method of undetermined coefficients.
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