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LAGUERRE POLYNOMIALSAPPLICATION FOR EXPANDING
FUNCTIONSIN THE SERIESBY THESE POLYNOMIALS

Abstract

Introduction and aim: Selected elementary material about Laguerre polyasmhave been
shown in the paper. The algorithm of expanding fioms in the series by Laguerre polynomials
has been elaborated in the paper.

Material and methods: The selected knowledge about Laguerre polynomiale lbeen taken
from the right literature. The analytical method leeen used in this paper.

Results: Has been shown the theorem describing expandingtifuns in a series by using
Laguerre polynomials. It have been shown selecxaghples of expanding functions in a series
by applying Laguerre polynomials, e.g. functiohszd exp(-az).

Conclusion: The function f(z) can be expand in the intery@J+wo) in a series according to
Laguerre polynomials where the unknown coefficiasgta be determined from the orthogonality
of Laguerre polynomials

Keywords. Laguerre polynomials, function of complex varial#&panding functions in a series
by using Laguerre polynomials.
(Received: 15.06.2019; Revised: 20.06.2019; Acck#5.06.2019)

ZASTOSOWANIE WIELOMIANOW LAGUERRE'A DO ROZWIJANIA
FUNKCJI W SZEREGI WEDLUG TYCH WIELOMIANOW

Streszczenie

Wstkp i cel: W pracy pokazuje gsiwybrane podstawowe wiadoseoo wielomianach Laguerre’a.
W artykule opracowano algorytm rozwijania funkcjsaereg wedtug wielomianéw Laguerre’a.
Materiat i metody: Wybrane wiadomigi o wielomianach Laguerre’a zaczerptu z literatury
przedmiotu. W pracy zastosowano metadalityczm.

Wyniki: W pracy pokazano twierdzenie dotyoz rozwijania funkcji w szereg wedtug wielomia-
néw Laguerre’aPokazano wybrane przyktady rozwijania funkcji wegewnvedtug wielomianow
Laguerre’a m.in. funkcjiz exp(-az).

Whniosek: Funkcja f(z) meée by w przedziale0,+) rozwinita w szereg wedtug wielomianow
Laguerre’a, gdzie nieznane wspotczynnikizneowyznaczy korzystagc z ortogonalngci wielo-
mianow Laguerre’a.

Stowa kluczowe:Wielomiany Laguerre’a, funkcja zmiennej zespolonegwijanie funkciji
w szereg wedtug wielomianow Laguerre’a.

(Otrzymano: 15.06.2019; Zrecenzowano: 20.06.20Hkeéeptowano: 25.06.2019)
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1. Introduction

Definition 1

Lauguerre polynomials?, (zjor complex variable z and for the real values 4l>have
the following form [1]-[5]:

n
(;jzn [exp2)z™?] for n=0,1,2,.... (1)

Laguerre polynomials calculated directly fronfiniéon (5) provide the following system
of functions [1]-[5]:

a 1
L (2) =exp(z)—
n'z

L3(2) =1, (2)
L(z)=1+a-z, 3)
L3(2) =1[(a+1)(a+2)-2(a+2)z+ 2], (4)

U T T T T T T
n-1

d -
a - y o1 _\,N—Ha (5)
Lh1@) = exp(a) —L - lexp(-2)2"
a 1 d" n+a (6)
L'n(2) = exp(z2)—; —[exp(-2)z" "],
n'z¢ dz

[ T T T T T
and so on.

Theorem 1(Generating function)
Function

_ 1 -zt B
W(z,t)—(l_t)aﬂ@x;{l_t], a>-1 (7)

is the generating function for Laguerre polynomiaks. for the values | t | < 1, there is an ex-
panding in the series [1]:

1 -7t _ <
w(z,t) = ———— @xr{—} =Y L2(2)t"dz for a>-1. 8
(1-pat -t zo " ©

Theorem 2(The recurrence equation for Laguerre polynomials)
If L%.1(2),L% (2)andL%44(z) are Laguerre polynomials, then [1]:

(N+1)L541(2)+ (z-a-2n-)L{ @) +(n+a)L71(2) =0 ©)

fora>l1andn=1,2, ....
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Definition 2 (gamma-Euler function).
Gamma-Euler function for any complex values z defmthe following form:

(2= Iexp(—t) @7 %t Re@) >0 (10)
0

where R(z) means the real part of complex numbg}. z
Function gamma-Euler can be written in the oth#o¥ang form [2]-[5]:

1 co
r(2) = [expt) a7 ldt+ [expet) % ldt. (11)
0 1

Theorem 3(Properties of the gamma-Euler function)
Function gamma-Euler has the following propertis$]:

M(z+1 =1z (2, (12)
M (z-1) = ﬁ(@ (13)
222711 (2 (z+ 1) = (22). (14)

2. Epanding functionsin the seriesby using Laguerre polynomials

One of the most important properties of Laguerrgnmmials is the ability to show any
function f (z) defined in the intervéDd,+) in a series [1]-[5]:

f(z) = ian‘% 2 (15)

n=0
where 0 < z <eo.
The coefficients ¢can be determined from orthogonality of Laguemg/pomials. Let us
multiply both sides of the equality (15) by the esgsionL%,(2) :

f@)Lh@ = ian% @ L% (16)
n=0

where 0 < z <é#. Both sides of the equality (16) we multiply by tbxpression expg)z*

f(2)exp2)2°LT(2) = i Ch expE2)2°L5(2) Ly (2) 17)
n=0

where 0 < z <do.

The equation (17) we integrate in the inter\aleo) with respect to variable z:

jf(z)exp(—z)zaL?‘n (z)dz= icn jexp(—z)zaL?](z) L2, (2)dz. (18)
0 n=0 0
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When m = n the formula (18) has the following form:

j f(2)exp2)2°L%, (2)dz= icn j exp2)z3 L2 (2)]° dz. (19)
0 n=0 0

Now we calculate the integral located under th@& sifjthe sum on the right side of the
equation (13). For this purpose, in recurrence egu9) we replace n with-1 and we get:

N2 (2)+ (z—a-2n+1)L2 4 () + (n+a-)L3_,(2) =0 (20)
for n=2, 3, ... . We multiply the obtained equation (20)l8Yy(2),then
L3 @))% +z-a-2n+)L34@)L3 @)+ (M +a-)L3 ,(@)L3 (@) =0 (21)
dla n=2, 3, ... . Now the both sides of the equation (9) maltiply by the expression
L2 _1(2). Then we have:
N+ D)2 (@)54@)+ 2-a- 20 -DL3 4 (D5 @) + (n+a) 54 ()] =0 (22)
for n=2, 3, ... . From the equation (21) we subtract bgsithe equation (22) and we get:
LA @17 + @-a-2n+)L54@LR @ + (M +a-)Li2@L5 @) +
-+ @54 @) - 2-a-2n-)L5 4@ @) - (n+a) 54 (@)1 =0 )
forn=2, 3, ... . We multiply the above equation (22) bpmssion Zxp(z), then
2 exp(2)[L5@)]° + (z-a- 20+ 122 exp(2) L34 (L5 @) +
+(n+a-10z%exptz)L7-2 (L5 (2) - (n+1)2% expt-2) LT (2)L 74 (2) + (24)
- (@-a- -0 exp2)L5 4 (@)L5 (@) - (n+ 2 exp2) LG4 @)F =0
After reduction expressions we have:

2 exp(2)[L} (2)]° + 2% exp2) L5 1@ L5 @) + (0 +a- 1Dz exp(2) Lo (2) L5 (2) +

(25)
~ (N +1)22expE2)L3 . (23 1 (2) - (n+a)z? exp2)[L3 41 (2)]? =0
Next we integrate the equation (25) in the intefQateo) with respect to variable z.
+oo +oo
n [2%exptz)[L5 2)]°dz+2 [2* expt2)L5a@) L5 (@)dz+
0 0
+(n+a-1) j 72 exptz)L3 5(2) L2 (z)dz+
0
+o00 +o00
- (n+1) [22exp)LT @) (2)dz- (n+a) [ 2% expC2)[LG 1 (@) dz=0
0 0

Due to the orthogonality of Laugerre polynomialstegrals containing the product of
polynomials with different indexes are equal z@ous the equation (26) has the following
form:
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+o00 +o00

n [2%expez)[L (2)]%dz-(n +a) [2* exp2)[L3 1 (2)]?dz=0 (27)

forn=2,3,...,n.

By using formula (27) successively for n = 2, 3, n. we get the following sequence of
equalities:

| zaexp(—z)[L%(z)lzdz:¥ j 22 exp2)[L3 ()1 dz, (28)
j 2 exp2)[L3(2)12dz % j 2 exp(2IL3 @10z (29)
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||\
T exp(2)[ L3 ()] 2dz= N A(*+a- 1)U Ha+3)(@+ 2) Ty expLi@Rdz  (30)
-(E n(n-H(n-2)0..B[2 -([

We use the following formula:

+o00

j 2 expz)[L3 (2)]%dz @ (31)
fora>1and n=0, 1, ... . Function gamma-Euler is defingthe formula (10).
Returning to equality (19) we have that
+00
[f(@expe2)zL3 (z)dz=an'a+l). (32)
0 n!
Therefore:
+00
ch=—— |f(@)exp2)22LE (2)dz (33)
R +1)j (@)expt-22%L5 ()

fora>1andn=0,1, ....

Theorem 4

Let f (z) be an arbitrary function of the variakléefined in the intervgD,+») and satisfy-
ing the conditions [1]:

» f(z) in the intervals is a smooth function (i.easha continuous derivative in the intervals)
in the finite interval (0,+a),
al

> the mtegralj ex;{ jzz 4 | (2)|dz has a finite value,

then the series

f(z)= D el (@) for 0<z<+eo (34)
n=0
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where
Cp = m j f(z)exp2z)2°L3 (z) dz (35)

Is convergent and its sum is the function f(z)athepoint z which given function is continu-
ity [1]. Proof of that theorem is possible to se¢l.

3. Examples of expanding functionsin the series by using Laguerre polynomials

Example 1
Let us consider the following function [1]:

f(2) = 2¥. (36)

The assumptions of theorem (4) will be met wheneikgonentk >—%(1+ a). We show

that the function (36) expands in the followingissr

2= Y cnli(2) (37)
n=0
where
+00
ch=— [exp2)z?*L2 (2) dz 38
n I'(n+a+1)j pE2)Z" L5 @) (38)

Using the definition (1) now we have that:

+o00
n! a+k 1 d" n+a (39)
Ch=——— | 1exp(2)z° " exp@) ————|expt2z)z d
"= Farard H pe2)2™ exple)— -~ lexpt2)2 ™ dz
+00 n
Cp = 1 j K d [exp(—z)zn+a dz (40)
Fn+a+l 0 dz"
Using the formula for integration by parts n tinves get that:
_ (-1)"k(k-1(k-2) .. [k - n+1)" J’exp(_z)za+kdz (41)
Mn+a+l
Given the definition (2) and formul@n +1) = n! we have:
(-D)"r(k+a+1) I (k+1) (42)

n=

Fn+a+)@T(k-n+1)

Returning to expansion of the function (36) in eeseaccording to Laguerre polynomials,
we substitute the calculated coefficientsnc(37) finally we have:

z _r(k+a+1)m(k+l)zF(n+¢(514iLZ)L)E|;F(I(<Z)n+1) (43)

for z>0 and a>1.
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Example 2

We have to expand in series according to Laguaignpmials the function [1]:
f(2) =expta2 (44)

where a is any real or complex number.
The function (44) we expand in the series:

f(2)=> cnlS @ (45)

n=1
where ¢ coefficients are calculated from the formula:

+00

¢, =———— |exp[-(a+1)z]ZAL (2) dz. 46
n r(n+a+1)j pi-@a+1)2125 @) (46)
Using the definition (1) we obtain:
c :LT exp[—(a+1)z]zaexp(z)ii expz)z™2|ldz, (47)
T T(n+a+l) 0 niz? dz"
1 +o00 dn na
= ~az)—— |exp(- 4
= FrarD {) exptaz) 7 [exp(-2)2 ™ dz (48)

forn=0,1, ....
Using the formula for integration by parts n tinves get that:

n +00

[expl-(a+1)z]2™4dz (49)

= &
: Mn+a+l) 9

forn=0,1, ....
Given the definition (2) and formula@n +1) = n! we have:

_(-1)"T(k+a+) T (k +1) (42)
" rn+a+)T(k-n+1)

We continue to consider the definition of gammadEfiinctions and we have:

all(n+a+) _  a" (43)

M(n+a+)@+)™al  @+pmal

Returning to expansion of the function (44) in eeseaccording to Laguerre polynomials,
we substitute the calculated coefficientsnc(43) finally we have:

n

expcaz = r%w 72 (44)
exp(—az)—( )a+1 Z(aﬂj [%(2) (45)

for O< z <0 and a>1.
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Example 3
In this example we show how the function [1]:

f(z)=expfaz, a>-1 (46)

expand in series according to Laguerre polynomials.
We only use the generating function for these payials given in the form (7).
We choose substitution:

t=—- (47)

in the formula (8):

- o n (48)
- ! exg —2*tL |= > 2112 @dz |tKk1
a -2 | alart
[a+1_ j a+l
00 n
@+1) exp(-az)= > (ij L2 (2)dz |tk1l (49)
n=o\a+1
Finally the expansion of the function (46) hasftiilowing form:
- a
expaz) = )a+1 Z(aﬂj [%(2) (50)

for O< z <0 and a>1.
4, Conclusion

The function f(z) can be expand in the interf@Hoo) in a series according to Laguerre

polynomials, i.e.f(z) = ZCHL"’}] (2 where the unknown coefficients can be determined
n=0
from the orthogonality of Laguerre polynomials.
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