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Abstract. The thin metal film subjected to the ultra-short laser pulse is analyzed. Heat 

transfer processes occurring in the domain considered are described by the dual-phase lag 

model in which the unknown is the heat flux, not, as usual, temperature. This approach 

is especially convenient in the case of Neumann boundary conditions, which are taken into 

account here. The mathematical model supplemented by initial conditions is solved  

using the explicit scheme of finite difference method. In the final part of the paper the  

examples of computations are shown and the conclusions are formulated. 
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Introduction  

The 1D Fourier equation is given as 
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where c is the volumetric specific heat of tissue, q(x,t) is the heat flux, Q (x,t) 

is the capacity of internal heat sources, T is the temperature, x is the spatial co-ordinate 

and t is the time. 

Heat transfer at the macroscale is described by the equation based on the classical 

Fourier law 
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where λ is the thermal conductivity of material. Introducing (2) into (1), under 

the assumption that λ is a constant, one obtains the Fourier equation in the form 
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Heat transfer at the microscale can be described, among others, by the dual-phase-lag 

model [1-3] based on the assumption that 
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where τq is the relaxation time, τT is the thermalization time. 

Taking into account the first order Taylor expansions for q and T 
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one obtains the following form of the dual-phase lag equation 
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It should be pointed out that for τq = τT = 0 the dual-phase-lag (DPL) equation (6) 

reduces to the Fourier equation (3). 

Equation (6), in which the temperature is unknown, is widely used in the modeling 

of heat transfer in the micro scale, e.g. [1, 3-5]. This paper presents the dual-phase lag 

equation in which the heat flux is unknown [6]. It is very convenient, especially in  the 

case of the Neumann boundary conditions. 

1. Dual-phase lag equation with an unknown heat flux  

Equation (5) is differentiated with respect to time 
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or 
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From equation (1) results that 

 
( , ) 1 ( , ) 1

( , )
T x t q x t

Q x t
t c x c

∂ ∂
= − +

∂ ∂
 (9) 



Heat flux formulation for 1D dual-phase lag equation 73

Introducing (9) into (8) one obtains 
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where a = λ/c is the diffusion coefficient. 

In summary, in the present approach, equation (10) supplemented by appropriate 

boundary initial conditions must be solved, and then the temperature is determined 

from equation (9). 

2. Formulation of the problem 

The thin metal film of thickness L subjected to the ultra-short laser pulse is consid-

ered. Heat flux distribution is described by equation (10) in which the source function 

is defined as follows [1, 7] 
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where I0 is the laser intensity, tp is the characteristic time of a laser pulse, δ is 
the absorption depth, R is the reflectivity of the irradiated surface and β = 4 ln2. 
The equation (10) is supplemented by boundary conditions 

 0 : (0, ) 0, : ( , ) 0x q t x L q L t= = = =  (12) 

and initial ones 
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where Tp is the initial temperature of thin film. 

3. Method of solution 

To solve the problem formulated the explicit scheme of the finite difference  

method [4, 5] is used. At first, the time discretization is introduced 
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Let q
f
 = q (x, f ∆t), where ∆t is the time step. Then, for time t

 f
 = f ∆t (f ≥ 2) 

the following approximate form of equation (10) can be taken into account 
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or 
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where (cf. equation (11)) 
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while Z
  f−1 

= Z (x, ( f −1) ∆t).  

Next, the geometrical mesh with constant step h is introduced and for 

the internal node i one obtains 
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Equation (17) can be written in the form 
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or 
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Finally, one obtains 
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It should be pointed out that in the case of explicit scheme of the finite difference 

method the following stability condition should be fulfilled, namely 
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Additionally, from the boundary conditions (12) and the initial conditions (13) it 

follows that 
0 1

0,
i i
q q= = where i = 0, 1, …, n. 

If the knowledge of the temperature is required, it is determined from equation 

(9). Thus, using appropriate differential quotients the following approximation 

of this equation can be obtained 
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and then for the internal nodes i = 1, 2, …, n −1 one has 
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In the case of boundary nodes the dependence (5) should be taken into account, 

namely (cf. boundary conditions (12)) 
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For boundary node 0 one has 
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while for boundary node n  

 
1 1

1 1

f f f f

n n n nT

T

T T T T

h t h

− −

− −

− −τ
=
∆ + τ

 (30) 
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Taking into account the initial conditions (13) one has  0 1
,

i i p
T T T= =  i = 0, 1, …, 

n, of course. 

Summing up, the knowledge of the local heat fluxes allows one to determine 

the temperature field at the set of points selected from the domain considered (in 

the case discussed at the nodes of differential mesh). 
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4. Results of computations 

The thin gold film of thickness L = 100 nm subjected to a short-pulse laser irradia-

tion (R = 0.93, I0 = 13.4 J/m
2
, tp = 0.1 ps, δ =15.3 nm - cf. equation (11)) [1] is consid-

ered. Thermophysical parameters are the following [1, 5]: thermal conductivity 

λ = 315 W/(mK), volumetric specific heat c = 2.5 MJ/(m
3 
K), relaxation time 

τq = 8.5 ps,  thermalization time τT  = 90 ps. Initial temperature is equal to Tp = 300 K.  

The problem has been solved using the finite difference method under the  

assumption that ∆t = 0.0001 ps and h  = 1 nm. 

In Figure 1 the heat flux distribution for times 0.2, 0.3, 0.4, 0.5 and 0.6 ps is 

shown, while in Figure 2 the temperature distribution for the same moments of time 

is presented.  

 

      
Fig. 1. Heat flux distribution 

 

               
Fig. 2. Temperature distribution 
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Conclusions 

The dual-phase lag equation in which the heat flux is unknown is used to ana-

lyze the heat conduction in thin metal film subjected to the laser pulse. The prob-

lem is solved using an explicit scheme of the finite difference method for which the 

stability criterion is also derived. It should be pointed out that the results of compu-

tations have been compared with the results presented in [5] and they are practical-

ly the same. 
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