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TRIGONOMETRIC FUNCTIONAL EQUATION
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ABSTRACT

In the present paper we deal with the Dhombres-type trigonometric difference

() -1 (55) et + -0 S0 + o),

assuming that its absolute value is majorized by some constant. Our aim is to find functions fand
g which satisfy the Dhombres-type trigonometric functional equation and for which the differences

j?— f and g — g are uniformly bounded.

1. INTRODUCTION

Stability problems concerning classical functional equations have been treated
by several authors (see, e.g., [5]-7]). The cosine functional equation

(1) fle+y)+ flx—y) =2f(2)f(y)

and the sine functional equation

2 () 1 (552 = s

are both stable (in fact, they are even superstable) in the Hyers-Ulam sense.

In [3], Baker studied the stability of the cosine functional equation (1), while
Cholewa established the stability of the sine functional equation (2) in [4]. The
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results about the superstability can be obtained as corollaries from theorems
by Badora and Ger. Namely, the following theorems hold.

Theorem 1 (Badora and Ger, see [2]). Let (G, +) be an Abelian group and let
f:G— C and p: G — R satisfy the inequality

[flx+y)+ fle—y) —2f(2)f(y)| < p(z) forall z,yed.
Then either f is bounded or
fle+y)+ fle—y) =2f(2)f(y) forall z,yecG.

Theorem 2 (Badora and Ger, see [2|). Let (G,+) be a uniquely 2-divisible
Abelian group and let f: G — C and ¢: G — R satisfy the inequality

s -1 (50w (53Y)

Then either f is bounded or

2 N2
f(:U)f(y):f(x;y) _f<x2y> forall z,y € G.

<p(x) foral xzyedq.

From now on, we denote the odd and the even parts of a function f by f,
and f., respectively. The next lemma (due to Wilson, see [11]) provides general

solutions of an equation that generalizes the equation (1).

Lemma 1 (see also [1] and [8]). Let (G,+) be an Abelian group. Then
functions f,g: G — C satisfy the functional equation

(3) flx+y)+ flx—y) =2f(x)g(y)

if and only if one of the following conditions holds:
(i) the function g is arbitrary and f = 0;
(i) there exist an additive function a: G — C and a constant o € C such
that

f@)=a(zx)+a and g(x)=1 foral ze€G,

(iii) there exist an exponential function m: G — C and constants B,y € C
such that

f(z) = pmo(x) + yme(z) and g(x) =me(x) forall x€G.
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In [8], Székelyhidi studied the Hyers-Ulam stability of the equation (3),
obtaining the following result.

Theorem 3. Let (G,+) be an Abelian group and let ¢ > 0. If functions
f,9: G — C satisfy the inequality
|fla+y) + flz—y) —2f(2)g(y)| <& forall z,y€q,

then one of the following conditions holds:
(i) of f =0, then g is arbitrary;
(ii) of f # 0 is bounded, then g is bounded, as well;
(iii) if g is bounded and f is unbounded, then g = 1 and there exist an additive
function A: G — C and a constant § € C such that

|f(x) = A(z)| <6 forall z € G;

(iv) of f # 0 and g is unbounded, then f is unbounded, as well. Moreover,
functions f and g satisfy the equation (3).

The above theorems allow us to formulate the following result concerning
superstability.

Corollary 1. Let unbounded functions f,g: G — C satisfy the inequality
[fl@+y) + flz—y) —2f(2)g(y)| < e
for all z,y € G and for some € > 0. Then f and g satisfy the equation (3).

The aim of this paper is to study stability properties of the Dhombres-type

trigonometric functional equation, i.e.,

(1) f<x+y)2—f<x_y>2+f(w+y)+f(x—y)=f(w)[f(y)+g(y)]-

2 2

In the case when g = 2h, solutions of the above equation can be found in [10].
We shall use the following lemma.

Lemma 2 (sce |9, Corollary 3|). Let (G,+) be a uniquely 2-divisible Abelian
group and let € > 0. Let an unbounded function f: G — C and a function
g: G — C satisfy the inequality

f (x;yy —f <m;y>2—f(w)g(y)

Then one of the following conditions holds:

<e foral =z,yedG.
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(i) if g # 0 is bounded, then g satisfies the sine equation (2);
(ii) of g is unbounded, then there exists a function h: G — C such that

fle+y)+ flx—y)=2f(x)h(y) forall z,y€qC.

For f = fe+ fo, we have fo(x) = f(0)h(z) for all x € G and f, satisfies
the sine equation. Moreover, if f(0) =0, then g = f = fo.

2. MAIN RESULTS
Our main result reads as follows.

Theorem 4. Let (G,+) be a uniquely 2-divisible Abelian group and let € > 0.
If functions f,g: G — C satisfy the inequality

()

9 2
PR (252) e o r s o] <

for all x,y € G, then there exist an exponential function m: G — C, additive
functions a, A: G — C, a bounded function B: G — C and a constant 3 such
that one of the following conditions holds:

(i) if f =0, then g is arbitrary;

(ii) of f # 0 is bounded, then g is bounded, as well;

(iii) if the function f is unbounded, then

(6) f(z) = Al) + B(x) forall x € @G,
g(z) = a(r) — A(z) — B(z) + 2
(@=Ll + 0 ) e(2) for all z€G.
g(z) = (Bmo(z) — folx)) + (2 — f(0))me(x)
Moreover, suppose that f(0) = 0. Then

(8) f(@) = Fmo() forall = €.

g(x) = 2me(x)

Proof. Assume that the function f is an unbounded solution of inequality (5).

Then there exists a sequence (z,)nen of elements of G such that

(9) 0#|f(zn)] — 00 as n — oo.
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Let us take z = 2, in (5). Then we obtain

F(EF0) 1 (252) + St + )~ S H0) + 60

<e

for all y € G and n € N, whence

£ (220 4 f (2 + y)+ (20 — b)

for all y € G and n € N. Now, taking the limit as n — oo and applying (9),

<

—[fW)+9(y)]

we obtain
2ty 2 o (znoy)2 _
10)  fim () - (322 + fety) + e —y) — F) + o)
n—00 f(zn)
for all y € G. Hence,
(11) £(0) 4+ g(0) = 2.

Let us replace x by z, + 2 in (5). Then we get

2 2

f ot =) — Fen + D)) + (0] \ <.

Similarly, let us replace by z, — « in (5). Then
Zn — X+ Y 2 Zn — X —Y 2
() - () et

fn -2 y) — fen - D)) + g(y)]\ <.

From the above inequalities we compute

f(Z”+(;+y)>2—f(Z"_(;+y)>2+f(zn+(m+y))

) (DY (Gl

+ f(znt+ (24 y) + f(zn — (—z+y))

[fen+2) + fon —2)] - [F) + 9(0)] ] <:
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for all z,y € G and n € N. Therefore,

‘f (et} — g (22E00) . f 4 (@4 9) + flon — (2 +)

f(zn)
7 (G ) g (=m0 e 4 (a4 ) + F o (2 )
* f(zn)
- Ml o= 1) 4 gw)]| < ¢

for all x,y € G and n € N. With the use of (9) and (10), we conclude that for

every x € GG there exists the following limit as n tends to infinity:

im f(zn—i—x)—I—f(zn—x):_ T
(12) Tim N : h(z).

Moreover, the so defined function h: G — C satisfies the equation

fa+y)+gl@+y)+f(—a+y)+o(—z+y)—h(@) [ f(y) +9(y)] =0, z,y€eC.
By interchanging x and y, we obtain
f+y)+g(z+y)+ fz—y) +g(z—y) = [f(2) + g(x)|h(y) =0, =z,y€eC.
Let F:= f+ g and G := Sh. Then

Flx+vy)+ Flx —y) =2F(x)G(y) forall z,y€G.

On the basis of Lemma 1, we get three possible forms of the function F'.
Case 1. Suppose F' = 0. By putting f + g =0 in (5), we obtain

! <$;y>2_f (f’f ; y>2+f(a:+y)+f(33—y) s¢€

for all x,y € G. Now, setting y = 0, we get
[f(2)] <

This leads to a contradiction since f is unbounded.

° forall zed.

O |

Case 2. By Lemma 1 case (ii), let us assume that there exist an additive
function ¢ and a constant « such that F' = a + «. Then

(13) f(x)+g(z) =a(z)+a forall zed.
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Let us take x = 0 in (13) and apply (11). We get o = 2. By the inequality
(5), we obtain

(14) |f <x;y>2—f <x_

for all z,y € G. By taking —y instead of y in (14), we infer that

<e

2
y) + f(z+y) + fz—y) — f(z)[aly) + 2]

1s) |f <x = y>2—f (x‘;y)2+f<x—y>+f<x+y>—f<x>[—a(y) +2]

By (14) and (15) and the fact that a is odd, we get the following relation:
N2
() s (55Y) s+ e ) - Sl +2
5 2
+f (x_y> -/ <x;y> +f@—y) + @ty - fo)[- “(y)”]‘ =%

for all z,y € G. Equivalently,
‘f r+y)+ flz - )—Qf(ac)’ <e forall =zy¢€dG.

Applying Theorem 3 to the unbounded function f yields that there exist an
additive function A and a constant § such that

|f(z) — A(z)| <6 forall z,y€G,
hence f = A + B, where the function B is bounded by §. By this fact and by
(13) we get g = a — A — B + 2. Finally, we obtain (6).
Case 3. By case (iii) of Lemma 1, let us consider F' = 8m, + ym,, where the
function m is exponential and /3, are constants. Hence, from (5), we obtain
(16) f(z) + g(x) = pmo(z) + yme(z) forall z € G.

Applying (16) to x = 0 in (11), we get ym.(0) = 2. We know that if m # 0,
then m(0) = 1 and m.(0) = 1 . In the other words, we have v = 2. By (16)
and (5), we get the following relation:

2 2
an) |1 (550) 1 (55Y) Hrts @) Bmozm )| <

for all x,y € G. Hence, by replacing y by —y in (17), we see that

<e

19) |1 (%52) 1 (252) et o)
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for all z,y € G. Summing inequalities (17) and (18) sidewise, we infer that

|f(z+y)+ fl@—y)—2f(x)me(y)| <e forall =z,y€q.

If me = 1, then we obtain Case 2. Therefore, by Theorem 3, functions f
and m, satisfy the following equation:

(19) flx+y)+ f(x —y) =2f(x)me(y) forall ze€dG.

Applying (19) to (17), we see that

() - (532) 2@ - 5 5mo) — 2mw] <=

for all z,y € G, which is equivalent to
Tty 2 r—y 2
P55 - (550 + r@pm)

From Lemma 2 we get what follows.

<e forall xz,ye€dG.

Subcase 3.1 If the function fm, is bounded, then from (i) we only conclude
that our function satisfies the sine functional equation. We do not get any
other interesting information about the function f.

Subcase 3.2 Assume that the function Sm, is unbounded. Therefore, by (ii),
there exists a function h such that

(20) fle+y)+ f(x—y)=2f(x)h(y) forall zeG.

Thus, from equations (19) and (20), we obtain h = m,. Furthermore, we get
f = f(0)me + f, and the function f, satisfies the sine equation (2). It follows
from (16) that

FO)yme(z) + fo(z) + g(x) = Bmy(z) + 2me(z) for all z € G.
Equivalently,
(21) g(z) = Bmo(z) — folz) + (2 — f(0))me(z) forall ze€G.

Thus, we have proved that functions f and g are of the form (7).

Moreover, by Lemma 2 applied to a function f for which f(0) = 0, we have
Bm, = f = f,. Hence, the above considerations and the equation (21) imply
that g = 2m.. The proof of the theorem is complete. (|

Corollary 2. The equation (4) is not always stable.
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Proof. Assume that an unbounded function f: G — C such that f(0) = 0 and
a function g: G — C satisfy the inequality (5) for all z,y € G. We ask whether
there exist functions fv, g: G — C and a constant § such that f and g satisfy
the equation (4) and

1f(z) = f(2)] <6 and [§(x) - g(x)| <6 forall x€G.

By Theorem 4, functions f and g have either of the forms (6) and (8).
Case 1. In the case of the form (8), provided f(0) = 0, we define functions
f,9: G—= Chby f:=fand g:=g. Therefore, for all z,y € G, we get

e (52 e (552
= Bmo(z)[Bmo(y) + 2me(y)].

Case 2. In the case of the form (6), we have two possibilities.
Subcase 2.1. The function g is bounded. Then the function a — A is bounded
and additive. Therefore, a — A = 0. Let us define functions f,g: G — C by

f(z) = Az)
=2

+B [mo(x + y) + mo(x - y)]

forall zed.

Then the so defined functions satisfy the equation (4), i.e.,

2 2
_|_ i
A(”” . y) _A<“’” 3 y) + Az +y) + Alz — y) = Az) [A(y) +2]
for all z,y € G, and ‘fv— f‘ = |B| < ¢ and }’gv—g’ = |B| < ¢ for some 0.

Subcase 2.2. When the function ¢ is unbounded, then functions fand g do
not exist. U
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