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dual quaternions

Abstract

This paper presents a low multiplicative complexity fully parallel
algorithm for multiplying two dual quaternions. The “pen-and-paper”
multiplication of two dual quaternions requires 64 real multiplications and
56 real additions. More effective solutions still do not exist. We show how
to compute a product of two dual quaternions with 24 real multiplications
and 64 real additions. During synthesis of the discussed algorithm we use
the fact that the product of two dual quaternions can be represented as
a matrix—vector product. The matrix multiplicand that participates in the
product calculating has unique structural properties that allow performing
its advantageous factorization. Namely this factorization leads to
significant reducing of the multiplicative complexity of dual quaternion
multiplication. We show that by using this approach, the computational
process of calculating dual quaternion product can be structured so that
eventually requires only half the number of multipliers compared to the
direct implementation of matrix-vector multiplication.

Keywords: dual quaternion product, fast algorithms, hardware complexity
reduction, FPGA implementation.

1. Introduction

Today, hypercomplex algebras are increasingly being used to
enhance the effectiveness of the solution of problems in various
scientific and technological areas. Dual quaternions, in particular,
are widely used in biomechanics, robotics, skeletal animation and
many other applications of 3D computer graphics applications that
require data processing in real time [1-9].

It should be noted that in the implementation of numerical
algorithms using hypercomplex representation of the data, the
multiplication is the most time-consuming and labor-intensive.
This is because the multiplication of two hypercomplex numbers
requires performing many real multiplications and real additions.
It is easy to verify that the complexity of such a multiplication is
proportional to the square of its dimension. In particular, the
multiplication of the dual quaternion requires 64 real
multiplications and 56 real additions. Therefore to speed up the
calculations, it is appropriate to use hardware FPGA-accelerators.

Most modern-day high-end FPGA targets contain a number of
embedded dedicated multipliers. Thus, instead of mapping
a multiplier into several logic gates, dedicated multipliers
provided on the FPGA fabric can be used. So, all multiplications
involved in an implementation of the fully parallel algorithm can
efficiently be implemented using these embedded multipliers.
However, their number may be simply not enough to meet
demanded fully parallel implementation of the algorithm. The
designer uses embedded multipliers to implement multiply
operations until he occupies all the embedded multipliers. If the
FPGA target runs out of embedded multipliers, the designer uses
generic logic gates instead, and the multiplication implementation
becomes expensive in terms of FPGA resource usage. In some
cases, therefore, available logic has to be exploited to implement
multipliers, seriously restricting the maximum number of real
multiplications that can be implemented in parallel on a target
device. This will lead to significant difficulties during
implementation of the computation unit. Therefore the problem of
reducing the number of multiplications in the fully-parallel
hardware-oriented algorithms is critical.

2. Statement of the problem

We can represent any dual quaternion Q as an 8-tuple

(90-%1-92-93-90-91-92595) - The following representation of Q

reveals the products of the quaternion units and the dual units
associated with each component of the 8-tuple.
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The results of all possible products of dual quaternion imaginary
units can be summarized in the following table [6]:

Tab. 1. Table of multiplication of dual quaternion imaginary units

i Flelalga
T N T N T T T N T B T
LYy i v kel d g ek
i itk i—jtdi-eiski-g
JlJji-ki-111i (g i-¢|-¢, a
Fo=—g———b————b———d——— b ——d————————————
klkl jl-il-1le}| g |-a!-¢
r-—-—-———t+r———"fr———4-—-"—"""rr——+t-———-—t—-———|———--
elel da g ek 1001010
ST S e IR
N T R R P N L
|g|g -k -1 a 100 10,0
ge|ek g 1—gii—€10; 0 100

Suppose we have to compute the product of two dual
quaternions

03=00>,

where

Ql =x0+ix1 Jrsz +]CX3 +6X4+67.X5 +6jx6 +€]CX7,

Q2 = b() + lbl + ]b2 + kb3 +€b4 + Slbs + (C]b6 + Skb7 .

O3 = yo + v+ jyy +kys + 6y4 + éiys + gye + eky7 .

We can see that the “pen-and-paper” method of multiplication of

two dual quaternions requires 64 real multiplications and 56 real
additions.

We affirm that the multiplication of two dual quaternions can be
represented by the following matrix-vector product:

Yg.1 = BgXgyi 5 1

where

T
Xgu1 =[x, %1, X2, X3.X4,%5,X6,%7]" ,

T
Yo =[Y0, V1,32, ¥3-Y4, V5. Y6, Y71
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and Oy,;, is an M x N matrix of zeros (a matrix where every
element is equal to zero).
Taking into account that the BE‘O") =0,, direct realization of (1)

requires only 48 real multiplications and 40 real additions. Despite
the fact that the computational complexity is reduced, the number
of multiplications is still large. Below we shall present the
algorithm, which reduces arithmetical complexity to 24 real
multiplications and 64 real additions.

3. The algorithm

The proposed algorithm can be written with the help of the
following matrix-vector calculating procedure:

Yg.1 = DgZg,i6 WisZ16x24D24P24x20 W20 P 20,8 X8 2

where

T
Proug =[Pyxs Is, Ig] , Pyug =(14mm0,) ,

[SS]
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Wy =14 @A ®Ig, Ag=Hy; @ Hy, Py = o Py
i=0

{0, = (Igmim0;,), Py = (0, mmIgmim0g) ,
P, = (0),mmly),
Zioxoa =g @ (11, ®1y ) D (14,5 ®1y ),
Wis =1, 0A DIy, Tgui6 = (11 @1y )O (14, 1y ),

where H, - is a Hadamard matrix of order 4, 1, , - is an
M x N matrix of ones (a matrix where every element is equal to
one), I - is an identity N x N matrix, signs ,,® ”, “@® “denote
the Kronecker product and direct sum of two matrices,

respectively, signs %, m/m denote vertical and horizontal

concatenation of the two or more matrices, respectively [10].
Dg = dlag (—1,1,],],—1,],],1) N D24 = diag(so,sl,...,s23) .

If the elements of D,, are placed vertically without disturbing
the order and written in the form of the vector S,4,;, then they

can be calculated using the following vector-matrix procedure:
S24x1 = D24Pras20 WaoP 208 Bs1 3)

By, =[00,01,by.b3.b4,b5,b5,b71" , Wog =P, @ Ag ® Py,

371

[
—_

Ju—

Dy, = diag(214;%18;214) :

Fig. 1 shows a data flow diagram of the new algorithm for
multiplying two dual quaternions and Fig. 2 depicts a data flow

diagram of the process for calculating the matrix l~)24 entries. In

this paper, the data flow diagrams are oriented from left to right.
The straight lines in the figures denote the operations of data
transfer. The circles in these figures show the operation of
multiplication by a number inscribed inside the circle. The points
where lines converge denote summation. We use the usual lines
without arrows on purpose, so as not to clutter the picture.
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Fig. 1. The data flow diagram of the proposed algorithm
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Fig. 2. The data flow diagram for calculating elements of the diagonal matrix D»4

4. Conclusions

The paper presents a new FPGA-oriented algorithm for
multiplying two dual quaternions. To reduce the hardware
complexity (number of embedded multipliers), we exploit the
specific properties of the matrix-vector product representation of
dual quaternions multiplication. So, the algorithm requires 24 real
multiplications and only 64 real additions (because multiplication
of any vector by the matrix H, takes only 8 real additions).

A completely parallel implementation of dual quaternion multiplier
using the schoolbook (direct) method requires three FGPA-chips
Spartan-3 XC3S1000-4FT256, while the implementation of the
proposed algorithm occupies only one such chip.
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