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THE METHOD OF “IN-PLANE GENERATING TRAJECTORIES” FOR TOOLS 

WHICH GENERATE BY ENVELOPING - APPLICATION IN CATIA 

The method of “in-plane generating trajectories” is a method designed to study the enveloping profiles 

associated with a pair of rolling centrodes. This method assumes knowledge the analytical form of the in-planes 

trajectories described by the points onto the profiles to be generated. These trajectories are known in the 

reference system of the generating tool, which may be a rack-gear, a gear-shaped or a rotary cutter tool.  

The envelope of these trajectories represents the profile of the generating tool. An original method for 

determining the enveloping condition is presented in this paper. Application for ordered curling of non-involute 

profiles were developed based on the specific enveloping condition. A new solution is proposed. This solution 

uses the capabilities of the CATIA graphical environment. Graphical solutions are proposed versus analytical 

solutions in order to validate the proposed method. 

1. INTRODUCTION 

The issue of rack-gear tool profiling is solved based the Olivier theorem I [4] and, 

also, based on the Gohman theorem [4],[5],[8]. 

 N v 0    (1) 

In equation (1), N  is the normal direction to the profile to be generated, in the 

surface’s own reference system and v  is a vector with the same direction as the velocity in 

the relative motion between the rack-gear tool and the surface to be generated. 

The analytical solution of this problem is universal and leads to rigorous results. 

Complementary theorems were elaborated concerning this issue [5]: the “method of the 

family of the substitution circles” and the “method of the minimum distance”. These 
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methods, developed at “Dunarea de Jos” University of Galaţi, expressed the enveloping 

condition in specific forms. These forms may represent intuitive images of the enveloping 

process. 

The “in-plane trajectories method” [8] was developed at “Dunarea de Jos” University 

of Galaţi, by a research team directed by professor Nicolae Oancea and associate professor 

Virgil Teodor and was presented as part of doctoral thesis of Virgil Teodor. This method is 

a specific solution for which the author present applications based on a specific enveloping 

condition. 

The issue of generation with tools associated with a pair of rolling centrodes is  

a permanent concerning as is presented in specialized literature. 

An original enveloping condition form is proposed in this paper. The enveloping 

condition is determined starting from the process of slotting with the rack-gear tool.  

2. GENERATION BY ROLLING WITH RACK-GEAR TOOL 

The rolling centrodes, the reference systems and the generated profile are presented  

in Fig. 1. 

 

Fig. 1. Generation with rack-gear tool; 1C  and 2C  pair of rolling centrodes 

The reference systems are defined: 

xy is the global reference system; 

XY – relative reference system, joined with the generated profile and with the C1 

centrode; 

ξη – relative reference system joined with the C2 centrode. 

The generating process kinematics includes the absolute movements of the XY relative 

reference system, 
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  T

3x X    (2) 

and of the ξη  relative reference system, 

 x A  , 
r

r

R
A

R .

 
  

  
 (3) 

The relative motion is determines from the absolute motions (2) and (3). The relative 

motion describes the movement of a point belongs to the XY space regarding the ξη space. 

The coordinates of point from the C  profile in the XY reference system are 

 
 

 

X X u ;
C

Y Y u ,





 (4) 

with u variable parameter. 

If the director parameters of the normal direction to the C  profile are defined as 

 
C u u

i j k

N X Y 0

0 0 1

 , (5) 

or 

 C u uN i Y j X

    , (6) 

then, the perpendicular drawn from the current point to the C  profile, has the equations: 

  
 

 

u

C

u

X X u Y ;
N

Y Y u X ,
 





  

  
 (7) 

with δ variable parameter. 

The family of normals is determined from (4) and (7) when the XY reference system is 

moved regarding the ξη reference system 

  
   

   

u u r

C
,

u u r

X u Y cos Y u X sin R ;
N

X u Y sin Y u X cos R .
  

    

     

              

               

 (8) 

For δ = 0, the equations (8) represents the trajectories family of points from the C  

profile, regarding the ξη reference system, namely the in-plane generating trajectories. 

According to the Willis theorem [4], the necessary and sufficient condition for the 

profile C  admits an enveloping curve is that the perpendiculars to the C  profile pass 

through the gearing pole. The gearing pole is the tangency point between the two centrodes 

C1 and C2, see Fig. 1. 

The coordinates of gearing pole in the ξη reference system are, see Fig. 2: 
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P

P r

0;
P

R .



 



 
 (9) 

 

Fig. 2. The gearing pole and the CN


ur
 normal direction to the in-plane trajectory C

 

The condition that the family of normals to the C  profile pass through the gearing 

pole is give by the equations assembly, see (8) and (9): 

 
   

   

u u r

u u r r

X u Y cos Y u X sin R 0;

X u Y sin Y u X cos R R ,

   

     

              

                

 (10) 

The equations system (10), allows to establish a dependency between the u and φ 

variables parameters: 

  u u  . (11) 

The dependency (11) represents the enveloping condition between the C  trajectories 

and the 
SC  profile of the rack-gear tool. Also, the equation (11) allows determining the δ 

scalar value which represents the distance from the current point of the C  trajectory to the 

gearing pole. 

In the rolling process of the two centrodes, at a certain moment, which means  

a defined value for the φ parameter, the profiles: C  associated with the C1 centrode; the 

family of in-plane trajectories generated by the point from the C  curve and the profile  

of the future rack-gear tool, admit a common normal which pass through the gearing  

pole, P. 

The specific enveloping condition is determines from the equations assembly (10), 

removing  the parameter δ: 
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   u u

u u

r

X u X Y u Y
X cos Y sin

R
 

  
     , (12) 

The rack-gear tool’s profile is defined as give by the assembly of equations (8)  

and (12). 

The rack-gear tool’s profile may be defined as the enveloping of the assembly  

of curves which represents the in-plane generating trajectories of the points from the 

generated profile. These trajectories are described in the rack-gear tool’s own reference 

system, ξη: 

  
 

 
r

r

X u Rcos sin
T u

Y u Rsin cos

  

  

      
        

      
. (13) 

The distances from the T(u)φ trajectories to the gearing pole should have minimum 

values, for various rolling positions. 

Indeed, the δ scalar value is measured onto the normal direction to the generating 

trajectory of a point from the profile CΣ. This normal direction passes through the gearing 

pole and, as a consequence, the value of the δ parameter represents the minimum distance 

from the trajectory to this pole. 

3. APLICATIONS 

In the following, applications of the in-plane generating trajectories method are 

presented for the determination of the rack-gear profile. A graphical methodology is 

developed in connection with these applications. 

3.1. RACK-GEAR TOOL FOR GENERATION OF A SHAFT WITH HEXAGONAL FRONTAL PROFILE 

The profile of the hexagonal shaft, the rolling centrodes assembly and the reference 

systems are presented in Fig. 3 (xy is the world reference system; XY - reference system 

joined with the Σ surface and C1 centrode; ξη - reference system joined with the rack-gear 

and the C2 centrode). 

The absolute movements of the reference systems joined with the C1 and C2 centrodes 

are give by equations (2) and (3). 

The relative motion is defined by: 

  T

3 X A     . (14) 

The equation (14) represents the relative motion of the XY space regarding the ξη 

space. 
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Fig. 3. Hexagonal shaft; reference systems and the in-plane generating trajectory of the point M 

The parametrical equations of the CΣ profile, with u variable parameter, are: 

 
X b;

C
Y u.



 


 (15) 

Thereby, the normal vector to CΣ curve has form: 

 CN 1 i 0 j

    . (16) 

The normal in the current point to the CΣ curve has equations, see (7): 

  C

X b 1 b ;
N

Y u 0 u. 

 



      

   
 (17) 

The family of normals, in relative motion regarding the ξη space, has the equations: 

  
 

 

r

C
,

r

b cos u sin R ;
N

b sin u cos R .  

   

    

      

       
 (18) 

If, a member of family (18) is constraint to pass through the gearing pole is obtained 

the form: 

 
 

 

rb cos u sin R ;

b sin u cos 0.

  

  

      

     
 (19) 

The specific enveloping condition is determined by removing the δ parameter: 

 ru R sin  . (20) 
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In the same time, the scalar value δ is determined: 

 2 2

r rR u R cos b      . (21) 

The δ scalar represents the distance measured along CN


 from the generating 

trajectory to the gearing pole, P. For δ=0, the (18) equations assembly represents the in-

plane generating trajectories family, is space ξη: 

   
 

 

r

r

b cos u sin R ;
T u

b sin u cos R .

   

    

      

       
 (22) 

The enveloping of the family (22) is the profile of the rack-gear which generates the 

hexagonal shaft. 

The hexagonal shaft, the generating trajectories and the rack-gear tool’s profile are 

presented in Fig. 4 and Fig. 5. The rolling radius is 32 mm. 

 

 

Fig. 4. Generating trajectories; rack-gear tool’s profile and hexagonal shaft profile  

 

Fig. 5. Coordinates of points from the rack-gear tool’s profile  
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The 3D model of the hexagonal shaft is presented in Fig. 6 (Rr=32 mm).  

A mechanism is constructed according to the kinematics of generating process. 

 

 

Fig. 6. The 3D model of the hexagonal shaft  

The differences between the coordinates of points obtained by this method and  

the coordinates obtained by an analytical method are presented in Table 1. 

Table 1. Error of graphical method 

Crt. 

no. 

Analytical method Graphical method 
Error [mm] 

ξ [mm] η [mm] ξ [mm] η [mm] 

1 2.01911 16.6835 2.01911 16.6835 0 

2 4.19538 11.5505 4.19538 11.5505 0 

3 5.55706 5.89966 5.55706 5.89966 0 

4 6.0192 0 6.0192 0 0 

5 5.55706 -5.89966 5.55706 -5.8997 0 

6 4.19538 -11.5505 4.19538 -11.551 0 

7 2.01911 -16.6835 2.01911 -16.683 0 

 

It is obviously that the two methods lead to identical profiles. 

3.2. RACK-GEAR FOR A CIRCULAR PROFILE 

It is considered the profile presented in Fig. 7. The parametrical equations of the 

profile are: 

 
0X R r cos ;

C
Y r sin .







   

 
 (23) 
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Fig. 7. Circular profile; C1 and C2 centrodes  

The family of normals to the CΣ profile has equations: 

  
   

   

0 r

C
,

0 r

R 1 r cos cos 1 r sin sin R ;
N

R 1 r cos sin 1 r sin cos R .
  

      

       

              

               

 (24) 

The constraint that the normal pass through the gearing pole leads to the specific 

enveloping condition: 

 
 

0

r

R sin
arcsin

1 R


 



 
    

  
. (25) 

For δ=0, from (24), the generating trajectories family is obtained: 

  
 

 

0 r

0 r

R cos r cos R ;
T

R sin r sin R .
 

   

    

      

       
 (26) 

The enveloping of the generating trajectories family  T 
 represents the rack-gear 

tool’s profile. 

For the 1 2M M  arc, the constant values are: Rr = 50 mm; R0 = 48 mm; r = 6.5 mm and 

lim = 60. The form and coordinates of the rack-gears profile are given in Fig. 8, Fig. 9 and  

Table 2. 
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Fig. 8. Rack-gear’s profile for the arc 1 2M M  

 

Fig. 9. Coordinates of points from the rack-gear tool’s profile  

Table 2. Rack-gear’s profile 

Crt. 

no. 

Analytical method Graphical method 
Error [mm] 

ξ [mm] η [mm] ξ [mm] η [mm] 

1 6.19427 -4.91465 6.19427 -4.91465 0 

2 7.04189 -4.06788 7.04189 -4.06788 0 

3 8.00589 -2.46845 8.00589 -2.46845 0 
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4 8.50000 0.00000 8.50000 0.00000 0 

5 8.00589 2.46845 8.00589 2.46845 0 

6 7.04189 4.06788 7.04189 4.06788 0 

7 6.19427 4.91465 6.19427 4.91465 0 

3.3. GRAPHICAL APPLICATION 

In order to solve the generating issue, a mechanism was constructed, reproducing the 

generating movements when machining with rack-gear tool. The mechanism is composed 

from three elements: tool, which is defined as fixed element; piece, which has the relative 

motion regarding the tool and base which assure the relative position of the two previously 

presented elements. The joint between tool and piece is on type “rack”, composed from  

a “prismatic” joint (between tool and base) and a “revolute” joint (between base and piece). 

The mechanism simulation was done in the DMU Kinematics module of the CATIA 

software, using the “simulation” command. Consequently, this simulation was compiled 

(“compile simulation” command) and was saved for further replay. The trajectories  

of points from the piece’s profile were drawn using the “trace” command. The points which 

are nearest to the gearing pole and belong to each trajectory were identified in the 

Generative Shape Design module, using the “extremum polar” command. These points are 

tangency points between the curves family and its enveloping. The tool’s profile was 

obtained as a spline curve which admits as control points the previously determined points. 

The identity between these points and those obtained by analytical way is obviously. 

4. CONCLUSION  

The method of generating trajectories is based on the gearing basic theorem 

– the Willis theorem. 

The family of trajectories is generated by the points of the generating profile, in  

the relative motion regarding the rack-gear. The tool’s profile results as enveloping  

of a generating trajectories family. 

A graphical method was presented. This method is developed in the CATIA design 

environment. It is simple and easy to apply due to the capabilities of the CATIA software. 

The graphical method is based on the capability of this software to draw trajectories  

of points which belongs to specific mechanism. 
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