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Abstract: A general model is developed, and on its basis, there are special models formulated of the grinding process with crossed axes 
of the tool and workpiece with a profile in the form of a circle arc. A new method of control of the grinding process is proposed, which will 
provide processing by equidistant curves, and the amount of cutting of a circle equal to the allowance. This will increase the productivity 
and quality of grinding. The presented method of grinding implements the processing with the spatial contact line of the tool and workpiece. 
When the axes are crossed, the contact line is stretched, which leads to an increase of the contact area and, accordingly, to a decrease 
of the temperature in the processing area. This allows processing of workpieces with more productive cutting conditions. 
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1. INTRODUCTION 

Parts with high-precision surfaces and a profile in the form of 
arc of a circle, the final quality of which is ensured by abrasive 
machining, are widespread in modern mechanical engineering. 
Therefore, the amount of processing with abrasive tool is con-
stantly growing in the total volume of the processing complexity. 

One of the means of increasing the productivity and accuracy 
of grinding surfaces with a profile in the form of an arc of a circle is 
the development of grinding methods with intersecting axes of the 
tool and workpiece. 

For grinding surfaces with a profile in the form of a circular arc 
angle of crossing axes, circle and part is a parameter that affects 
the productivity and quality of the grinding. It determines the dis-
tribution of the allowance and the amount of cutting the tool, the 
heat intensity of the grinding process, and the location and re-
sistance of the forming section of the circle. 

Therefore, for the effective processing of such surfaces, it is 
necessary to determine the optimal angles of the crossing axes of 
the workpiece and the tool (stationary or controlled), which pro-
vide an increase in productivity and accuracy of processing. 

The main problem of grinding parts with a circular profile is the 
low resistance of the profile of abrasive tool, especially when 
grinding surfaces having high hardness and large machining 
allowances (Anderson et al., 2011; Kalpana et al., 2018). It is the 
crossing of the axes of the circle and the workpiece that deter-
mines the position of the forming section. Its combination with the 
normal along the coordinate of the processing makes it possible to 
compensate for the influence of the wear of the wheel profile on 
the accuracy of shaping, and increases the productivity and dura-
bility of the abrasive tool. 

The development of new grinding methods with crossing axes 
of tool and parts with a profile in the form of a circular arc, and the 

determination of rational angles axes crossing and tool profiling 
are urgent tasks of the grinding process, the solution of which will 
significantly increase productivity and machining accuracy, and 
ensure the abrasive wheel durability and the required quality of 
the machined surfaces. 

Using the tool-oriented machining method, when the tool fur-
ther alters the angular orientation with respect to the workpiece 
during cutting, it thereby eliminates the disadvantages of grinding 
with parallel axes of the tool and workpiece (Kalchenko et al., 
2018). The removal of the allowance when grinding with the 
crossed axes is due to the transverse movement of the circle and 
its rotation relative to the straight line connecting the axis of rota-
tion of the tool and the workpiece. 

Thus, the purpose of the work is to develop a common model 
and, on its basis, special models of the grinding process with 
crossed axes of the tool and workpiece with circular profile. 

2. THE GENERAL MODEL OF THE NOMINAL SURFACE  
OF THE WORKPIECE 

In the works of other authors (Cong et al., 2018; Kacalak et 
al., 2018) there is a discussion concerning the development of a 
general model; to enable this development, it is necessary to 
solve the direct problem of the theory of formation. For this we 
need to mathematically describe complex surface detail, which is 
the general case all possible surfaces. 

The surface of the workpiece is described by a spherical 
module. The sphericity of the module is caused by the presence 

of two independent angular parameters: 𝜃𝑤 – is the angle of 

rotation around the axis of the workpiece rotation, and 𝜑𝑤 – angu-
lar coordinate of a circular profile, which may take a positive or 
negative value depending on the location of the starting point 
relative to the axial plane of the profile. All other model parame-
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ters are functionally dependent on these two parameters. 
The mathematical description of nominal workpiece surface 

can be performed by spherical module: 

𝑟𝑤 = 𝑆𝑧𝑤𝜃𝑤∙𝑦𝑤∙𝜑𝑤∙𝑦𝑝

𝑤 ∙ 𝑒−4,         (1) 

where rw – is the radius vector of the points of the surface of a 

complex part; S𝑧𝑤θ𝑤∙yw∙φw∙yp

w  – spherical module a matrix of 

switching from the starting point in a coordinate system of the 

workpiece; and e−4 = (0,0,0,1)T – radius vector of starting point 
(Kalchenko et al., 2018). 

Spherical module of workpiece is a product of one-coordinate 
matrix (Kalchenko et al., 2018): 

𝑆𝑧𝑤𝜃𝑤∙𝑦𝑤∙𝜑𝑤∙𝑦𝑝

𝑤 = 𝑀3(𝑧𝑤)𝑀6(𝜃𝑤) ∙ 𝑀2(𝑦𝑤) ∙ 𝑀4(𝜑𝑤) ∙

𝑀2(𝑦𝑝),             (2) 

where 𝑧𝑤 – the axial coordinate of the profile offset which  provid-

ing the screw surface; 𝜃𝑤 – is the angle of rotation around the 

axis of the workpiece rotation; 𝑦𝑤 – is the distance from the center 
of the profile to the axis of the workpiece rotation; 𝜑𝑤 – is the 

angle of rotation around the axis of OX; 𝑦𝑝 = 𝜌𝑤 – is the radius 

profile of the workpiece.  
Thus, the matrices (Kalchenko et al., 2018), of which the 

module consists, have the following physical meaning: 

M2(𝑦𝑝)=(

1 0 0 0
0 1 0 ±𝑦𝑝

0 0 1 0
0 0 0 1

) – the point displacement matrix 

along the axis OwYw. Since the radius of curvature of the profile of 

a complex part varies depending on the axial coordinate 𝑧𝑤, 

which is functionally dependent on the angle of rotation 𝜃𝑤, the 

parameter y of the matrix M2 is a function of 𝜃𝑤: 𝑦𝑝 = 𝜌𝑤(𝜃𝑤). 

In the particular case, when the radius of the workpiece profile 
does not change, the matrix parameter is converted to a constant. 

The sign ‘’ indicates that the radius can be set in different direc-

tions relative to the axis OwYw. The sign ‘’ indicates a concave 
outer or convex inner profile, and a ‘−’ indicates a convex outer or 
inner concave profile (Fig. 1). 

M4(±𝜑𝑤)=(

𝑐𝑜𝑠𝜑𝑤 0 𝑠𝑖𝑛𝜑𝑤 0
0 1 0 0

−𝑠𝑖𝑛𝜑𝑤 0 𝑐𝑜𝑠𝜑𝑤 0
0 0 0 1

) – matrix of general-

ized rotations of point about the axis OwXw. The range of parame-

ter change lies within the central angle . 
The positive or negative values of the parameters 𝜌𝑤 and 𝜑𝑤 

are set depending on the direction of the axes of the selected 
coordinate system. Fig. 1 shows the directions of the axes of the 
coordinate system and the corresponding signs of the parameters 
𝜌𝑤 and 𝜑𝑤 for the various parts surfaces adopted in this work. 
For example, to describe the concave outer profile of the groove 

of the inner bearing ring 𝜌𝑤 and 𝜑𝑤, we take positive values (Fig. 
1(a)), as well as for the convex outer profile of the belt pulley 
negative (Fig. 1(b)). Fig. 1 (a–d) shows surfaces with a central 

profile angle   180°. Fig. 1(e) shows the general case of a 
concave outer surface for which the central angle is not equal to 
180°. 

M2(𝑦𝑤)=(

1 0 0 0
0 1 0 𝑅𝑤

0 0 1 0
0 0 0 1

) – the point displacement matrix 

along the axis OwYw, which sets the coordinate of the center of the 

workpiece profile. For a complex part, this parameter, similar to 
𝑦𝑝, is a function of the angle of rotation 𝜃𝑤 and is converted to a 

constant value 𝑅𝑤 for cylindrical parts. 

M6(𝜃𝑤)=(

𝑐𝑜𝑠𝜃𝑤 −𝑠𝑖𝑛𝜃𝑤 0 0
𝑠𝑖𝑛𝜃𝑤 𝑐𝑜𝑠𝜃𝑤 0 0

0 0 1 0
0 0 0 1

) – a matrix of generalized 

rotations about the axis OwZw of the workpiece rotation. 

M3(𝑧𝑤)=(

1 0 0 0
0 1 0 0
0 0 1 𝑧𝑤

0 0 0 1

) – axial displacement matrix of the 

profile. 

 
Fig. 1. Determining the type of workpiece profile 

By rotating the profile of the workpiece around its axis of rota-

tion with an angular coordinate θw and giving it an axial offset 
with the coordinate zw, we finally form the surface of the part. The 

axial coordinate of the screw surface zw is a function of the angle 
of rotation of the workpiece: 

𝑧𝑤 = 𝜃𝑤 ∙ 𝑝             (3) 

where p =
S

2π
 – is screw motion parameter; and S – step screw 

surface. 
Model (1) is general and describes all possible surfaces of 

parts with a circular profile. By taking the constants of individual 
model parameters, it becomes possible to describe the surfaces 
of specific parts. Consider the possible special models that can be 
obtained from the general model. 

1. Screw surface with profile in the form of an arc of a circle. 
The screw surface is characterised by the dependence of the 

angular coordinate of the screw zw on the angle of the workpiece 

rotation θw, the constancy of the distance Rw from the centre of 
the profile to the axis of the workpiece rotation and the radius of 

the profile of the workpiece ρw. Thus, the radius-vector of the 
points of the screw surface, based on the general model (1) and 
the module of the workpiece (2), will be: 

𝑟𝑤 = 𝑆𝑧𝑤𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝜌𝑤

𝑤 ∙ 𝑒−4,           (4) 

𝑆𝑧𝑤𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝜌𝑤

𝑤 = 𝑀3(𝑧𝑤(𝜃𝑤))𝑀6(𝜃𝑤) ∙ 𝑀2(𝑅𝑤) ∙

𝑀4(𝜑𝑤) ∙ 𝑀2(±𝜌𝑤)            (5) 

The radius of the profile 𝜌𝑤 can take a positive and a negative 
value; a positive value indicates the screw surface of the screw 
and a negative value indicates the nuts. Model (4) can describe, 
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for example, the screw surfaces of the screw and the nuts of the 
ball screws. 

2. Rotating surface with variable radius profile on the angle of 
rotation of the workpiece. Such a surface is characterized by the 

absence of the angular coordinate of the screw 𝑧𝑤 and the con-

stant distance 𝑅𝑤 from the centre of the profile to the axis of the 
workpiece rotation. Thus, the radius vector of the points of rotation 
surface with a variable circular profile, based on the general mod-
el (1) and the module of the part (2), will be: 

𝑟𝑤 = 𝑆𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝑦𝑝

𝑤 ∙ 𝑒−4,           (6) 

𝑆𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝑦𝑝

𝑤 = 𝑀6(𝜃𝑤) ∙ 𝑀2(𝑅𝑤) ∙ 𝑀4(𝜑𝑤) ∙ 𝑀2(𝑦𝑝)       (7) 

Model (6) can describe, for example, the working surface of 
pipe rolls for the manufacture of seamless pipes. For such rolls, 

the parameters of the matrices 𝑦𝑝 and 𝜑𝑤 on the crimp section 

are functions of the independent parameter 𝜃𝑤. On the calibration 
section, where the profile becomes constant, they are converted 
to constants. 

3. Concave torus surface. Such a surface is characterized by 

the absence of the angular coordinate of the screw 𝑧𝑤, the con-

stancy of the distance 𝑅𝑤 from the centre of the profile to the axis 
of the workpiece rotation and the radius of the profile of the torus 

surface 𝜌𝑤. Thus, the radius vector of the points of the rotation 
body of the concave torus surface, based on the general model 
(1) and the module of the part (2), will be: 

𝑟𝑤 = 𝑆𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝜌𝑤

𝑤 ∙ 𝑒−4,           (8) 

𝑆𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝜌𝑤

𝑤 = 𝑀6(𝜃𝑤) ∙ 𝑀2(𝑅𝑤) ∙ 𝑀4(𝜑𝑤) ∙ 𝑀2(±𝜌𝑤)   (9) 

The radius of the profile 𝜌𝑤 can take both positive and nega-
tive values. A positive value indicates an external concave torus 
surface and a negative value indicates an internal one. Model (8) 
can describe, for example, the grooves of the inner and outer 
bearing rings. 

4. Convex torus surface. Such a surface is characterised by 
the absence of the angular coordinate of the screw 𝑧𝑤, the con-

stancy of the distance 𝑅𝑤 from the centre of the profile to the axis 
of the workpiece rotation and the radius of the profile of the torus 
surface 𝜌𝑤. Thus, the radius vector of the points of the rotation 
body with a convex torus surface, based on the general model (1) 
and the module of the part (2), will be: 

𝑟𝑤 = 𝑆𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝜌𝑤

𝑤 ∙ 𝑒−4,          (10) 

𝑆𝜃𝑤∙𝑅𝑤∙𝜑𝑤∙𝜌𝑤

𝑤 = 𝑀6(𝜃𝑤) ∙ 𝑀2(𝑅𝑤) ∙ 𝑀4(−𝜑𝑤) ∙

𝑀2(−𝜌𝑤)                                                                                    (11) 

From Fig. 1, we can infer that 𝜑𝑤  and 𝜌𝑤 take negative val-
ues for the outer convex torus surface. Model (10) may describe, 
for example, roller saw blades, roll forming rollers, and belt pul-
leys. 

3. GENERAL MODEL OF THE NOMINAL SURFACE  
OF THE TOOL 

No matter which model describes the nominal surface of the 
workpiece, the tool radius vector in modular form is described by 
the transition matrix based on the workpiece shape. 

𝑟𝑡 = 𝑀𝑡𝑤 ∙ 𝑟𝑤,           (12) 

where 𝑀𝑡𝑤 – is the transition matrix from the coordinate system 
of the workpiece to the coordinate system of the tool. It describes 
the forming system of a machine tool that is involved in profiling 
the tool. 

The matrix of transition (12) is the product of two spherical 
modules: 

𝑀𝑡𝑤 = 𝑆𝜃𝑡∙𝑦𝑐

𝜑𝑡 ∙ 𝑆𝜓
𝑂 ,                        (13) 

where: 𝑆𝜃𝑡∙𝑦𝑐

𝜑𝑡  – is the module of the shape-building of a tool; 𝑆𝜓
𝑂 – 

is the module of the angular orientation of the tool relative to the 
details. 

Shape-building module (13) consists of the product of two ma-
trices: 

𝑆𝜃𝑡∙𝑦𝑐

𝜑𝑡 = 𝑀6(𝜃𝑡) ∙ 𝑀2(𝑦𝑐),          (14) 

where: 𝜃𝑡 – is the angle of rotation of the workpiece coordinate 

system relative to the axis of rotation of the tool; 𝑦𝑐  – is the dis-
tance between the axes of rotation of the tool and workpiece. 

The module of orientation (13) is presented by the matrix of 
relative rotations: 

𝑆𝜓
𝑂 = 𝑀5(𝜓),         (15) 

where: 𝜓 – the angle of inclination of the grinding wheel. 
The abrasive tool is editing on a constant surface (for exam-

ple, on the calibration section of a tubular roll of variable radius 
profile); therefore only one variable parameter is used in module 
(15) – the angle of inclination of the wheel  . 

To profile the tool, it is necessary to make an equation that de-
termines the contact line, as follows: 

𝑉𝑡𝑤 ∙ 𝑛𝑤 = 0,          (16) 

where: 𝑛𝑤 – is the unit vector of normal line to the workpiece 

surface; 𝑉𝑡𝑤 – is the vector of the velocity of the relative motion of 
the surface in the coordinate system of the tool. 

The normal can be found as a vector product of vectors tan-
gent to the surface. To find the normal, it is necessary to differen-
tiate the radius vector of the workpiece surface by both angular 
parameters. 

During the one-parametric rounding (Kalchenko et al., 2018) 
relationship between the parameters 𝜑𝑤 and 𝜃𝑤 equal to zero of 

a mixed product of three vectors that are derived of the vector 𝑟𝑡. 

(
𝜕𝑟𝑡

𝜕𝜑𝑤
×

𝜕𝑟𝑡

𝜕𝜃𝑤
) ∙

𝜕𝑟𝑡

𝜕𝜏𝑤
= 0,         (17) 

where: (
𝜕𝑟𝑡

𝜕𝜑𝑤
×

𝜕𝑟𝑡

𝜕𝜃𝑤
) = 𝑛𝑤 – is the vector normal to the surface 

of the workpiece at the point with curvilinear coordinates 𝜑𝑤, 𝜃𝑤. 
𝜕𝑟𝑡

𝜕𝜏𝑤
= 𝑉𝑤 – is the vector of velocity of relative motion of the work-

piece relative to the wheel; 𝜏𝑤 – is the time of moving the work-
piece, while turning it at the angle 𝜃𝑡 in the opposite motion an 
axis OtZt of the wheel. 

The velocity of the workpiece regarding the wheel is deter-
mined by a matrix of transition from the workpiece coordinate 
system in the tool coordinate system: 

𝜕𝑟𝑡

𝜕𝜏𝑤
=

𝜕𝑀6(𝜃𝑡)

𝜕𝜃𝑡
∙

𝜕𝜃𝑡

𝜕𝜏𝑤
∙ 𝑀𝑡𝑤,         (18) 

where: 
𝜕𝜃𝑡

𝜕𝜏𝑤
= 𝜔𝑡𝑤 is the angular velocity of the workpiece rota-

tion relative to the axis of the wheel. 
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We find the scalar product of vectors 𝑛𝑤 and 𝑉𝑡𝑤 by writing 
down the determinant 

𝑉𝑡𝑤 ∙ 𝑛𝑤=|

𝑋𝑉𝑡𝑤
𝑌𝑉𝑡𝑤

𝑍𝑉𝑡𝑤

𝑋𝜑𝑤
𝑌𝜑𝑤

𝑍𝜑𝑤

𝑋𝜃𝑤
𝑌𝜃𝑤

𝑍𝜃𝑤

| = 0,         (19) 

where 𝑋𝑉𝑡𝑤
, 𝑌𝑉𝑡𝑤

, 𝑍𝑉𝑡𝑤
 – vector coordinates 𝑉𝑡𝑤; 𝑋𝜑𝑤

, 𝑌𝜑𝑤
, 𝑍𝜑𝑤

 

– coordinates of the tangent 𝐴𝑤 =
𝜕𝑟𝑡

𝜕𝜑𝑤
; 𝑋𝜃𝑤

, 𝑌𝜃𝑤
, 𝑍𝜃𝑤

 – 

coordinates of the tangent 𝐵𝑤 =
𝜕𝑟𝑡

𝜕𝜃𝑤
. 

The radius vector 𝑟𝑡 describes the plurality of tool surfaces. 
The choice of rational is made on the basis of the analysis of 
geometrical parameters of the outer surface of the workpiece and 

the allowance removal 𝛿. 

4. GENERAL MODEL OF THE REAL SURFACE  
OF THE TOOL AND WORKPIECE 

Having determined the radius vector, we find that it is de-
scribed by a spherical (torus) module, which is similar to the mod-
ule of workpiece (1), but with own parameters, as follows: 

𝑟𝑡 = 𝑆𝜃𝑡∙𝑦𝑡∙𝜑𝑡∙𝑦𝑝

𝑡 ∙ 𝑒−4,          (20) 

𝑆𝜃𝑡∙𝑦𝑡∙𝜑𝑡∙𝑦𝑝

𝑡 = 𝑀6(𝜃𝑡) ∙ 𝑀2(𝑦𝑡) ∙ 𝑀4(𝜑𝑡) ∙ 𝑀2(𝑦𝑝)        (21) 

where: 𝑟𝑡 – is the radius vector of the tool surface points; 

𝑆𝜃𝑡∙𝑦𝑡∙𝜑𝑡∙𝑦𝑝𝑡

𝑡  – is the spherical module, that is a matrix of transition 

from the starting point to the coordinate system of the tool; 𝜃𝑡  – is 
the angle of turning around the axis OtZt of rotation of the tool; 
𝑦𝑡 = 𝑅𝑡 – is the distance from the center of the profile of the tool 

to its axis of rotation; 𝜑𝑡 – is angle of rotation around the axis 

OtYt; 𝑦𝑝 = 𝜌𝑡 –  is the radius wheel profile. 

Creating a three-dimensional surface of the wheel is a very 
common way of learning the shaping processes (Uhlmann et al., 
2016; Yan et al., 2011; Yanlong et al., 2013). Modelling in the 
MathCAD system allowed the determination of the maximum 
angle of the circle during processing (Fig. 2). Modelling was per-
formed for the case of processing of constant trough profile 

Dw  2Rw  80 mm, radius profile ρw  20 mm and central angle 

ξ  140°. Circle parameters: diameter 150 mm, height of circle 
20 mm and ligament ceramic. As a result of the simulation, it was 
determined that for the selected conditions the contact line exists 

at ψt  22°. When the circle is tilted at 22°, the contact line dis-
appears and contact occurs at the edges of the profile. 

Thus, three spherical modules describe the radius vector of 
the workpiece surface: 

𝑟𝑤𝑡 = 𝑆𝑧𝑤𝜃𝑤∙𝑦
𝜑

∙ 𝑆𝜑𝑡∙𝜓𝑡𝑥𝑡

𝑂 ∙ 𝑟𝑡,        (22) 

where: 𝑆𝑧𝑤𝜃𝑤∙𝑦
𝜑

= 𝑀3(𝑧𝑤) ∙ 𝑀6(𝜃𝑤) ∙ 𝑀2(𝑦𝑐 + 𝑎 ∙ 𝜃𝑤 − 𝛿) – 

is the shaping module of details; 𝜃𝑤 – is the angle of rotation 
coordinate system of the tool around the axis of rotation of the 

workpiece; 𝑦 = 𝑦𝑐 + 𝑎 ∙ 𝜃𝑤 − 𝛿 – the current coordinate in-

teraxal distance of the tool and workpieces; 𝑦𝑐  - the distance 
between the axis of the wheel and the workpiece in the position of 

the residual molding of the workpiece surface; 𝑎 =
𝑡

2𝜋
 –  is the 

constant of Archimedean spiral, which moves in relative motion 

wheel when removing of the allowance 𝛿; 𝑆𝜑𝑡∙𝜓𝑡𝑥𝑡

𝑂 = 𝑀4(𝜑𝑡) ∙

𝑀5(±𝜓𝑡) ∙ 𝑀1(𝑥𝑡) – is the module of the angular orientation 
of the tool relative to the workpiece. 

 

 
Fig. 2. The contact line of the wheel and the workpiece  
           at different angles of a wheel 

 
Fig. 3. The process of removing the allowance 

When the allowance is removed, , 𝛿 = 0 and 𝑦 = 𝑦𝑐 , the con-
tact line which is rotating about the axis of the workpiece without 
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lateral movement describes the shape of the machined surface 

with radius 𝜌𝑤. Fig. 3 shows the allowance removal process. 
When inserting a wheel into the workpiece, we observe that at the 
same time its inclination will appear as errors (Δkj, the value of 
which will decrease during the removal of the allowance. The final 
profile will be forming without error, since the wheel is straighten-
ing at the maximum angle of inclination at which the formation 
process is taking place. In this case, the radius of projection of the 
contact line of the wheel and the part on the axial plane will be 

equal to the radius of the groove profile 𝜌𝑤. The magnitude of the 
errors (Δkj is determined by the least squares method and should 
not exceed the tolerances on the shape of the groove profile. 

Model (22) describes a plurality of surfaces. To determine the 
real surface of the workpiece, it is necessary to make an equation 
describing the contact line. 

𝑉𝑤𝑡 ∙ 𝑛𝑡 = 0,          (23) 

where: 𝑛𝑡 – is the unit vector of normal line to the tool surface; 

𝑉𝑤𝑡  – is the vector of the velocity of the relative motion of the 
surface in the coordinate system of the workpiece. 

By rotating the contact line around the axis of the workpiece 

with axial displacement 𝑧𝑤, we get a real contour of the workpiece 
surface. 

5. GRINDING PROCESS WITH CROSSED AXES  
OF THE TOOL AND WORKPIECE 

The method of processing workpiece with a profile in the form 
of an arc of a circle by the method of copying involves grinding by 

abrasive wheel, the height of which Hc is equal to the width B of 
the treated surface (Fig. 4). In this case, the radius of the wheel 
profile ρt

c is equal to the radius of the part profile ρp and, accord-

ingly, greater than the radius of the workpiece profile ρw. When 
machining in this way, we removed just the variable allowance, 
because at the beginning of machining (pos. I) the wheel is cut by 
side sections of the profile and only at the end of machining (pos. 
II) the central point of the tool profile enters into the cutting pro-
cess. At this time, the side sections of the wheel profile are not 
removed from the allowance, but create additional friction and 
increase the temperature in the cutting zone. 

Grinding with the crossed axes of the tool and workpiece in-
volves machining a narrow wheel, the height of which H is less 

than the width B of the work surface. The radius of the wheel 

profile ρt in the initial position is less than the radius of the part ρp 

and the radius of the workpiece profile ρw. The wheel is correc-

tion in an inclined position, the angle of inclination of which ψt 
corresponds to the maximum inclination of the wheel during pro-
cessing, thereby achieving the equality of the radius of the contact 
line projection in the axial plane and the radius of the profile of the 
part ρp. 

All parameters in figure 4 with index c – refer to the copy 
method. Parameters without index – the method of grinding with 

crossed axes. 𝜌𝑡𝑒 and 𝜌𝑡𝑒
𝑐  – tool profile after editing for 

appropriate grinding methods. 
One of the advantages of this method of processing over the 

traditional method of copying is the more efficient use of tool 
abrasives. In the traditional processing, the wear of the side part 
of the wheel by the value of k leads to the removal of a large part 

of the abrasive material 𝐹𝑐  (Fig. 4). Since the centre angle of the 
tool profile in the proposed method is much less than the angle 𝜉𝑐  

in traditional method, the volume of abrasive 𝐹 removed when 
editing a narrow wheel is much smaller (Fig. 4). 

 
Fig. 4. Tool wear during machining 

To restore the original shape of a circle in radius 𝜌𝑡
𝑐 , it is nec-

essary to cut it in the direction perpendicular to the axis of rota-

tion, by the value of 𝑘𝑐 , which can be found from the relation 
(Kalchenko et al., 2020): 

𝑘𝑐 = −(𝜌𝑡
𝑐 − 𝑊𝑗) ∙ 𝑠𝑖𝑛𝛼𝑗 + 

√(𝜌𝑡
𝑐 − 𝑊𝑗)

2
∙ 𝑠𝑖𝑛2𝛼𝑗 − 𝑊𝑗

2 + 2 ∙ 𝜌𝑡
𝑐 ∙ 𝑊𝑗         (24) 

The maximum wear 𝑊𝑗𝑚𝑎𝑥  occurs at the j-th point of the 

wheel profile where 𝛼𝑗 = 𝜑𝑝𝑚𝑎𝑥 , on the side parts of the wheel 

profile. This causes frequent editing of the abrasive wheel with the 
removal of the abrasive array 𝐹𝑐 . For example, with limited wear 

𝑊𝑗𝑚𝑎𝑥  = 0.05 mm, it is necessary to cut a 3.16 mm of the wheel 

at the center point of the profile (Kalchenko et al., 2020). When 
editing a narrow wheel, it is necessary to remove the array 𝐹, 
which is much smaller. 

To determine the limited wear of 𝑊𝑗𝑚𝑎𝑥  for a narrow wheel, it 

is necessary to determine the performance of the grinding pro-
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cess. The ways to solve of boundary-value problem discussed in 
detail in the works (Mikhailets V. 2015, 2018). The general model 

of removal of allowance and formation 𝑄 for machining surface of 
a workpiece with a circular profile, given in the form of a spherical 
module, has the form (Kalchenko et al., 2020): 

𝑄 = ∫ (∫ (∫ (𝑉𝑗 ∙ 𝑛𝑗 − 𝑦𝑠𝑐) ∙ (𝑅𝑡 + (𝜌𝑡 − 𝑊𝑗) ∙
𝜃2𝑘𝑗

𝜃1𝑘𝑗

+𝜑𝑡𝑚𝑎𝑥

−𝜑𝑡𝑚𝑎𝑥

𝑇

0

𝑐𝑜𝑠𝜑𝑡𝑗 ∙ 𝑑𝜃𝑘) ∙ √(
𝑑𝑅𝜑𝑡𝑗

𝑑𝑗
)

2

+ (
𝑑𝜑𝑡𝑗

𝑑𝑗
)

2

) ∙ 𝑑𝜑𝑡) ∙ 𝑑𝑇      (25) 

where 𝑇 – is the contact time of the part with the wheel; ±𝜑𝑡𝑚𝑎𝑥  

– limit values of the angular position 𝜑𝑡𝑗  of point j on the wheel 

profile; 𝜃1𝑘𝑗 , 𝜃2𝑘𝑗  are the angular coordinates of a contact spot 

on a radius 𝑅𝑡 + (𝜌𝑡 − 𝑊𝑗) ∙ 𝑐𝑜𝑠𝜑𝑡𝑗  (Fig.4); 𝑉𝑗 , 𝑛𝑗 – vectors of 

cutting speed and normal at 𝑗-th point of a wheel; 𝑦𝑠𝑐 =
𝑓(𝜑𝑡𝑗 , 𝐾𝑠𝑐) – compliance of the processed system; 𝐾𝑠𝑐  – the 

value of static compliance; 𝑅𝑡 – is the distance from the axis of 

rotation of the wheel to the center of its profile with radius 𝜌𝑡; 
𝑅𝜑𝑡𝑗

= 𝑅𝑡 + 𝜌𝑡 ∙ 𝑐𝑜𝑠𝜑𝑡𝑗  – is the radius of rotation of the 𝑗 -th 

point.  
When moving from one cutting edge to an elementary part of 

the wheel dS, it is necessary to take into account the heterogenei-
ty of the surface of the abrasive tool. It is possible to take into 
account the discontinuity of the surface of the wheel using the 
coefficient (Kalchenko et al., 2018):  

[1 − 𝑒𝑥𝑝 (−
∑ 𝑏𝑡(𝑡,𝜃)𝑚

𝑖=1

𝑏0
)]. 

Model (25) describes the grinding performance for a single 
workpiece. To determine performance when processing a batch of 
workpieces 𝑄 must be multiplied at the number of workpieces in 
the batch. 

The general 3D model (25) of the allowance removal and the 
formation makes it possible to determine the local productivity 𝑄𝑙  
at each elementary section dS (Fig. 4) of the contact spot S 

of wheel 1 and workpiece 2. In model (25) 𝑅𝑡 + (𝜌𝑡 − 𝑊𝑗) ∙

𝑐𝑜𝑠𝜑𝑡𝑗 ∙ 𝑑𝜃𝑘  – the length of the elementary section is measured 

along the arc of a circle with radius 𝑅𝑡 + (𝜌𝑡 − 𝑊𝑗) ∙ 𝑐𝑜𝑠𝜑𝑡𝑗 . 

The width of the elementary section in the axial section of the 

circle is determined by the differential √(
𝑑𝑅𝜑𝑡𝑗

𝑑𝑗
)

2

+ (
𝑑𝜑𝑡𝑗

𝑑𝑗
)

2

. 

The specific productivity 𝑄𝑠𝑗  is determined by the internal in-

tegral of the model (25). It shows how much metal is cut by a 

wheel within the 𝑗 - th point of the profile. 
The instantaneous grinding performance Qi is described by 

the surface integral of model (25). It allows the determination of 
the instantaneous volume of metal that cuts into the contact spot 
of the wheel and the workpiece. 

The average grinding performance Qa is determined by the 
ratio: 
𝑄𝑎  is determined by the ratio: 

𝑄𝑎 =
𝑄∙𝑛

𝑡
          (26) 

where 𝑄 ∙ 𝑛 – is the volume of metal removed from n parts over 
time t. 

The analysis of model (25) shows that when 𝑉𝑗 ∙ 𝑛𝑗 > 0  the 

allowance is removed from the workpiece. This takes place when 

𝑉𝑗 ∙ 𝑛𝑗 = 0 metal is not cutting and we have the process of form-

ing the surface of the workpiece  𝑟𝑝𝑖. Productivity increases with 

the increase of scalar product vectors 𝑉𝑗 ∙ 𝑛𝑗  and the rigidity of the 

machined system, the contact area S of the wheel and the details 

of the processing coordinate, the angle 𝜓𝑡 and the decrease in 
the wear profile 𝑊𝑗  of the wheel (Mamalis et al., 2016; Grabchen-

ko et al., 2014; Shakhbazov et al., 2019). 
The amount of worn abrasive per unit time is calculated for the 

section of the wheel profile dS from equation (Mamalis et al., 
2016; Grabchenko et al., 2014) 

𝑄𝑎 = 𝑘𝛼 ∙ 2𝜋 ∙ (𝑅𝑡 + 𝜌𝑡 ∙ 𝑐𝑜𝑠𝜑𝑡𝑗) ∙ 𝐽𝑗 ,       (27) 

where 𝐽𝑗  – abrasive wear at a certain grinding speed in the direc-

tion normal to the tool profile per unit time; 𝑘𝛼 – is the coefficient 
that takes into account the overlapping of the cutting edges. 

The value of the elemental wear rate of a circle 𝐽𝑗  over time dt 

has the form 

𝐽𝑗 =
𝐶𝑠𝑗∙𝑄

𝑠𝑗

𝑚𝑗
+𝐶𝑑𝑗∙𝑄

𝑑𝑗

𝑏𝑗

𝑘𝛼∙2𝜋∙𝑅𝜑𝑡𝑗

         (28) 

where 𝐶𝑠𝑗 , 𝐶𝑑𝑗  – are the coefficients of specific wear at the 𝑗-th 

point of the wheel profile at 𝑄𝑠𝑗  = 1 and 𝑄𝑑𝑗  = 1, which are de-

termined experimentally for each 𝑗-th point of the wheel profile; 

𝑄𝑠𝑗  – the specific volume of the metal being removed by the 𝑗-th 

point of the wheel profile, determined from the expression (25) at 

𝑉𝑗 ∙ 𝑛𝑗 ∙ 𝜏𝑗 ≥ 𝑎𝑧𝑚𝑖𝑛 ; 𝜏𝑗  – the time between the contacts of the 

cutting grains; 𝑎𝑧𝑚𝑖𝑛 – the minimum thickness of the layer which 

cut off by the cutting edge; 𝑄𝑑𝑗  – the specific volume of metal 

deformed by abrasive grains of the 𝑗-th point of the wheel profile, 

determined from expression (25) at 𝑉𝑗 ∙ 𝑛𝑗 ∙ 𝜏𝑗 ≤ 𝑎𝑧𝑚𝑖𝑛 ; 𝑚𝑗  – 

the coefficient that takes into account the intensity of the grinding 
mode and the state of the cutting surface of the wheel; and 𝑏𝑗  – 

the coefficient that takes into account the intensity of the defor-
mation mode of the metal without its removal. 

The linear wear of 𝑊𝑗  at the 𝑗-th point of the wheel profile dur-

ing the machining process is determined by the equation (Mamalis 
et al., 2016; Grabchenko et al., 2014) 

𝑊𝑗 = ∫
𝐶𝑠𝑗∙𝑄

𝑠𝑗

𝑚𝑗
+𝐶𝑑𝑗∙𝑄

𝑑𝑗

𝑏𝑗

𝑘𝛼∙2𝜋∙(𝑅𝑡+𝜌𝑡∙𝑐𝑜𝑠𝜑𝑡𝑗)
𝑑𝑇0

𝑇0         (29) 

where 𝑇0 – is the processing time of the workpiece for part of its 
rotation, one revolution or the number of revolutions required to 

process the workpiece by a section of a wheel within the 𝑗-th point 
of its profile. 

6. CONCLUSIONS 

The general model was developed and on its basis special 
models of process of grinding with the crossed axes of the tool 
and workpiece with a profile in the form of a circle arc were formu-
lated. 

A new method of control of the grinding process is proposed, 
which will provide processing by equidistant curves, and the value 
of cutting of a wheel equal to the allowance. This will increase the 
productivity and quality of grinding. Based on the developed 
method, it is necessary to develop a package of applications that 
would allow programming of CNC machine tools by programmers 
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who do not have special training. 
The presented method of grinding implements the processing 

with the spatial contact line of the tool and workpiece. When the 
axes are crossed, the contact line is stretched, which leads to an 
increase of the contact area and, accordingly, to decrease of the 
temperature in the processing area. This allows processing of the 
workpiece with more efficient cutting modes. The developed 
mathematical models are the basis for experimental research. 
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