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Summary. In this paper we introduce the spaces of multifunctions
Sx,pq and X,q which correspond with the Sobolev space W), and the spa-
ce of multifunctions X,,xc,o kv Which correspond with the Orlicz-Sobolev
space W;f. We study completeness of them. Also we give some theorems.

UWAGI O PRZESTRZENIACH MULTIFUNKCJI
TYPU SOBOLEVA

Streszczenie. W artykule wprowadzamy przestrzenie multifunkeji Sx,,
and X4, ktére odpowiadajg przestrzeni Soboleva W), oraz przestrzen mul-
tifunkeji Xonke, e kv, ktéra odpowiada przestrzeni Orlicza-Soboleva Wf;. Ba-
damy zupelnosé tych przestrzeni. Podajemy takze pewne twierdzenia doty-

czace tych przestrzeni.
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1. Introduction

The notion of differential of multifunction was introduced in many papers
(see [3, Chapter 6, section 7]). In this paper we apply the De Blasi definition of
differential of multifunction from [1], and the Martelli-Vignoli definition from [9].
In the Definition 1 we join the definitions of a derivative of multifunction from
[2,3,5,9]. We introduce the multiderivatives F’, D*F and DF. We introduce also
the spaces of multifunctions Sx ¢, Xpq and Xike, ok, v and we prove completeness
of them. In the Section 3 we generalize some results from [6,8]. Additionally we
give some theorems. The space W), and its applications was presented in [4]. The
aim of this note is to obtain the generalization of the Sobolev space W, on the
multifunctions.

We use the definitions and theorems connected with multifunctions from [3].

Let Y be the real Banach space with the norm || - || and @ be the zero in Y.
Let T C R, let 2¥ denote the set all subsets of Y and let

X ={F:T —2¥ : F(t) is nonempty for every t € T'}.
For all nonempty and compact A, B C Y we introduce the famous Hausdorff
distance by

ist(A, B) = i — i —yl)-

dist(4, B) maX(gleagggg |z yl\,gleaggg [z —yll)

Denote
P.(Y)={ACY:Aisnonempty and compact},
Pi(Y)={ACY: Aisnonempty and convex and compact}.

We define
Xipe ={F € X: F(t) € Pg(Y) for a.e. t € T},

Ximke = {F € Xy : F is graph measurable}.

(See [3, Chapter 2: Definition 1.1, Theorem 2.4, Proposition 5.3]).
Let B € P.(Y). Denote |B| = dist(B,{6}). Let F € X,,k.. Now we introduce
the function |F| by the formula

|F'|(t) = |F(t)] foreverytel.
Let F,G € X, a € R. We define F' + G and aF by the formulae
(F+G)(t)={z+y:xecF()yecGt)}
(aF)(t) = {ax: x € F(t)}

for every t € T.
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2. On the spaces of differentiable multifunctions

Let now T be open.

Definition 1. We say that F' € Xy is differentiable if there is Hp € Xk, such
that for a.e. t € T there is § > 0 such that

dist(F(t + h) — hHp(t), F(t)) < |h| A} (R),

dist(F(t + h), F(t) + hHp(t)) < |h|AZ(h)

for every h € (—9,9), where

lim A} (1) = lim AZ(h) = 0.

If F is differentiable then we write F/ = Hp and F’ should be called the
multiderivative of F.

Let F(t) = [0,¢t] for every t > 0 and F(t) = [t,0] for every ¢t < 0. We have
F'(t) = [0,1] for every t € R.

Let p > 1, %—i—%:l.Wedeﬁne

X, ={F € Xpnie : |F| € LP(T,R)},

Sx.pq={F € Xpke : F € X,,, F is differentiable and F' e X4}

It is easy to see that X, is a linear subset of X and Sx ,q is a linear subset of X,,.
Let now p(T') < oo. For F,G € X, we define

D,(F,G) = ( / (dist(F(t), G(£)))Pdt)¥.

T

We easily obtain (see [8, Theorem 4.1 and the proof of Theorem 4.3]).
Theorem 2. The set X,, with the metric D, is a complete metric space.

For F,G € Sx,pq we define

dSx pq (F,G) = Dy(F,G) + Dq(FlaG/)~
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Theorem 3. The set Sx pq with metric dsy ,, i a complete metric space.

Proof. Let {F,} be the Cauchy sequence in (Sx ¢, dsy ,,). So {F,} is the Cauchy
sequence in (X,, Dp), {F}} is the Cauchy sequences in (X, Dy).
So there are F' € X,,, G € X such that F,, — F and F), — G, as n — co. We
must prove that G is a multiderivatives of F'. We have for a.e. t € T"
if
dist(F, (t + h) — hE},, Fa(t)) < |h|A;, ,(h),

we have

dist(F(t + h) — hG(t), F(t)) < dist(F(t + h) — hG(t), Fy(t + h) —
+ dist(F, (t + k) — hE., F, () + dist(F, (t), F(t))
< dist(F(t+ h), Fo(t + h)) + |h| dist(FL (1), G(t))

+ dist(Fy, (t + h) — hEL (1), F, (t)) + dist(F, (t), F(t))
< dist(F(t + h), F(t + h)) + |h| dist(G(¢), F,, ()

+ B AL, (h) + dist(F, (1), F (1)) = |hAL(h),

hF, ()

where
lim A} .
iy A () =0
The proof in the second case is analogous. O

Let now Y be Hilbert space, T' = [0,b]. Let 1 < p, ¢ < o0, %4—% = 1. We define
qu(Ta Y) = {33 € LP(T, Y) : .23/ € Lq(Tv Y)}v
where z’ is understood in the sense of vector-valued distribution,

1
W, vy = (2o @y) + 12 1 Lairy))?

for every @ € Wy (T,Y).
Let F € X,,, we define

Kppg ={fr: fr(t) € F@),[|fr(t)] = [F(t)] a-e. and fr € Wpe(T,Y)},

Xpg ={F € Xp: Kppg # 0}-
For F,G € X, we define

p(F,G) = Dp(F,G) + dist (K pq, KG,pq) + I1F] — |G|HLP(T,R)7



Remarks on the Sobolev type spaces of multifunctions 57

where
diSt(Kqu, KG,pq) =
=max( sup nf fa—blw,,ry), swpinf fla=blw,,ry))-
(s nf fa= by, sw ot = blw,,ry)
We obtain

Theorem 4. The set X,, with metric p is a linear complete metric space.

Proof. Let {F,,} be a Cauchy sequence in (X,q, p). So {F,} is a Cauchy sequence
in (Xp,Dp) hence there is F' € X, such that D,(F,,F) — 0 as n — oo. Also
{|F|} is a Cauchy sequence in LP(T, R), so there is a € LP(T,R) such that
Il Fn| — allLr(r,ry — 0 as n — oo. Next there are fr, € Kp, pq such that {fr, }
is the Cauchy sequence in Wy,,(T,Y’), so there is h € Wy, (T, Y) such that || fr, —
hllw,,r,yy — 0 as n — oo. Then fr, — h in measure, hence h(t) € F(t) and
IA@)] = [F(2)] a.e. 0

3. Generalized Orlicz-Sobolev spaces of
multifunctions

Let now ¢ be a locally integrable, convex @-function, let ¢ fulfils the A,
condition and let
inf p(¢,1) > 0.

teT
Let W:j(T) denotes the generalized Orlicz-Sobolev space (see [10, p. 66-68]),
let || - ||% denotes the norm in Wk(T), | - ||, denotes the Luksemburg norm in

L?(T) and Y = R. Let D%« denotes the generalized derivatives of orders a < k of
S Wf; (T). Let

Ximke,p = {F € Xpke : F(t) = s(t) +r(t)[—1,1] for every t € T, s,r € L(T)},

Xomke,o b = {F € Xpie : F(t) = s(t) +r(t)[-1,1] for every t € T, s,r € W;f(T)}

It is easy to see that X,,xc, and Xo,ke, o,k are the linear subsets of X and we
will be call X kc,p,1 the generalized Orlicz-Sobolev space of multifunctions.
If F' € Xinke,p,k, then we define the generalized derivatives of order a < k of
F by
DeF(t) = D(t) + Dr(t)[—1,1] for every t € T.
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Let Iy, Iy € Xpke,p,k and
Fi(t) = fi(t) + 1 (0)[-1,1],  Fa(t) = fa(t) + g2(8)[—1,1]
for every t € T. We define
p1(FL, Fy) = || f1 = f2ll& + llgr — g2l

It is easy to see that p; is the metric in Xopke,p,x and (Xonke,p,k, £1) is @ complete
linear metric space.
Let now Y = R™. We define

kac7ga7Y - {F S kac : |F| S LS"(T’ R)}
It is easy to see that X,,xc,,,v is a linear space. Let F' € X,pkc,0, v We define
Kp,={fr: fr(t) € F(t) and ||f(t)| = |F(t)| a.e.}.

It is easy to see that if g € Kr, then g € L¥(T,Y).
We define

kac,cp,k,Y = {F S kac,ap,Y : |F| € Wgﬁ(T)}
Let F,G € Xyke,p,k,y, We define
pa(F,G) = || dist(F(-), G())llo + [I|F]| = |GI[[§ + dist(Kr,p, Ka,p),
where

dist(Kr o, Kg.o) = max( s inf [la—b S inf ||a—b .
ist(Krp, Ka,p) mX(GSEEN,b&lG, lla ”L‘P(T,Y)abeb;(lgwGGIII%FWHQ e (r,v))

Theorem 5. (Xke,p,k,v,p2) 15 a complete metric space.

Proof. Let {F,} be a Cauchy sequence in (Xyke kv, p2), then (see [7, Corollary
1]) there is F' € Xk, such that

|| dist(EF,(¢), F'(t))]lo — 0 asn — oo.

Also
dist(F,(¢t), F(t)) = 0 asn — oo

in measure. So there is subsequence {F,, } of the sequence {F,} such that

dist(F,, (t), F(t)) — 0 a.e.
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Also there are fr, € KF, , such that {fr,} is a Cauchy sequence in L¥(T,Y"), so
there is h € L¥(T,Y) such that

|fr, —hll, =0 asn— oo.

We must prove that h € Kp, and h € WJ;(T). It is easy to see that h(t) € F(t)
a.e. because F,(t) and F(t) are convex and compact. Also we have

dist(F'(t), {0}) < dist(F(2), F (1)) + dist(Fn(t), {0}),

and
dist((F,(¢),{6}) < dist(F,(t), F(t)) + dist(F(t), {6}),

so we have h € K. It is easy to see that |F| € W;f(T). O

We define
Si={feL?(T,Y): f(t) € F(t) a.e.}.
Let F € Xpke,p,1,v- By Theorem 3 and Remark 1 from [7] we define the
generalized derivative of F' by the formula

DF ={Dz:x € W)(T),x € S§}.

Let 1, Fy € Xonke,p1,y, let Sp, SE # 0 and let F(t) = Fi(t) + Fy(t) for a.e.
t € T. By Theorem 4 and Remark 1 from [7] S, +S§, C SE, so if DFy, DFy # (),
then
DF; + DF, C DF.
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