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1. INTRODUCTION

Let © C RN (N > 2) be a bounded domain with smooth boundary 9. Given
pi € CY(Q), 1 <p; <p < N with

p; = inf pi(xz) and pf = sup p;(v),
e zeQ

we deal with the following quasilinear elliptic system

_Api(r)ui = fi(l',ul,’LLQ,vul,VUQ) in Q7
u; >0 inQ, u; =0 ondN, i =1,2,

where —A,, ;) stands for the p;(v)-Laplacian differential operator defined by

_Api(z)u’i = —div(|Vu,» pi(m)iQVUi), for U; € Wol’pl(x) (Q)

The nonlinear terms fi(x,u1,us, Vur, Vug) and fo(x,ur,us, Vur, Vug) which
are often expressed as dealing with convection terms, are of Carathéodory
type. Namely, for every (si, s2,&1,&) € (R%)? xR?N, we assume that f;(-, s1, s2, &1, &2)
is Lebesgue measurable in €, and, for a.e. © € Q, fi(x,,-,-,-) is continuous
in (R%)? x R?M. A solution of (1.1) is understood in the weak sense, that is, a pair
(u1,u2) € WP (Q) x Wi #2)(Q) satisfying

/ [Vu;
Q

for all p; € Wol’pi(x)(Q).

Pil@) =27, Ve, dr = /fi(l’,Ul,UQ,VUl,V'U;Q)@Z‘ dz, (1.2)
Q
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Our main purpose is to establish the existence and regularity of solutions for
quasilinear singular convective system (1.1) satisfying the assumption:

(Hf) There exist constants M;, m; > 0, and functions «;, 3;, 7,7 € C (€2), such that

’w(m))

miS?i(m)Sgi(x) < fi(x,s1,82,&1,62) < Mi(S?i(z)Sgi(x) + &1 i@ €2

for a.e. z € Q, for all 51,80 > 0 and all £&;,& € RV, i =1,2.

The dependence of the right hand side terms on the solution and its gradient
deprives system (1.1) of a variational structure. Thereby variational methods are not
applicable. Moreover, due to the presence of convection terms, even the so called
topological methods as sub-supersolutions and fixed points technique cannot be
directly implemented. Another important feature in studying problem (1.1) is that the
nonlinearities can exhibit singularities when the variables u; and us approach zero.
This occur through the following condition

(Ha,ﬁﬂ) 3
laf |+ 187 <pi —1,

and
0 <min{vy; ,7; } <max{y;, 5} <p; — 1,

where

. Joy if a;(+) > 0, . )8 if 8i(-) >0,
e {a;* ra)<o 4T {Bf g0 <o, Y

Precisely, singularities appear in system whenever one of the exponents at least is
negative, that is, min{ay, as, 81, f2} < 0. This represents a major hurdle to overcome.
This difficulty is heightened by the very emphasized singularity character of (1.1)
that stems from (H, ) when o + 87 < 0. In this case, hypothesis (Hq 5,,) is
strengthened by assuming

Hag~ If of + B <0, we have

1
|aﬂ+|5ﬂﬁma

7

and

p2(z)
Npj(x)’

Quasilinear convective system (1.1) has been rarely investigated in the literature.
Actually, according to our knowledge, [21] is the only paper that has addressed this issue
in the regular case, that is when all exponents are positive. Existence result is obtained
applying the recent topological degree of Berkovits. The virtually non-existent works
devoted to the singular case of convective systems is partly due to the involvement

0 <(x) < for x € Q.

and 0 <7;(x) <
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of the p;(x)-Laplacian operator. This fact results in the lack of properties such as
homogeneity making it highly challenging task to establish a control on solutions and
especially on their gradient. When p;(z) is reduced to be a constant, —A,, (,) becomes
the well-known p;-Laplacian operator. In this respect, by relying on the a priori
gradient estimate in [6,8], the existence of solutions for singular convective systems
have been investigated in [7,9]. Still in the context of constant exponents, for singular
system (1.1) defined in whole space RY we quote [16] while for the case of Neumann
boundary condition we refer to [15]. We also mention [2] focusing on a singular system
of type (1.1) corresponding to the semilinear case, that is when p;(z) =2 (i = 1,2).

When convection terms are canceled, singular system (1.1) was recently examined
in [1,3]. In this context, depending on the sign of «;(+) and §;(-), two complementary
structures for the system (1.1) appear: cooperative and competitive structure (see [1]).
Here, the important structural disparity of the latter makes nonlinearities f; and fs
(without gradient terms) behaving in a drastically different way. This fact has led
in [3] to consider only the cooperative system involving logarithmic growth while in [1],
a separate study corresponding to each structure is required. We emphasize that in
the present work, neither cooperative nor competitive structure on the system (1.1)
is imposed. In fact, these both complementary structures for the system (1.1) are
handled simultaneously without referring to them.

Our main result is stated as follows.

Theorem 1.1. Assume (Hy) holds. Then:

(i) under assumption (Hy g,) with of +B;7 > 0, system (1.1) has a bounded (positive)
solution (uy,ug) in Cy™(Q) x Cy™ (), for certain T € (0,1), satisfying

u;(x) > cod(z), for a constant cg >0, i =1,2, (1.3)

(ii) under assumption (Hq g~), system (1.1) admits a (positive) solution (uq,us)
in (WeP Q) n Lo (Q)) x (WeP*™(Q) N Le(Q)) satisfying (1.3).

Our approach is chiefly based on Schauder’s fixed point theorem. In this respect,
comparison arguments as well as a priori estimates are crucial to get the appropriate
localization of the desired fixed point which is actually solution of (1.1). This is
achieved through a control on solutions and their gradient which in itself represents
a significant feature of our result. At this point, the choice of suitable functions with
an adjustment of adequate constants is crucial. However, this would not be enough
without making use of the new Mean Value Theorem (cf. Theorem 6.1 in Appendix)
that is decisive to offset the lack of homogeneity property and to deal with the variable
exponents attendance. It should be noted that the Mean Value Theorem is a key
ingredient in getting the gradient estimate thus generalizing that corresponding to the
case of constant exponents problems stated in [6, 8].

The rest of the paper is organized as follows. Sections 2 and 3 establish gra-
dient estimates and a priori bounds. Section 4 deals with comparison properties.
Section 5 presents the proof of the main result while Section 6 contains the new Mean
Value Theorem.



108 Abdelkrim Moussaoui, Dany Nabab, and Jean Vélin

2. A PRIORI ESTIMATES

Let LP@®)(Q) be the generalized Lebesgue space that consists of all measurable
real-valued functions u satisfying

Pp()( /|u )P@ de < 400,

endowed with the Luxemburg norm

l[ull () = inf {T >0 ppa) (%) < 1} .

Recall for any u € LP(®) () it holds

-

[ullp@) < pp(z>(u) < ||U||p(w if ||u||p(x <1
and
[ull ) = @ if and only if py(s) (%) =1. (2.2)
The variable exponent Sobolev space W'?()(Q), defined by
Whr)(Q) = {u € LP(Q) : [Vu| € LFW(Q)},

is endowed with the norm |[ull, ,,) = [[Vull,, which makes it a Banach space.
The interested reader may consult [13,18] for more details on Orlicz—Sobolev spaces.
In the sequel, d(x) := d(z,0) denotes the euclidean distance of x with respect to the
boundary 9f2.

The next lemma is a slight modification of [21, Lemma 5.1] which will be useful
later on.

Lemma 2.1. Let k,m € L>®(Q) be two real and positive functions with m~ > 0.
k(xz)
If u € LF®) (Q) then w™®) € L=® (Q), and there exists xo € Q such that

m(zo)

[[Jul ™| s = [[ully )

Proof. On account of (2.2), the Mean Value Theorem [4, Theorem 5] ensures the
existence of zg € 2 such that

x k(x
Jul™ w9l
= p,’ff(ﬁ |||u|m(z)|| k(z) B ”qu(I) k(ﬂ;)) T
m(z) Q Hlul k()
m(2)
T k(xz
Il w o\ ||u||,€§;;>
= — k(zg) Pk(x) ||u||k(a:) ) )

o) 55 e

showing the desired identity. O
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A priori gradient estimate is provided in the next lemma. It is a partial extension
of [6, Lemma 1] to problems involving variable exponents.

Lemma 2.2. Let h € L*(Q) be a nontrivial sign-constant function and let
NS Wol’p(z)(Q) be the weak solution of the Dirichlet problem

—Apyu = h(x) in Q, u=0 on Q. (2.3)

Then, there exists a constant k > 0, depending only on p, N, and 2, such that

IVulloo < kyl|h)|2 o (2.4)
with
pi — p_ Zf ||hHOO > 17
T if Al < 1.

and integrating over {2 we obtain

/|Vu|p(“")72VuV<p dx = /h(x)go dx < /<p dx = / |VEP@—2vevy da,
Q Q Q Q

Proof. First, assume that ||h||o < 1. Multiplying (2.3) by ¢ € Wol’p(')(Q), with ¢ > 0,

where £(z) is the p(z)-torsion function defined by
—Ap)§=1in Q, £=0on .

The weak comparison principle implies [[ufo < [[£]|cc While the regularity theorem

in [12] ensures the existence of constants 7 € (0,1) and k, > 0 such that
||u||cu(§) < Ky

Now we deal with the case ||h|loc > 1. By Theorem 6.1 in the Appendix, there
exists xg € () such that

/'V |h||” L u)POEV ([R5 T w) Ve da

—(p(z)—1)
/|\h||oo” | Vu|P®2VuVe da

—(p(zg)—1) —(p(zg)—1)
= [|h)joo® /|vu|P<m>*2vuw dz = ||h]jee /h(x)go dx
Q

-~ -1
snhuo:**/ sod:cf/nhn wd:v</</)dw-

Q

Thus, in view of the previous argument, it follows that

—1

1Rll3e ™" Julr,a < kp,

showing that (2.4) holds true. This ends the proof. O
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The case when h in (2.3) is not an L*°-bounded function is handled in the next
lemma which provides an a priori L*-estimate of solutions for (2.3).

Lemma 2.3. Assume h € L¥' ) (Q) N LN(Q) in (2.3). Then, there exists a constant
C > 0, depending only on N,p and 2, such that

lulloo < C B E g (2.5)

with

Pt [l v gy < 1.

Proof. For each k € N, consider the set Ay, = {z € Q : u(z) > k}, where u is the
solution of (2.3). Thus, to prove (2.5) amounts to show that

. {p_ if 1Pl v ) > 1,

|Ai| =0 for any k > ko,

where
Ko i= CIhI (2.6)

with a constant C' > 0 that will be chosen later on. By contradiction assume that
there exists k > kg such that |Ay| # 0. Testing (2.3) with (u — k) leads to

/ |Vl do = /h (@) (u = k) e < bl v oy | =B) || v a2
Ay

One has

/ VP da > |Vl [l

Lr~ (A}) LP+ Ay’

where A, = A, N{|Vu| > 1} and A} = A, N{|Vu| < 1}. Hélder’s inequality together
with classical Sobolev and Lebesgue embeddings imply

=)l < €1 [ [Vl
Ay, (2.8)
< 01 (14017 19l ) + 1421 F 19l ) ).

as well as

_pEtoa +_
IVull? e ey 2 V0l ey IVl ) | AF 5 7

v (A%)
_ —Tpi* £_
2 ||VU||Lpi(Aki)(Cl 1||U||LN’(A§)|A§| )t (2.9)

C1p gk - o
> [[Vull gt a2y (O KA Y= )P,
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for a certain constant Cy > 0. Then, gathering (2.7)—(2.9) together, we infer that

p—

S = Gl 141

IVl o 4oy | (O RIAL Y
( k)

et et (2.10)
HITUls gy (€AY 5770 = il 4157 | <0
Now, fix C' > 0 in (2.6) as follows
C = max{C? P}~
Then, for k > kg, it follows that
R g Lt
(CTMHAE 5 G bl 14215 | 20

which contradicts (2.10). This completes the proof. O

3. AN AUXILIARY SYSTEM

For each (z1,22) € Wol’pl(x)(Q) X Wol’m(w)(ﬂ), we consider the auxiliary problem

—Ap,(oyui = fi(®, 21,20, V21, Vzz) in Q
_ c (P(ZI»Z2))
u; =0 on 09, i =1,2.
Lemma 3.1. Assume (H, g.,) holds. Suppose that
zi(x) > ed(x) and [|[Vzilp, @) < L, (3.1)

for some constants ¢, L > 0 independent of z, and zy. Then, for L large enough,
problem (P(., .,)) admits a unique solution (uy,uz) in Wol’pl(w) () x Wol’pz(w)(Q)
satisfying }

IVuillp, ) < Ly i =1,2. (32)

Proof. First, we claim that
fi(, 21,22, V21, Vag) € LPE Q) N LN (Q), for i =1, 2. (3.3)
We only show that f; € LPi(*)(Q) in (3.3) because f; € L™ (Q) can be justified similarly
by substituting pj(-) with IV in the argument below. By (Hy), we have
Hfl ('7 21, %2, V’Zlv sz)”p’(ac)
<M ai(-) Bi() ' \v4 vi () v 5:(4) (34)
< M; (112805 gy + 1V Oy ) + (192270 ) -

Lemma 2.1 together with (H, 5 ) imply

i (z11
¥ (@)p; ()

))

i () Lt V22

vi(z)p

e

%(-)H + HWZQ@(-)H =V

pi(@) pi(x) (3.5)
(x
(

p(@) T IV2llp ),

< C(|Vz

i
P2
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for certain ), z} € Q and a constant C' > 0. From 3.1 we have

I(
1225 Oy < S IIC

It

By (H,.5.), Holder’s inequality gives

d(-))> Hﬂ”n , ifaf, Bt <0,
d(-))™ >@ W/U if af <0< p;,
()P OOy 1B <0 <af .

Qv v D

||(5d( ))‘“(')“37‘(') P (2) if o, B <0,

@) v 25 W if e <0< By,
W B (x)

||(5d(.))m<->u v IOl i B <0< o

Ny (0)ai@ i)

1251025y 0y < Co

(3.6)
Observe that

/ () @ @B @) gy
Q

_ / ()@ @A) gy 4 / () @ @R gy
(a>1) {a<1)
<10+ / d(z) D@ gy,

{d<1}

Then, owing to [20, Lemma on page 726], which is applicable since (o +8;7) (p) T > —1
(see (Ha,p,y)), we infer that

/ d(2) @B gy < oo, (3.7)
Q

Thence, from (2.1), we derive that
(@) OOy 4y < 0. (3.5)

On account of (Hy,,,) the same conclusion can be drawn for the cases a;” < 0 < 8,
and ﬁj < 0 < «; . Hence, a similar argument as above produces

@ O w5 (@O v < oo (3.9)

N7 (@) B (@) NPl () e (2)
Reporting (3.8)—(3.9) in (3.6), by Lemma 2.1, there exist x}, 2% € Q such that

Hzili(-)zzﬁi(-)llp o) < Ci(1+ ”Z\ai( )IH o + ||Z|B1( )||| . (m‘)

— L+ Pl D,

9
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where C; > 0 is a constant. The Sobolev embedding Wy **™)(Q) < LV'(Q) together
with Holder’s inequality lead to

125025 Vg < CrL+ IVl G + 1922, (3.10)

for some constant C; > 0. Gathering (3.4), (3.5) and (3.10) together it follows that

Ilfi (-, Zl,ZQ,VZbVZQ)”
< Co(1 + ||V ||l i)

p1(z)

7 (2) (3.11)

[29450) ) )y,

1
p1(x) p2(x)

P2 Z)

for certain constant Cy > 0. Repeating the argument above by starting in (3.4) with
N instead of p}(-) and by using (Hu g,), we get

Hfl ( 215 %2, vzh v‘Z’VZ)HN

< G+ IVl P 4 Va2 v 0 VTG (312)
max{|a; (& (2 max{|8; (& T
< 02(1 v H gl (@5)]v:(28)} +|V2 sz xgl (@5)],7;(2 1)}>

where Cy > 0 is a constant. Hence, on the basis of (3.1), the claim follows.
Consequently, the unique solvability of (P, .,)) comes directly from the
Browder—Minty Theorem (see, e.g., [5]).
The task is now to show that the estimate (3.2) holds true. Thanks to Lemma 2.1,
there exist ) € Q such that
) / Vi

Testing (P, .,)) with (u1,uz), Holder’s inequality and the embedding

IV,

pie (3.13)

Wy (@) — LN (Q)

entail

pi(z)dajﬁ/fi (z,21,22,Vz1,Vzo) urde

Q

< Co |fi (-, 21, 22, V21, V22) || 5 | Vs

(3.14)

pi(z)s

for a constant Cy > 0. Combining (3.13)—(3.14) with (3.12) and bearing in mind (3.1),
one derives that

1

||Vu1 pi(x) S [COHfZ( Zl,ZQ,VZl,VZQ)” ]m(ri) !
< 03(1 + ||VZ ||max{|az(12)\ i (25)} + ”V Hmax{lﬁ ()7, (Il)})pl(z(l) 1

p1(z) p2(x)
< 03(1 + [max{los(23)],7i(#0)} 4 [ max{|Bi(#3)], vl(ﬂcl)})m(u) <[,
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provided that L > 0 is sufficiently large, where C5 > 0 is a constant independent of z;.
This is possible because, according to (Hq g,), one has

max{|ai(25)], 18:(23)], 7i(26), 7:(21)} < palah) — 1.
This completes the proof. O
Lemma 3.2. Under assumptions (Hy) and (Ha.5.4), for (21, 22) satisfying (3.1), there
exists a constant L > 1 independent of z; such that every solution (uy,uz) of (P, z,))
belongs to L (2) x L>=(Q) and satisfies the estimate
luill oo < L. (3.15)

Proof. Tt is a direct consequence of Lemma 2.3 where (3.12) as well as (H, 5) and
(3.1) are used. O

4. COMPARISON RESULTS

Let &,&.5 € CH7(Q), 7 € (0,1), be the solutions of the Dirichlet problems

—A,(&i(r) =1in Q, &(xz) =0 on 0N (4.1)
and
N {1_1 12 3295 . Eis(z) =0 on dQ, (4.2)
where

Qs ={z €eN:d(z) <d},
with a fixed § > 0 sufficiently small.

Lemma 4.1. There are constants 7 > 0 and c1,kp,, kp, > 1 > co such that
cod(z) <& s(x) < &i(x) < crd(z) for all x € Q (4.3)

and
isllonr  I€llonr < ko i = 1,2 (4.4)

Proof. From (4.1) and (4.2), it is readily seen that & s(x) < &(z) for all z € Q,
for ¢ = 1,2. The Strong Maximum Principle together with [1, Lemma 3] entail
&i5(x) > cod(z) in Q, for § > 0 sufficiently small in (4.2) while, invoking Lemma 2.2,
we infer that (4.4) holds true. Moreover, using (4.4), a similar argument to that in the
proof of [9, Lemma 3.1] shows that the last inequality in (4.3) is verified. This ends
the proof. O
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For a constant C' > 1 set
u; = C_lfi,(; and wu; = C¢;. (45)

We claim that 7; > u; in Q. Indeed, observe, from (4.1) and (4.2), that the integrals

/ V& 5P 2VE; 5V s da, (4.6)
Q\Qs
_/|sz‘,slpi(w)_2v&,5v% dz, (4.7)
Qs

pi(m)*QV&Vgpi dx, (48)

Q/ 3

are positive for all ¢; € W, * @) () with ¢; > 0. This is crucial so that Theorem 6.1 in
the Appendix is applicable. By (4.5) and thanks to Theorem 6.1, there exist z},z? € Q

such that
/ |V,
Q

= /C*(pi(w)*1)|v€i5
Q

Pi®) =29y, Ve, da

Pi@)=2g¢, sV, d

_ / C_(p'i(gﬂ)_l)|V£Z-,5|p"(’3)_2V&,5V90¢ dr
Q\Qs
_/(_C—m(z)—mwgi’é
Qs

_ -(iah-1) / V€, 5P @D=2VE, sV p; da

Q\Qs

_ o)D) /(—\V&,a

Qs

P=2VE 5V ) do

pi(z)iQVfi,(;V(pi) dzx.

Using (4.2) we obtain

/|V@i|pi(x>—2v%v% do — O—®iEH)=1) / o da — C—(pi(x?)—n/% da
Q

Q\Qs Qs

<o~ D / w; dx — c~® -0 /cpi dzx.
Q\ﬁg Qs

(4.10)
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Again, Theorem 6.1 and (4.1) imply

A YA

/ |V,

Q

:Cpi(r?)*l/wfi
Q

> vt / V&
)

POV Ve, de = /Opi(x)ﬂWfi
0

P2V dr

P@2YE Vg, dr = O ) / o1 d,
Q

for certain 29 € Q. Then, combining (4.10)—(4.11) together implies

/ |V,
Q

p"(z)_QVgngoi dr < /|Vﬂi|pt(r)_2VUiV<pi dx,
Q

(4.11)

for all p; € Wol’p"'(x)(Q) with ¢; > 0, provided that C' > 0 is large enough. This proves

the claim.

Set

R = max{l, k. },

(4.12)

where k,, and kp, are given by (4.4). The following results allow us to achieve useful
comparison properties.

Proposition 4.2. Assume (Hy,g.5) is fulfilled with o + 87 >0 (i = 1,2). Then, for
C > 0 large enough in (4.5), it holds

OO ol g >0
Ay <mi QT Py ifaf <0< 7 inQ,
gt;i(z)ﬁgi(r) Zf ﬁ:r <0< Ck;

7O s B >0

(4.13)

— Ay ()T > 2M; (RO 05T M, S @ @7l @ raf <0< B7 in Q, (4.14)

ﬂiw(:p)ggi(w) if B <0< a;

where R > 0 is provided in (4.12), fori=1,2.
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Proof. Assume «; , 37 > 0. From (4.5) and Lemma 4.1, we have

mi/ﬁi(m)ugi(w)% dr = mi/C*(‘“(””Hﬁi(m))f%(m)ézﬁﬂs(x)wi dz
Q Q

> m; / (Cg V)~ (el +8:(w) g ) s @48 . g

Q
(4.15)
> my(Ceg )~ 0D | ged ol / @i dz+/d(x)ai(:”)+ﬁi(x)w dz
O\ Qs Qs
> - -1 / o dz — O~ 1) /% dz,
Qs Qs

for all ; € W™ (Q) with ¢; > 0, i = 1,2, and for C' > 0 large enough. Thus,
combining (4.10) together with (4.15), we infer that

/ |V,

Q

Q

for all p; € Wol’p"(x)(ﬂ) with ¢; > 0, for ¢ = 1, 2. This proves the first case in (4.13).
Next, we show (4.14) for o , ;7 > 0. Using (4.5), (4.12), (4.1) and (4.11), it follows
that

M, / @ Py @ 4 2(RO)mOT A g, da
Q

_ Mz /(Cal(z)+ﬁ1(m)£10éz(x)£25z(x) +2(Rc)max{7;,"yf})wi dz
Q

IN

[t 45 Re ameyst ga
Q
< MR max{caj'-‘r,@f’cmax{’ﬁﬁ_f?}}/SDZ. dz
Q

<crt / pi do < / V[P D2V, Ve, da,
9] Q

for ¢; € Wol’pi'(m)(Q) with ¢; > 0,4 = 1,2, and for C > 0 large enough.
Now, we deal with the other cases in (4.13) and (4.14) with respect to the sign of
the exponents. We only prove the inequalities corresponding to the case a;r <0< B;
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because the complementary situation ﬂj < 0 < a; is carried out in a similar way.
So assume o < 0 < B;. On account of Lemma 4.1 and (H,,5) one has

Q

_ _ _ + o
> oo ,g:rRai (Coé)ﬁj / o; dz 4+ C 7B:rcgi Ci‘i /d(x)ai(z)Jrﬁi(m)@i dz
O\ Qs
>~ b / w; do — c—w/ -0 /cpi dz,
Q\ﬁé Qs

for all ¢; € Wol’pi(w)(Q) with ¢; > 0, provided that C' > 0 is large enough. Then, on
the basis of 4.5, (4.1), (4.2) and (4.10), one gets

m; Etllq‘,(:c)ﬂgi(m)@i dz > /|vﬂi|pi($)_2vﬂivwi dz.
Q Q

Next, we show (4.14) when of < 0 < B;. By (4.12), (Hap), (3.15), (4.3) and
Lemma 4.1, it follows that

M; / (uy " 4 2(ROY™ 0TI gy da
Q

—ai(x () i (T (T max{vy. 7"
— M, / (Co@HB@ D efi®) 4 o(RC)max (8T )y dar
Q

(4.16)
_ _ + - _
< M;,C~% +87 (cpd)“ R / w; dz + cfl cg" /d(x)o‘i +Bi+goi dx
Q\ﬁé Qs
+ Q(Rc)max{ﬁ’ﬁ})/% dz < CP: 7! /%‘ dz,
Q Q

for ¢; € WO1 P i(w)(Q) with ¢; > 0, provided that C > 0 is large enough. Thus, gathering
(4.11)—(4.16) together yields

/ IV, [P )2V, do > M, / W @@ 4 o(rOym T A N pyde. O
Q Q

Proposition 4.3. Assume (Hu ) is fulfilled. Then, for C > 0 large enough in
(4.12), it holds
Lo ifaf <0< B
~Ap @y < mi § L™ if B <0< ap inQ, fori=1,2,
Loi T8 if a;",ﬂ;— <0

where the constant L > 1 is provided by Lemma 3.2.
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Proof. Assume o; < 0 < ;. The case ;7 < 0 < a; can be handled in much the
same way. By (4.5), (4.3) and (4.10), one has

mi/L Cub P idr = m L /(C 1,5)" P pyd
Q

>mL°‘C’5/COd NG @) i d
Q

> m L% C5 ((cg8)P / oidr + / (cod())P"® pdz)
O\Qs Qs
> /|vﬂz
Q

for all ¢; € Wol’pi(w)(Q) with ¢; > 0, and for C' > 0 large enough. If o, ;7 < 0, from
(4.10), it follows that

Q O\ Qs
Z/|vﬂi
Q

for all ¢; € W&’pi(z)(Q) with ¢; > 0, provided C' > 0 is sufficiently large. This ends
the proof. O

pi(e)—2 Vu,Vp;dz,

pi(®)-2 v@zv¢ldxa

5. PROOF OF THE MAIN RESULT

5.1. CASE o] 4+ 8;F >0

Using the functions in (4.5) as well as the constant R > 0 in (4.12), we introduce the
closed, bounded and convex set

Ke = {(yl,yz) € C’é(ﬁ)z tu; <y <0 in Q and [Vl < CR} )
Define the map
T:Kc — C&(ﬁ) X C’é(ﬁ), (21,22) = T(21,22) = (Ul,u2)(z1,z2)»

where (uy,us) is required to satisfy (P(., .,)). It is worth noting that solutions of
problem (P, .,)) coincide with the fixed points of the operator 7. To reach the
desired conclusion, we shall apply Schauder’s fixed point theorem.
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For (z1,22) € K¢ we have
ar @u i ap, B >0,
LI T T P
ﬂtlli(ﬂc)ggi(l') if 5:‘ <0<o.
In 2, using (4.5) together with Lemma 4.1, we obtain
Caﬁﬁjd(x)m(x)wi(x) ifo;,B; >0
Z(lu(w)zgi(x) < C—a[-&-ﬂfd(m)ai(“?”ﬂi(m) if a? <0< B
CoT B d(z) s @FBE) i B <0 < af
Cajwjdiam(g)ai(x)%i(w) ifa; ,87 >0
C—af+5i+diam(ﬂ)ai(w)+ﬂi(m) if off <0< B/
Caffﬁ[ diam(Q)ai(ﬂf)Jrﬂi(z) if 5:‘ <0<aq;.

IN

Thus, we derive from (Hy), (4.5) and Lemma 4.1 the estimate

|fi(x, 21,22,V21,V22)| < Mi(z?i(w)zgi(w) + |V21|7i(x) + |Vz2|:”(x))

_ 5.1
< MOl 1+IBEI Ly 4+ 20M; (CR)™»<{% %} in Q, (5.1)

where constant Ly > 0 is independent of C.

Consequently, the unique solvability of (u1,uz) in (P, .,)), which is readily derived
from Minty Browder’s Theorem (see, e.g., [5]), guarantees that 7 is well defined.
Moreover, the regularity theory up to the boundary in [12] yields (uy,u2) € Cy ()2
for certain 7 € (0,1) and a constant R > 0 such that it holds

luillgr. @) < B (5.2)
Proposition 5.1. K¢ is invariant by the operator T .
Proof. Using the fact that z1, 20 € K¢, it follows that
w6 BT >0
Zlai(I)ZQBi(I) > H‘f‘i(“”)ggi(z) if of <0< g inQ.
WS gt <0 < af
Then, bearing in mind (Hy) and Proposition 4.2, the weak comparison principle entails
uy <y; < and wuy, < ug < Ug in Q. (5.3)
On the other hand, since max{|a;|+|85],7;7, 7"} < p; —1, it follows from (5.1) that
|fi(z, 21,22, V21, Vza)| < (CR)P: 1,
provided that C' is sufficiently large. Hence, thanks to Lemma 2.2, we infer that
Vil s [[Vuz|, < CR. (5.4)

Consequently, gathering (5.2)—(5.4) together yields (u1,us) € K¢, showing that
T(Kc) c Ke. O
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Proposition 5.2. T is compact and continuous.

Proof. On the basis of (5.2) and the compactness of the embedding C1'™(Q) C C}(Q)
we infer that 7(CZ(Q) x C2(9)) is a relatively compact subset of Cg(Q) x C(Q). This
shows the compactness of the operator T .

Next, we prove that 7T is continuous with respect to the topology of
CH() x CH(Q). Let (21.n,22.n) — (21,22) in CL(Q) x C3(Q) for all n. Denoting
(1, u2.n) = T (21,n, 22.0), we have from (5.2) that (uj n,u2,) € CH7(Q) x CL7(Q).
By the Ascoli-Arzela Theorem, there holds

(U1, u2,n) = (ur,u2) in C’é(ﬁ) X Cé(ﬁ).
On the other hand, for zy, zo € K& one has
fi(@, 21,0, 22,0, V21,0, Vaon) = fi(x, 21,22, V21,V22) € WP @) ().

Thus, we conclude that 7 is continuous. O]

5.2. CASE o] + 3 <0

Using the functions u; (i = 1,2) in (4.5), the W1 (®)_ gradient estimate L in Lemma 3.1
as well as the L*°-bound L in Lemma 3.2, we introduce the set

165 =4 (y1,92) € H W()Lpi(z)(ﬁ) tu; <y < Lin Q and [[Vy,|
i=1,2

piw) =L

which is closed, bounded and convex in Wy "™ () x Wo*™*)(Q). Define the operator
T:Kp = Wy O @) x Wy @), (21, 20) = T(z1,22) = (ua,us),

where (u1,uz) is required to satisfy (P., .,)). On account of (4.3), (4.5) and Lemma 3.1,

we deduce that (u1,us) is the unique solution of problem (P(;, .,)). Then, the map T
is well defined.

Proposition 5.3. The set l@i is tnvariant by the operator T.

Proof. For any (21,2) € K;, combining (H;) with Proposition 4.3 we derive that
u; > u,; in Q (i =1,2). Moreover, Lemma 3.2 implies that u; < L while Lemma 3.1
ensures that there exists a large constant L > 0 such that [|Vy[,, ) < L. Hence,

u; € K; establishing that T(K;) C K;. O
Proposition 5.4. The map T is compact and continuous.

Proof. Let (z1,n, 22,n) — (21,22) in Wol’pl(x)(Q) X Wol’m(x)((l), that is,

(Zl,na Zg)n) — (2:1, 22) in Lp1(x) (Q) X LPQ(;C)(Q)
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and
N N
(V21m, Vo) = (Va1,Vaa) in (270(Q)) x (1720(@))

with (21, 22,) € ICE. According to [14, Theorem 2.4], the whole sequences (21, 22.5,)
and (Vzy p, Vza,,) converge in measure to (21, 22) and (Vzy, Vzz), respectively. Con-
sequently, given that the function f; is of Carathéodory type, one can write

fi(x, z21,n(x), 22.0(), V21 n(2), V2o n(x))
— fi(x,z1(x), 22(x), Vz1(x), V2o (z)) for a.e. z € L

Again, [14, Theorem 2.4] ensures that (Vz1,,Vza,) converges to (Vz1,Vza) in

modular, that is
lim Pp;(x) (Vzi,n - vzz) =0,

n—roo

or equivalently
(IV21m — V2 PP Vg, — V2o |P2)) 5 0 in LY(Q) x LY(Q).

Then, there exists a subsequence (|Vz p, — Vzl\pl(z) AVZzan, — Vzl\pz(x)) and posi-
tive measurable functions (g1, g2) € L*(Q2) x L1(2) such that

{v (&) — Var (@)™ < gi(x)

fora.c.z €. 5.5
‘V'Zz,nk (z) — VZQ(I)‘Pz(m) < ga(2) or a.e. x (5.5)

Here, it is worth noting that z; € [u;, L] since z; ,, € [u;, L] . Moreover, from Lemma 4.1
and (4.5) it holds

gfi(r)ggi(z) if o, 87 <0
Ziin(m)zg:’rgr) < Ei)ﬁ(x)Lﬁl(m) if Oé,j_ <0< B
L@y gt <0 < oy

(5.6)
d(m>a1($)+ﬁi(w) if a:r7ﬂi+ <0
< My { d(x)* ) oy <0<
d(x)ﬁi(m) if ﬁj_ <0<ay,

for a certain positive constant My := My(L, C, co, a;, 5;).
Assume that af 4+ 5 < 0. On account of (Hy) and (5.6), we deduce from (5.5)
that

vi(z) + %‘(w))

[ (@, 21,m 22, Vo1, V)| < Mi(2in D 2587 + (Va1 + Vs,
< (K@) + {on @7 + 12} + (@@ + va)" ).
where
(Gd(z)) @) +6:(@) if F LB <0,
K(z) = { (ed(a))* ) ‘zzﬁf,iz) if af <0< fB7,
|55 @ty @ it g <0< a;.

oo

a;(z)
1,n
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Setting
Gi(2) = Mi(K(@) + {g: ()7 + |vz1|}%(z) +{r@= + |v22|}%(x) )

we claim that G; € Lp;(z)(Q). Indeed, since gi,go € L(Q), it is readily seen that

vi (@) p1(=)

{gl(iﬂ)ﬁ + IVzl\} € L7 (Q) (5.7)
and ¥i(x) (@)
YilZ p2(x

{p@)7 + 192} e 15O (). (5.8)

Assumption (H, 5.) ensures that the embeddings

p1(z) p2 (=)

L@ (Q) < LP®)(Q) and L7@ (Q) < LP®)(Q)

hold true, while (H, g ~) together with an argument similar to (3.7) guarantee that

/K(m)pg(m)dx < o0. (5.9)
Q

Then, gathering (5.7)(5.9) together we conclude that G;(z) € LPi(*)(Q), showing the
claim.

The generalized Lebesgue’s Dominated Convergence Theorem (see [10,
Lemma 3.2.8]) implies that

fi (@, 21 00 22,00 VZ1mp> V22,n,,) = fi (@, 21,22, V21, V22) in LPi®) ().

The convergence principle implies that the entire sequence ( f; (z, 21,0, 22,0, V21,0, VZ2,n))
converges to f; (z,21,22,Vz1,Vz2) in Lp'/i(x)(Q) — W‘LP;(’”)(Q), showing the conti-
nuity of 7.

Furthermore, it is worth noting that the operator 7 can be written as

Ti= (L7 o®y, L3t o®y),

where L; = —A,, (z) and ®4(21, 22) = fi (v, 21, 22, V21, Vo) for all (21, 22) € I@I:. Thus,
the compactness of the embedding L?:(*)(Q) < W~1Pi(®)(Q) implies that ®; (Kp) is
a relatively compact subset of W’LZ";(@(Q)7 hence the compactness of ®;. Therefore,
the boundedness of £; ! (see [19, Theorem 3.2]), leads to the compactness of 7. The
proof is completed. O

5.3. PROOF OF THEOREM 1.1

By virtue of Propositions 5.1 and 5.2 (resp. Propositions 5.3 and 5.4), we are in
a position to apply Schauder’s fixed point theorem (see, e.g., [24]) to the set K¢
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(resp. K;) and the map 7 : Ko — K¢ (resp. T : K; — Kj). This ensures the
existence of (uy,uz) € Ko (resp. (u1,uz) € K satisfying (uy,ua) = T (u1,us) (resp.
(u1,uz) = T (u1,us)). Taking into account the definition of 7 (resp. 7)), it turns out
that (u1,us) € CH7(Q) x CL7(Q) for certain 7 € (0,1) (resp. (u1,us) € (Wol’pl(m)(Q)ﬂ
L®(Q)) x (W2 (Q) N L=(Q))) is a (positive) solution of problem (P). Moreover,
because the solution (uy,us) lies in K¢ (resp. K;), Lemma 4.1 implies that (1.3) is
fulfilled. This completes the proof.

6. APPENDIX

Denoting B; the unit ball and S; the unit sphere of RV, let ¥, II. : RV — R be
sequences of mollifiers defined for € > 0 by

U.(2) = (%) and IL(z) = eiNH (%) (6.1)

with ¥ : By — R a bump function satisfying

\I/(az:):C_le_lf\lﬂﬂ\é7 C:/e_lf\lw\gdx, and Hzé_lﬂ',

By

where m € C(By) is the solution of the problem

{Aﬂ' =1 in By,

=0 on Sy,

and C = [, 7(x)dx. Both the functions ¥ and IT satisfy

/\Il(gc)dx _ /H(:z:)dx _1 6.2)

RN RN
The Mean Value Theorem is stated as follows.

Theorem 6.1. Let u € W&’p(x)(Q) be the solution of a nonlinear elliptic equation of
the form
—Apyu = h(x) in Q, u=0 on 99, (6.3)
where h is a sign-constant function. Let f : Q — R be a Lipschitz continuous function
satisfying —oo < m < f(x) < M < oo for some constants m, M. Then, for any
sign-constant function ¢ € Wol’p(m)(Q), there exists a real v € [m, M|, depending on ¢,
such that
/ f(@)|VulP D =2VuVds = ~ / h(x)pdz. (6.4)
Q

Q
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Remark 6.2. Actually, equality (6.4) shall be proved for any nonnegative function

¢ € C5°(9), and the generalization to Wy () is deduced by a density argument.
Also, without loss of generality, we will assume that h is nonnegative, because otherwise,
instead of (6.3), we consider the problem

—Apyu = —h(x) in Q, u=0on 09,
whose solution is & = —wu. Similarly, we will assume that ¢ is nonnegative.

Proof of Theorem 6.1. Inspired by [4], the proof of (6.4) is divided in four steps.

Step 1. For any functions f, g : RN — R, denote % the classical convolution product
defined by

fxg(z /fx—z z)dz, for any x € Q,

and set
¢E :¢*H€7
Qy) ={z € Q| f(z) <y}, ye&[m,M],
Qe ={x € Q|d(z,00) > €},

te(y) = Lawna. * Ye

(6.5)

Let F., F, : [m, M] — R (e > 0) be the functionals defined for any nonnegative function
¢ € C5° () by

Fuly) = / Gesiy (#) (@) [VulP D -2VuV,dz,
Q
/ ac @) (@) [VuPP 2 VuVedr,
Q

where u refers to the solution of problem (6.3). We claim that

M
11_1}(1) / /de6 (6.6)
m

m

Indeed, let P, = {m =yo < ... <y, = M} be a partition of the interval [m, M] such
that N =y — yr—1 = 6 < n, and let y}, € [yx—1, yx]. We check that

n

S [Futon) - Fulonn)] - 3 vk [Futwn) — Fulur)
k=1

k=1

. (6.7)
= Z/ — i) ae.0, ()| VuP D2 VuV ¢ dr| .

k:l
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with
Qe ={z € Qyp—1 < f(2) <y} = Qyr)\2yr-1)
and
e, Q. = Ge,Qyr) — Pe,Q(yr—1)"
For any = € Q, N Q¢ + B(0), there exists (y, s) € O NQe X Be(0), such that x =y +s.
From the Mean Value Theorem, and the C-Lipschitz regularity of f, we infer that

[f (@) = vil < [f(y+ ) = F@ + 1f () = vil < Clsl + lyr — yp—a| < Ce+n.

Since a¢,0(y,) = e,o(m) = 0, and ac q(y,) = de,o(mr) = e, it holds

Za679k (x) = acalx). (6.8)
k=1

Gathering (6.7)—(6.8) together leads to

n

Z{Fé(yk) F (yp— 1} Zyk Fe(yr—1)]
k=1 (6.9)
< (Ce+n) /aE,Q|Vu|p(:c)fl V| de.

Q

Observe that

lig(l) ae.0(y) = Law) (v € [m, M]) and lli% Vo =V¢ a.e. in Q, (6.10)

see for example [11, Theorem 7, page 714]. Thus, (6.9)—(6.10) together imply

n n
tim Jim |3 [Foln) = Foloen)| = D vk [Felon) = Felyen)]| = 0.
k=1 k=1
This achieves the proof of (6.6).
Step 2. After integrating by parts, we may write that
M M
[ viF(0) = . 00) ~ mE, )~ [ Fy)dy,
which implies, according to (6.6),
M
tim | (F.(01) — Fo(m)) — | ME(M) — mE.(m) - / Fdy || =0.  (6.11)
€E—

m
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By definition of F. and F, (6.11) becomes

lim /ae’g(x)f(m)|Vu|p(x)_2VuV¢edx

e—0
Q
-M /GG)Q(.’IZ‘) |Vu[P@ =2V uV ¢ dx (6.12)
Q
M
—l—/ /a€7Q(y)(.’L') \VuP@=2VuVé.dz | dy| = 0.
m L

By the way, ac o) = e, — Ge,0\0(y), SO from (6.12) we obtain

lim /ae,g(x) f(@)|VulP2VuVp.da

e—0
Q

-m / ae.o(z) |VulP@2VuVé.de (6.13)
Q

M
—/ /ae’g\g(y)(x) |VulP@=2TuV ¢ede | dy| = 0.
m  LQ

Step 3. Set A(y) = Q(y) (resp. A(y) = Q\Q(y)). Assume that ¢ > 0 is constant in A(y).
Then from the Dominated Convergence Theorem and (6.10) we get

M
lim / e A (@) [VulP P 2VuVeda | dy

e—0
m  LQ
M

= / /]lA(y)(a:) |VuP@=2TuV¢da | dy = 0.
m  LQ

(6.14)

Now suppose that ¢ is not constant in A(y). For (e,y,¢) € R} x [m, M] x (C§°(2)) +
fixed, we claim that there exists a nonnegative function ®., € Wy ") () such that

V&, = acan)Voe ae. in Q. (6.15)
Indeed, consider the singular quasilinear elliptic problem

—Av = —l|ac ae) Vo[> vt = 2div (ac 4 VPe) in Q,
v>0 in 9, (6.16)
v=20 on 0f.
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Here, the divergence of the vector ac 4(,)V¢. must be interpreted in the classical
sense, which is possible since the convolution ¢. (resp. ac, a(,)) involves the function ¢
(resp. ¥.) which is infinitely differentiable. We are going to prove the existence of at
least one solution for (6.16) in the sense of distributions, i.e., there exists v, € H}(Q)
such that

/VWEV&Zx =_ / |aE’A(y)V¢€|Qv;1§dm — 2/div (ae’A(y)que) &dx
Q Q Q

for every £ € H ().

Ezistence of a solution for (6.16). Define
ae(x) = ‘ae,A(y)V(belv
be(l‘) = div (ae,A(y)vd)e) )
K.={weCiQ):v, <w <.},
v = A2,
Te = max{Ae 29l oc, [[belloo X[l }
fe(z,2) = —a?(z)z"" = 2b.(z), z€ K,

€

d(x) = Lagy) (x) mlﬂ /¢>~’C*€ydy,

where 9, x € C}(Q) are respectively the solutions of the problems

~Ap=¢ inQ ~Ax=1 inQ
v=o ol o X R (6.17)
=0 on 0§, x=0 on 0§,

see [22, Proposition 2.1]. The fact that ¢ > 0 is not constant in A(y) implies that QAS is
a positive nontrivial function, hence the existence of A > 0 such that

d(z) < Mp(z) forall x € Q, (6.18)

with d(z) := d(z,09Q), see [23, Theorems 1 and 2]. Let z € K, consider the auxiliary
problem

(6.19)

—Av = f(x,z) inQ,
v=20 on 0f).

Following the ideas of [22], we prove that f. € L%(2). Indeed, due to the classical
Mean Value Theorem, the estimation a. 4(y)(7) < [[Vae a(y)llood(x) with (6.18) imply

0221 < 627! = |aae) Ve PO T120) 7L < /2| Va, ag ol Vol (6.20)

hence a2z~ € L4(Q) for any ¢ > N. Consequently, f. € L4(Q2), and from [22,
Proposition 2.1] there exists U, = Az € C} () satisfying (6.19). Since the mapping
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S K. — L1(Q), defined by Sz = fc(z,2), is continuous and bounded, it follows
from [17, Lemma 2.1] that A : K. — C3(2) is compact. It remains to prove that
A: K. — K.. Indeed, let z € K, and 0. = Az. Then —A¥ < ||belloc = —A(||bellcoX),
X defined in (6.17), which implies according to the weak comparison principle that
Be < |Ibelloox < 7.

Now to prove that v, < ¥, we proceed as in [17]. Let

By={x e Q: f(x,)) < Asd(x)} (5>0)
and let v, . be the solution of the problem

fe(z,v,) in B,

- =0 on 99.
Aso(z)  in Q\By ' ! on

—Av = sflf&e(:c,gs) =g! {

Notice that —Ave = fe(x,2) > fs.(x,v,) = —A (svs,), and from the weak comparison
principle we have 9. > svs .. Also, setting vo = A, 9 defined in (6.17), then vy satisfies
—Awg = Ag. From [17, Lemma 2.1], and using (6.18) and (6.20), there exists C' > 0
independent of v, . and vy such that

[vs,e —volcr < C Hs_lfs,e - MA’Hq
1/q
—C B/ ’3_1[—‘13(93)221 — 2be(x)] — /\Qg(f)‘q dx (6.21)

< CIBJM (57 [/ Vae ag) o V6% + 2belloc | + Aldlloc)
< C|B,|V M,

where
Mye=s7 V2Vl IVEIIZ + 267 VY lloo I Vlloo + 20 Adllc] + Alld]loc| Bil-
Also, from (6.18), we check that
De > sv5e = As (A wg — A7 Hug,e — volerd(z)) > As(1 — |vse — volen)Y.  (6.22)
Now, consider the set
G={ze€N:d(z,0A(y) NQ]) > €}.
If v € G, be(x) = Lagy)(2)A¢c(r), and by definition of ¢ it occurs

—2bc(x) = 21 p(y) (7) P % (=AIL)(x) = 26_2671114@)(1)) / o(x —ey)dy. (6.23)

B1(0)
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Assume that ¢ > 0 is small enough so that e /2 > XC + 27 N||Vo| oo || V7| o0
From (6.23) we deduce that

771 _
“20.(0) 2 A+ T NVl Ve agy () [ oo - ey (620
B1(0)
Besides, considering that A > 0 satisfies (6.18), for any (z,2) € G x K, we get
—aZ(2)27" > —lac ap) VoelPur ' > —lag ag) Voo (e 2d(x)) !

> T NIV ooe L ay () / o(z — eyp)dy.  (6:25)

B1(0)
Therefore, combining (6.24) and (6.25), in the set G we end up with

felz,2) > 2)\6_3/21A(y)(x) / o(x — ey)dy > )\sgg(x)7
B1(0)

with s = 2¢71/2. Consequently By C Q\G, where B, = {z € Q: f.(z,.) < As¢(z)},
and so |Bs| < |Q\G| < kneV for some constant ky > 0. Applying (6.21) with
s =2¢ 12 and ¢ € (N, (4/3)N), we may write, for € > 0 small enough,

[vs,e — volor < C’e3/4MS,E < M < 1/2, (6.26)

where M > 0 is some constant independent of e. We deduce from (6.22) and (6.26)
that
De > Ms/2) = A V2 =0,

Therefore 0. € K., and the existence of a solution of (6.16) follows from Schauder’s
fixed point theorem.
Proof of (6.15). Let v € K. be a solution of (6.16). We show that

/ Ve — aca Voe|” dz = 0.
Q

Indeed, multiplying (6.16) by v. and integrating over €2, we may write

0= / [|Vu6\2 +

Q
/ |:‘V’U5|2 - 2ae,A(y)v¢e~va + |a€7A(y)v¢5’2:| dx

2 .
e, a)Voe| + 2dlv(a£7A(y)V¢5)ve} dz

Q
= / |Vv6 - a€7A(y)V¢e|2 dx.
Q
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As a consequence, we define @, , = v, in (6.15).

Step 4. Since u is a solution of problem (6.3), and thanks to the positivity of the
functions h and ., from (6.15) we have

I = /aQA(y) (z) |[VulP D 2VuV ¢ dz | dy
L
/|Vu|p(z)_2VuV<I>€7ydx dy (6.27)
LO

/h(x)@eﬁydx dy > 0.
Q

I
Ve Tt T — o

Besides, using the same argument as in (6.14), we prove that the sequence I, converges
as € — 0. Therefore from (6.27) we deduce that lirr})IE > 0, and combining (6.12) and
e—

(6.13), we end up with

mliir%)/a€7g(x) IVuP@ =2 VuV ¢ da
Q
<l [ a.a(o) F(2)|VuP™ 2 VuVo.ds
Q
< Mlii%/ae,ﬂ(z) |VuP @2V uV ¢ dz.
Q
The Dominated Convergence Theorem and (6.10) imply that
m / h(zx)pdz = m / |VulP® =20V ¢da
Q Q
< / f(@)|Vu|P®=2VuVpdz
Q

< M/|vu|1’<w>—2vuv¢dx = M/h(x)¢dx.
Q Q

This leads to the existence of v € [m, M], depending on ¢, such that

/ f(@)|VulP D =2VuVds = ~ / h(x)pdz.
Q

Q

This completes the proof. O
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