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Abstract. We study the modified Veselov–Novikov equation (mVN) posed on the half-plane
via the Fokas method, considered as an extension of the inverse scattering transform for
boundary value problems. The mVN equation is one of the most natural (2+1)-dimensional
generalization of the (1+1)-dimensional modified Korteweg-de Vries equation in the sense as
to how the Novikov–Veselov equation is related to the Korteweg–de Vries equation. In this
paper, by means of the Fokas method, we present the so-called global relation for the mVN
equation, which is an algebraic equation coupled with the spectral functions, and the d-bar
formalism, also known as Pompieu’s formula. In addition, we characterize the d-bar derivatives
and the relevant jumps across certain domains of the complex plane in terms of the spectral
functions.
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1. INTRODUCTION

In this paper, we present a unified transform method, also known as the Fokas
method, for the initial-boundary problem for the modified Veselov–Novikov equation
(mVN) [24,26,29] posed on the half-plane

qt + qzzz + qz̄z̄z̄ + 6 (qzv + qz̄ v̄) + 3q (vz + v̄z̄) = 0, (z, t) ∈ Ω, z = x+ iy,

2vz̄ =
(
q2)

z
, (1.1)

where q(x, y, t) is a real-valued function and

Ω = {−∞ < x < ∞, 0 < y < ∞, 0 < t < T} .
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The mVN equation is a modification of the Novikov–Veselov equation (NV) in a similar
manner as the connection between the modified Korteweg–de Vries equation (mKdV)
and the Korteweg–de Vries equation (KdV) [3, 6]. The NV equation can be viewed
as one of the most natural (2+1)-dimensional (i.e. two spatial and one temporal)
generalization of the (1+1)-dimensional KdV equation. Hence, the mVN equation
can be considered as the (2+1)-dimensional generalization of the (1+1)-dimensional
mKdV equation. Both the KdV and mKdV equations are well known to be completely
integrable, but play an important role in describing motions of shallow water waves.
Thus, the NV and mVN equations are not only notable for their physical applications,
for example the dispersionless NV equation describes the propagation model of high
frequency electromagnetic wave in nonlinear media [6], but also of great interest for
their integrability [19,20,29]. The analogy with the relationship between the KdV and
mKdV equations also serves that the Novikov equation can be considered as a modified
Degasperis–Procesi equation [4, 24] (cf. [5, 25] for recent results in the study of the
Novikov equation).

It should be noted that the inverse scattering transform can be used for solving
integrable nonlinear equations in (2+1)-dimension, such as the Davey–Stewartson
(DS) and Kadomtsev–Petviashvili (KP) equations [1, 2, 14,15,30]. The NV and mVN
equations, like the DS and KP equations, also can be analyzed by the inverse scattering
transform [19,29], due to their integrability. Recently, initial-boundary value problems
for the DS and Kadomtsev–Petviashvili II equations on the half-plane [13, 23] can
be solved by the Fokas method, considered as a significant extension of the inverse
scattering transform for boundary value problems [9,10,12] (see also [16–18,21,22] for
recent development of the method and reference therein).

Here, we study equation (1.1) the half-plane via the Fokas method, based on
a Lax pair approach and a d-bar formalism, known as the Pompieu formula or the
Cauchy–Green formula. The rigorous implementation of the Fokas method involves
the following steps.

(i) Analysis of the Lax pair : We analyze the Lax pair for some sectionally analytic
function

µ = µ(x, y, t, k1, k2)

for the spectral variable k = k1 + ik2 (k1, k2 ∈ R). We derive the so-called global
relation, which is an algebraic equation coupled with the spectral functions.

(ii) Direct problem: Assuming that a smooth solution q(x, y, t) of equation (1.1)
exists, we define a bounded function µ for k ∈ C, which has different non-analytic
representations in different domains in the complex k-plane.

(iii) Inverse problem: We formulate a d-bar problem for a sectionally non-analytic
function. As an inverse problem, we characterize the d-bar derivatives and the
relevant jumps across the different domains in the complex k-plane.

Throughout the paper, we will assume that there exists a sufficient smooth solution
q(x, y, t), which decays as y → ∞ for all fixed (x, t) and as |x| → ∞ for all fixed (y, t).
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We will denote the initial and boundary values as
q0(x, y) = q(x, y, 0), x ∈ R, 0 < y < ∞, (1.2)

and
g0(x, t) = q(x, 0, t), g1(x, t) = qy(x, 0, t), g2(x, t) = qyy(x, 0, t), x ∈ R, 0 < t < T.

(1.3)
We will also assume that q0 is a Schwartz class function, that is,

q0 ∈ S(R × R+).
We will denote

k = k1 + ik2, z = x+ iy, ζ = ξ + iη,

where k1, k2, x, y, ξ and η are real variables.

2. THE LINEARIZED MODIFIED VESELOV–NOVIKOV EQUATION
Before studying the mVN equation, we begin by analyzing the linearized mVN equation
posed on Ω

qt + qzzz + qz̄z̄z̄ = 0. (2.1)
The linearized mNV equation admits the following Lax pair

µz̄ + ikµ = −q, (2.2a)
µt + ik3µ+ µzzz = qz̄z̄ − ikqz̄ − k2q, (2.2b)

where µ = µ(x, y, t, k1, k2) is a scalar function and bounded for k ∈ C. In fact,
equation (2.1) is compatible if and only if

(
∂t + ik3 + ∂3) q +

(
∂̄ + ik

) (
qz̄z̄ − ikqz̄ − k2q

)
= 0,

where
∂ = 1

2 (∂x − i∂y) , ∂̄ = 1
2 (∂x + i∂y) .

We note that equations (2.2) are equivalent to the following divergence form
(

ei(λz+kz̄)+i(k3+λ3)tq
)

t
=
[
ei(λz+kz̄)+i(k3+λ3)t

(
iλqz + λ2q − qzz

)]
z

+
[
ei(λz+kz̄)+i(k3+λ3)t

(
ik qz̄ + k2q − qz̄z̄

)]
z̄
.

(2.3)

Thus, applying the Poincaré lemma [13], we find the global relation (cf. see also
equation (2.23))

− 2i



∫ ∫

Ω0

dxdy ei(λz+kz̄)+i(k3+λ3)tq(x, y, t)




t

=
∫

Ω0

ei(λz+kz̄)+i(k3+λ3)t

×
[
(iλqz + λ2q − qzz)dz̄ − (ikqz̄ + k2q − qz̄z̄)dz

]
, λ, k ∈ C,

(2.4)

where Ω0 ⊂ R2 is a bounded piecewise smooth domain.
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On the other hand, we write equation (2.2a) as
(

eik̄z+ikz̄µ
)

z̄
= −eik̄z+ikz̄q

and then the above equation can be solved by Pompieu’s formula [13,23]

eik̄z+ikz̄µ = 1
π

∫ ∫

D

dξdη
ζ − z

eik̄ζ+ikζ̄q(ξ, η, t) + 1
2iπ

∫

∂D

dξ
ξ − z

eik̄ξ+ikξµ(ξ, 0, t, k1, k2),

(2.5)
where D = {−∞ < ξ < ∞, 0 < η < ∞}. Letting

µ(x, 0, t, k1, k2) = φ(x, t, k1, k2),

we write equation (2.5) as

µ(x, y, t, k1, k2) = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

eik(ζ̄−z̄)+ik̄(ζ−z)q(ξ, η, t)

+ 1
2iπ

∞∫

−∞

dξ
ξ − z

e2ik1ξ−i(kz̄+k̄z)φ(ξ, t, k1, k2).

(2.6)

We will determine φ(x, t, k1, k2) by analyzing equation (2.2b). Note that equation (2.2)
can be written in terms of derivatives with respect to x and y

iµy = −µx − 2ikµ− 2q (2.7a)

µt + ik3µ+ 1
8 (µxxx + iµyyy − 3iµxxy − 3µxyy)

= 1
4 (qxx + 2iqxy − qyy) − ik

2 (qx + iqy) − k2q. (2.7b)

From equation (2.7a) it follows that

iµyy = −iµxx + 4kµx − 2iqx + 4ik2µ+ 4kq − 2qy,

iµyyy = µxxx + 6ikµxx − 12k2µx − 8ik3µ− 8k2q + 8ikqx

− 2iqxy + 4kqy + 2qxx − 2qyy.

Substituting the above equations into equation (2.7b) and evaluating the resulting
equation at y = 0, we know that φ(x, t, k1, k2) solves

φt + 3ikφxx − 3k2φx + φxxx = Q(x, t, k), (2.8)

where
Q(x, t, k) = −3ikg0x − 3

2g0xx + 3i
2 g1x . (2.9)
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We introduce the Fourier transform pair

φ(x, t, k1, k2) = 1
2π

∞∫

−∞

dl eilxφ̂(l, t, k1, k2),

φ̂(l, t, k1, k2) =
∞∫

−∞

dx e−ilxφ(x, t, k1, k2).

(2.10)

Then equation (2.8) can be written in terms of φ̂(l, t, k1, k2) as

φ̂t − il(l2 + 3k + 3k2)φ̂ = Q̂(l, t, k), (2.11)

where

Q̂(l, t, k) =
∞∫

−∞

dl e−ilxQ(x, t, k).

Using the following identity for the second integral in equation (2.6) together with
equation (2.10),

∞∫

−∞

dξ
ξ − z

ei(2k1+l)ξ =
{

2iπei(2k1+l)z, l > −2k1,

0, l < −2k1,

equation (2.6) can be written as

µ(x, y, t, k1, k2) = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

eik(ζ̄−z̄)+ik̄(ζ−z)q(ξ, η, t)

+ e−2ky

2π

∞∫

−2k1

dl eilzφ̂(l, t, k1, k2).

(2.12)

Evaluating equation (2.12) at y = 0, we find

φ(x, t, k1, k2) = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − x

e2i(k1ξ+k2η)−2ik1xq(ξ, η, t)

+ 1
2π

∞∫

−2k1

dl eilxφ̂(l, t, k1, k2).

Note that
−2k1∫

−∞

dl eil(x−ζ) = i

ζ − x
e2ik1ξ−2k1η−2ik1x
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and then we find

φ(x, t, k1, k2) = 1
iπ

−2k1∫

−∞

dl
∞∫

−∞

dξ
∞∫

0

dη eil(x−ζ)+2kηq(ξ, η, t)

+ 1
2π

∞∫

−2k1

dl eilxφ̂(l, t, k1, k2).

(2.13)

Comparing equation (2.13) with equation (2.10), we know that for −∞ < l < −2k1,
φ̂ is given by

φ̂(l, t, k1, k2) = −2i
∞∫

−∞

dξ
∞∫

0

dη e−ilζ+2kηq(ξ, η, t), −∞ < l < −2k1,

while φ̂(l, t, k1, k2) does not satisfy any restriction for −2k1 < l < ∞.
We now analyze equation (2.11) to determine φ̂(l, t, k). Let

E(k, l, t) = e−il(l2+3kl+3k2)t. (2.14)

and then we write equation (2.11) as

(E(k, l, t)φ̂)t =
∞∫

−∞

dξ E(k, l, t)e−ilξ

(
−3ikg0ξ

− 3
2g0ξξ

+ 3i
2 g1ξ

)
. (2.15)

Using the integration by parts, equation (2.15) can be written as

(E(k, l, t)φ̂)t =
∞∫

−∞

dξ E(k, l, t)e−ilξU(ξ, t, k, l), (2.16)

where
U(ξ, t, k, l) = 3klg0 + 3

2 l
2g0 − 3

2 lg1.

Thus, the solution of equation (2.16) can be found in the form

φ̂(l, t, k1, k2) =
{∫ t

0 dτ E(k, l, τ − t)Û(τ, k, l) + E(k, l,−t)φ̂(l, 0, k1, k2),
−
∫ T

t
dτ E(k, l, τ − t)Û(τ, k, l) + E(k, l, T − t)φ̂(l, T, k1, k2),

where

Û(t, k, l) =
∞∫

−∞

dξ e−ilξU(ξ, t, k, l).

Note that the real part of E(k, l, τ − t) is given by

Re E(k, l, τ − t) = e3k2l(l+2k1)(τ−t), (2.17)
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and also note that

l(l + 2k1) ≥ 0 ⇐⇒
{
l ∈ (−∞,−2k1] ∪ [0,∞), k1 ≥ 0,
l ∈ (−∞, 0] ∪ [−2k1,∞), k1 ≤ 0.

We seek for a bounded solution φ̂ for all k ∈ C. Note that since there is no restriction
imposed on φ̂(l, t, k1, k2) for −2k1 < l < ∞, we can choose

φ̂(l, 0, k1, k2) = φ̂(l, T, k1, k2) = 0

for −2k1 < l < ∞. Thus, according to the real part of E(k, l, τ − t), we define
φ̂(l, t, k1, k2) for l ∈ [−2k1,∞) as

φ̂+
1 (l, t, k1, k2) =

{∫ t

0 dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [0,∞), k ∈ CI,

−
∫ T

t
dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [−2k1, 0], k ∈ CI,

φ̂−
1 (l, t, k1, k2) =

{
−
∫ T

t
dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [0,∞), k ∈ CIV,∫ t

0 dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [−2k1, 0], k ∈ CIV,

φ̂+
2 (l, t, k1, k2) =

{∫ t

0 dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [−2k1,∞), k ∈ CII,

−
∫ T

t
dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [0,−2k1], k ∈ CII,

φ̂−
2 (l, t, k1, k2) =

{
−
∫ T

t
dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [−2k1,∞), k ∈ CIII,∫ t

0 dτ E(k, l, τ − t)Û(τ, k, l), l ∈ [0,−2k1], k ∈ CIII,

where CI−IV denote the four quadrants of the complex k-plane. Therefore, the solution
µ(x, y, t, k1, k2) of equation (2.2) can be represented in the form

µ(x, y, t, k1, k2) =





µ+
1 (x, y, t, k1, k2), k ∈ CI,

µ−
1 (x, y, t, k1, k2), k ∈ CIV,

µ+
2 (x, y, t, k1, k2), k ∈ CII,

µ−
2 (x, y, t, k1, k2), k ∈ CIII,

(2.18)

where µ±
1,2 are given by (see Figure 1)

µ±
1 (x, y, t, k1, k2) = 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

eik(ζ̄−z̄)+ik̄(ζ−z)q(ξ, η, t) + e−2ky

2π

×



∫∞

0 dl
∫ t

0 dτ −
∫ 0

−2k1
dl
∫ T

t
dτ

−
∫∞

0 dl
∫ T

t
dτ +

∫ 0
−2k1

dl
∫ t

0 dτ
E(k, l, τ − t)

×
∞∫

−∞

dξ eil(z−ξ)
(

3klg0 + 3
2 l

2g0 − 3
2 lg1

)

(2.19a)
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and

µ±
2 (x, y, t, k1, k2)

= 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

eik(ζ̄−z̄)+ik̄(ζ−z)q(ξ, η, t) + e−2ky

2π

∞∫

−2k1

dl

×



∫ t

0 dτ

−
∫ T

t
dτ

E(k, l, τ − t)
∞∫

−∞

dξ eil(z−ξ)
(

3klg0 + 3
2 l

2g0 − 3
2 lg1

)
.

(2.19b)

Evaluating equation (2.19a) at k1 = 0, we find
(
µ+

1 − µ+
2
)

|k1=0 = 0,
(
µ−

1 − µ−
2
)

|k1=0 = 0,

which imply that µ does not have a discontinuity across the imaginary axis k1 = 0.

(a) (b)

k1

k2

μ1
+μ2

+

μ2
- μ1

-

k1

k2

(Ψ1
+, Φ1

+)(Ψ2
+, Φ2

+)

(Ψ2
-, Φ2

-) (Ψ1
-, Φ1

-)

Fig. 1. (a) The function µ for the linearized mVN equation. (b) The function (Ψ, Φ) for
the mVN equation.

Thus, µ(x, y, t, k1, k2) can be found by using Pompieu’s formula

µ(x, y, t, k1, k2) = 1
2iπ

∞∫

0

dk′
1

k′
1 − k

(
µ+

1 − µ−
1
)

|k′
2=0 + 1

2iπ

0∫

−∞

dk′
1

k′
1 − k

(
µ+

2 − µ−
2
)

|k′
2=0

− 1
π

∞∫

0

dk′
1

∞∫

0

dk′
2

k′ − k

∂µ+
1

∂k′ − 1
π

0∫

−∞

dk′
1

∞∫

0

dk′
2

k′ − k

∂µ+
2

∂k′

− 1
π

∞∫

0

dk′
1

0∫

−∞

dk′
2

k′ − k

∂µ−
1

∂k′ − 1
π

0∫

−∞

dk′
1

0∫

−∞

dk′
2

k′ − k

∂µ−
2

∂k′ ,

(2.20)

where k′ = k′
1 + ik′

2 with k′
1, k

′
2 ∈ R.
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We will characterize ∂µ±
1,2

∂k̄
and

(
µ+

1,2 − µ−
1,2
)

|k2=0. Let µ0 denote the first integral
in equations (2.19a), namely,

µ0(x, y, t, k1, k2) = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

eik(ζ̄−z̄)+ik̄(ζ−z)q(ξ, η, t)

and then we find

∂µ0

∂k̄
= i

π

∞∫

−∞

dξ
∞∫

0

dη eik(ζ̄−z̄)+ik̄(ζ−z)q(ξ, η, t).

Thus, differentiating µ−
1 with respect to k̄ yields

∂µ−
1

∂k̄
= ∂µ0

∂k̄
+ e−2ky

2π

∞∫

−∞

dξ
t∫

0

dτ e2i(ξ−z)k1+2ik1(k2
1−3k2

2)(τ−t)U(ξ, t, k,−2k1), (2.21)

where we have used the fact that

eil(z−ξ)E(k, l, τ − t)|l=−2k1 = e2i(ξ−z)k1+2ik1(k2
1−3k2

2)(τ−t).

Let

q̂(k, t) =
∞∫

−∞

dξ
∞∫

0

dη ei(kζ̄+k̄ζ)q(ξ, η, t).

Since e−2ky−2ik1z = e−i(kz̄+k̄z), we write equation (2.21) as

∂µ−
1

∂k̄
= e−i(kz̄+k̄z)


 i
π
q̂(k, t) + 1

2π

∞∫

−∞

dξ
t∫

0

dτ e2ik1ξ+2ik1(k2
1−3k2

2)(τ−t)U(ξ, t, k,−2k1)


 .

(2.22)
The equation (2.22) involves the term of the solution q̂(k, t), which can be eliminated
by using the global relation (2.4) with

Ω0 = {−∞ < x < ∞, 0 < y < ∞}.
Replacing λ by k̄ and evaluating at y = 0, the divergence form of the integral in

equation (2.4) yields

(ik̄qz + k̄2q − qzz)dz̄ − (ikqz̄ + k2q − qz̄z̄)dz = (k2qx + iqxy − 4ik1k2q + k1qy)dx.

Using the integration by parts, we find
∞∫

−∞

dx e2ik1x+2ik1(k2
1−3k2

2)t (k2qx + iqxy)

= −
∞∫

−∞

dx e2ik1x+2ik1(k2
1−3k2

2)t (2ik1k2q − 2k1qy) ,
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and hence the global relation can be written as

−2i
(

e2ik1(k2
1−3k2

2)tq̂(k, t)
)

t
=

∞∫

−∞

dx e2ik1x+2ik1(k2
1−3k2

2)tU(x, t, k,−2k1), (2.23)

where we note that U(x, t, k,−2k1) = −6ik1k2g0 + 3k1g1. Integrating equation (2.23)
from τ = 0 to τ = t with respect to τ , we find

iq̂(k, t) = ie−2ik1x(k2
1−3k2

2)tq̂0(k)−1
2

∞∫

−∞

dx
t∫

0

dτ e2ik1x+2ik1(k2
1−3k2

2)(τ−t)U(x, t, k,−2k1),

where q̂0(k) = q̂(k, 0). Therefore, we derive

∂µ−
1

∂k̄
= i

π
e−2i(k1x+k2y)−2ik1(k2

1−3k2
2)tq̂0(k), k1 ≥ 0, k2 ≤ 0. (2.24)

Regarding ∂µ+
1

∂k̄
, we note that

∫ t

0 dτ =
∫ T

0 dτ −
∫ T

t
dτ , and hence we find

∂µ+
1

∂k̄
= e−2i(k1x+k2y)−2ik1(k2

1−3k2
2)t

[
i

π
q̂0(k) − 1

2πg(k1, k2)
]
, k1 ≥ 0, k2 ≥ 0, (2.25)

where

g(k1, k2) =
∞∫

−∞

dx
T∫

0

dτ e2ik1x+2ik1(k2
1−3k2

2)τ (−6ik1k2g0 + 3k1g1) .

Similarly, we find

∂µ+
2

∂k̄
= i

π
e−2i(k1x+k2y)−2ik1(k2

1−3k2
2)tq̂0(k), k1 ≤ 0, k2 ≥ 0, (2.26)

and

∂µ−
2

∂k̄
= e−2i(k1x+k2y)−2ik1(k2

1−3k2
2)t

[
i

π
q̂0(k) − 1

2πg(k1, k2)
]
, k1 ≤ 0, k2 ≤ 0. (2.27)

We now compute
(
µ+

1,2 − µ−
1,2
)

|k2=0. Let

∆µ1,2 =
(
µ+

1,2 − µ−
1,2
)

(x, y, t, k1, 0)

and then the first two integrals in equation (2.20) denoted by ∆µ(x, y, t) can be written
as

∆µ(x, y, t) = 1
2iπ

∞∫

0

dk′
1

k′
1 − k

∆µ1(x, y, t, k′
1, 0) + 1

2iπ

0∫

−∞

dk′
1

k′
1 − k

∆µ2(x, y, t, k′
1, 0),

(2.28)
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where

∆µ1 = e−2k′
1y

2π




∞∫

0

dl −
0∫

−2k′
1

dl




T∫

0

dτ E(k′
1, l, τ − t)

∞∫

−∞

dξ eil(z−ξ)U(ξ, t, k′
1, l),

and

∆µ2 = e−2k′
1y

2π

∞∫

−2k′
1

dl
T∫

0

dτ E(k′
1, l, τ − t)

∞∫

−∞

dξ eil(z−ξ)U(ξ, t, k′
1, l).

Letting l
2 → α and k′

1 + l
2 → β, equation (2.28) becomes

∆µ(x, y, t) = 1
2iπ2

∞∫

0

dβ




β∫

0

dα−
0∫

−∞

dα+
∞∫

β

dα


 e−2βy

β − α− k

×
T∫

0

dτ e−2iα(α2+3β2)(τ−t)
∞∫

−∞

dξ e2iα(x−ξ) (6αβg0 − 3αg1) .

(2.29)

Then letting α → −k′
1 and β → ik′

2, equation (2.29) can be written as

∆µ(x, y, t) = 1
2π2




0∫

−∞

dk′
1 −

∞∫

0

dk′
1




−i∞∫

0

dk′
2

k′ − k
e−2i(k′

1x+k′
2y)−2ik′

1(k′2
1 −3k′2

2 )tg(k′
1, k

′
2).

Therefore, from equation (2.20) it follows that the function µ(x, y, t, k1, k2) is given by

µ(x, y, t, k1, k2) = 1
iπ2

∞∫

−∞

dk′
1

∞∫

−∞

dk′
2

k′ − k
e−2i(k′

1x+k′
2y)−2ik′

1(k′2
1 −3k′2

2 )tq̂0(k′)

+ 1
2π2

0∫

−∞

dk′
1

∫

∂CIII

dk′
2

k′ − k
e−2i(k′

1x+k′
2y)−2ik′

1(k′2
1 −3k′2

2 )tg(k′
1, k

′
2)

− 1
2π2

∞∫

0

dk′
1

∫

∂CIV

dk′
2

k′ − k
e−2i(k′

1x+k′
2y)−2ik′

1(k′2
1 −3k′2

2 )tg(k′
1, k

′
2).
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Finally, using the Lax pair (2.2b) and µ = O(1/k) as k → ∞, we find the solution
q(x, y, t) as

q(x, y, t) = 1
π2

∞∫

−∞

dk1

∞∫

−∞

dk2 e−2i(k1x+k2y)−2ik1(k2
1−3k2

2)tq̂0(k)

− 1
2iπ2

0∫

−∞

dk1

∫

∂CIII

dk2 e−2i(k1x+k2y)−2ik1(k2
1−3k2

2)tg(k1, k2)

+ 1
2iπ2

∞∫

0

dk1

∫

∂CIV

dk2 e−2i(k1x+k2y)−2ik1(k2
1−3k2

2)tg(k1, k2).

3. THE MODIFIED VESELOV–NOVIKOV EQUATION

3.1. THE LAX PAIR FORMULATION

We now study the mVN equation (1.1). First note that the mVN equation admits
the following Lax pair [29]

µ1z̄
= −qµ2, µ2z

= qµ1, (3.1a)
µ1t

= − (µ1zzz
+ µ1z̄z̄z̄

+ 6vµ1z
+ 3qz̄µ2z̄

+ 3 (vzµ1 − 2qv̄µ2)) , (3.1b)
µ2t

= − (µ2zzz
+ µ2z̄z̄z̄

+ 6v̄µ2z̄
− 3qzµ1z

+ 3 (v̄z̄µ2 + 2qvµ1)) . (3.1c)

Letting µ1 = Ψeikz+ik3t and µ2 = Φeikz+ik3t, we find the modified Lax pair

Ψz̄ = −qΦ, Φz + ikΦ = qΨ, (3.2a)
Ψt = −

(
Ψzzz + Ψz̄z̄z̄ + 3ikΨzz − 3k2Ψz + 6vΨz + 3qz̄Φz̄ + 6ikvΨ + 3 (vzΨ − 2qv̄Φ)

)
,

(3.2b)
Φt = −

(
Φzzz + Φz̄z̄z̄ + 3ikΦzz − 3k2Φz + 6v̄Φz̄ − 3qzΨz − 3ikqzΨ + 3 (v̄z̄Φ + 2qvΨ)

)
.

(3.2c)

Lax pair (3.2a) can be written in terms of derivatives with respect to x and y

Ψy = iΨx + 2iqΦ, Φy = −iΦx + 2kΦ + 2iqΨ. (3.3a)

Note that

Ψyy = −Ψxx − 4q2Ψ + 4ikΦ − 2qxΦ + 2iqyΦ,
Φyy = −Φxx − 4ikΦx + 4k2Φ − 4q2Φ + 4ikqΨ + 2qxΨ + 2iqyΨ.
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Using the above equations, Lax pair (3.2b) and (3.2c) also can be written in terms of
derivatives with respect to x and y

Ψt + Ψxxx + 3ikΨxx − 3k2Ψx = −3
[
qqx + vx + ik(q2 + 2v)

]
Ψ

−
[
3ikqx + 6q(v − v̄) + 3

2(qxx − iqxy)
]
Φ

− 3(q2 + 2v)Ψx − 3qxΦx,

(3.3b)

Φt + Φxxx + 3ikΦxx − 3k2Φx = −3
[
qqx + v̄x + ik(q2 + 2v̄)

]
Φ

+
[
3ikqx + 6q(v̄ − v) + 3

2(qxx + iqxy)
]
Ψ

− 3(q2 + 2v̄)Φx + 3qxΨx.

(3.3c)

Also, from the Lax pair (3.2), we can derive the following global relation, similar
to equations (2.4) and (2.23) in Section 2.
Proposition 3.1. Let q and v satisfy equation (1.1). Suppose that equation (1.1) is
valid for (x, y) ∈ Ω0, where Ω0 is a bounded piecewise smooth domain in R2. Then,

− 2i



∫ ∫

Ω0

dxdy ei(kz+k̄z̄)+2ik1(k2
1−3k2

2)tqΨ




t

=
∫

∂Ω0

ei(kz+k̄z̄)+2ik1(k2
1−3k2

2)t

×
{[

(qz̄z̄ − ik̄qz̄ + 6qv̄ − k̄2q)Ψ + qΨz̄z̄ − (qz̄ + ik̄q)Ψz̄ + 3v̄zΦ
]

dz
−
[
(qzz − ikqz + 6qv − k2q)Ψ + qΨzz − (qz − 2ikq)Ψz − 3(v̄z̄ + 2ik̄v̄)Φ

]
dz̄
}
.

(3.4)

Proof. For convenience, we let

e = e−i(kz+k̄z̄)−i(k3+k̄3)t = e−2i(k1x−k2y)−2ik1(k2
1−3k2

2)t. (3.5)

Note that
(ēqΨ)t = ēqtΨ + ēqΨt + i(k3 + k̄3)ēqΨ.

Using equation (1.1) and the Lax pair (3.2b), we find

(ēqΨ)t = −ēΨ [qzzz + qz̄z̄z̄ + 6(qzv + qz̄ v̄) + 3(qvz + qv̄z̄)]
− ēq

[
Ψzzz + Ψz̄z̄z̄ + 3ikΨzz − 3k2Ψz + 6vΨz + 3qz̄Φz̄ + 6ikvΨ

+ 3(vzΨ − 2qv̄Φ)
]

+ i(k3 + k̄3)ēqΨ.
(3.6)

Using the following equations

ēqzzzΨ = (ēqzzΨ − ikēqzΨ)z − ē (qzz − ikqz) Ψz − k2ēqzΨ,
ēqΨzzz =

(
ēqΨzz − ēqzΨz − ikēqΨz − k2ēqΨ

)
z

+ ē (qzz + 2ikeqz) Ψz

+ ē
(
k2qz + ik3q

)
Ψ,

ēqΨzz = (ēqΨz)z − ē (qz + ikq) Ψz, ēqvΨz = (ēqvΨ)z − ē (qzv + qvz + ikqv) Ψ
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and similar equations for ēqz̄z̄z̄Ψ, ēqΨz̄z̄z̄, ēqz̄ v̄Ψ and ēqqz̄Φz̄, equation (3.6) can be
written in the divergence form

(ēqΨ)t = −
{
ē[(qzz − ikqz − k2q + 6qv)Ψ + qΨzz − (qz − 2ikq)Ψz − 3(v̄z̄ + 2ik̄v̄)Φ]

}
z

− {ē[(qz̄z̄ − ik̄qz̄ − k̄2q + 6qv̄)Ψ + qΨz̄z̄ − (qz̄ + ik̄q)Ψz̄ + 3v̄zΦ]}z̄.

(3.7)

By applying the Poincaré lemma in equation (3.7), we find equation (3.4).

Proposition 3.2. Let q and v satisfy equation (1.1). Then

− 2i
∞∫

−∞

dx
∞∫

0

dy ei(kz+k̄z̄)qΨ + 2i
∞∫

−∞

dx
∞∫

0

dy ei(kz+k̄z̄)−2ik1(k2
1−3k2

2)tq0Ψ0

= e−2ik1(k2
1−3k2

2)t

t∫

0

dτ
∞∫

−∞

dx e2ik1x+2ik1(k2
1−3k2

2)τ [U21ψ + U22φ] |l=−2k1 ,

(3.8)

where Ψ0(x, y, k1, k2) = Ψ(x, y, 0, k1, k2).
Proof. Let Ω0 = {−∞ < x < ∞, 0 < y < ∞} in Proposition 3.1. Then integrating
equation (3.4) from τ = 0 to τ = t with respect to dτ , we find

− 2i
∞∫

−∞

dx
∞∫

0

dy ei(kz+k̄z̄)+2ik1(k2
1−3k2

2)tqΨ + 2i
∞∫

−∞

dx
∞∫

0

dy ei(kz+k̄z̄)q0Ψ0

=
t∫

0

dτ
∞∫

−∞

dx e2ik1x+2ik1(k2
1−3k2

2)τ
{

[ig1x
+ k1g1 − k2g0x

+ 6g0(v̄0 − v0)

+ 4ik1k2g0]ψ + 3(v̄0x + 2ik̄v̄0)φ− i

2
[
g1 + k̄g0 + 2kg0

]
ψx

+ ig0ψxy − 1
2
[
ig0x

− k̄g0 + 2kg0
]
ψy

}
.

(3.9)

In order to simplify the right-hand-side of equation (3.9), we use integrating by parts
∞∫

−∞

dx e2ik1xg0ψxy =
∞∫

−∞

dx e2ik1x (g0x
− 2ik1g0)ψy,

which implies
∞∫

−∞

dx e2ik1x

{
− i

2
[
g1 + k̄g0 + 2kg0

]
ψx + ig0ψxy − 1

2
[
ig0x

− k̄g0 + 2kg0
]
ψy

}

=
∞∫

−∞

dx e2ik1x

[(
− i

2g1 + 3
2g0x

+ 2k2g0

)
ψx +

(
3g0x

+ 3ik̄g0
)
g0φ

]
.
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Integrating by parts the terms involving ψx in the above equation and substituting the
resulting equation into the right-hand-side of equation (3.9), we obtain equation (3.8).

For later analysis and use, we also present the other version of the global relation.

Proposition 3.3. Let q and v satisfy equation (1.1). Suppose that equation (1.1) is
valid for (x, y) ∈ Ω0, where Ω0 is a bounded piecewise smooth domain in R2. Then

− 2i
(∫ ∫

Ω0

dxdy e−ilz̄−il(l2−3λl+3λ2−3k1l+6λk1+3k2
1)tqΦ̄

)

t

=
∫

∂Ω0

e−ilz̄−il(l2−3λl+3λ2−3k1l+6λk1+3k2
1)t

×
{[

(qz̄z̄ + ilqz̄ − l2q + 3l(k1 + λ)q − 3(k1 + λ)2q + 6qv̄)Φ̄ − 3v̄zΨ̄

+ qΦ̄z̄z̄ + (ilq − qz̄ − 3i(k1 + λ)q)Φ̄z̄

]
dz

−
[
(qzz + 6qv)Φ̄ + qΦ̄zz − qzΦ̄z + (6i(k1 + λ)v̄ + 3v̄z̄ − 6ilv̄)Ψ̄

]
dz̄
}
.

(3.10)

Proof. For convenience, we let

E = e−ilz̄−il(l2−3λl+3λ2−3k1l+6λk1+3k2
1)t. (3.11)

Using equation (1.1) and (3.2c), we find
(
EqΦ̄

)
t

= −EΦ̄ [qzzz + qz̄z̄z̄ + 6(qzv + qz̄ v̄) + 3(qvz + qv̄z̄)]
−Eq

[
Φ̄zzz + Φ̄z̄z̄z̄ − 3i(k1 + λ)Φ̄z̄z̄ − 3(k1 + λ)2Φ̄z̄ + 6vΦ̄z

− 3qz̄Ψ̄z̄ + 3i(k1 + λ)qz̄Ψ̄ + 3(vzΦ̄ + 2qv̄Ψ̄)
]

− il(l2 − 3λl + 3λ2 − 3k1l + 6λk1 + 3k2
1)EqΦ̄.

(3.12)

Note that

Eqz̄z̄z̄Φ̄ =
(
Eqz̄z̄Φ̄ + ilEqz̄Φ̄

)
z̄

− E (qz̄z̄ + ilqz̄) Φ̄z̄ − l2Eqz̄Φ̄,
EqΦ̄z̄z̄z̄ =

(
EqΦ̄z̄z̄ − Eqz̄Φ̄z̄ + ilEqΦ̄z̄ − l2EqΦ̄

)
z̄

+ E (qz̄z̄ − 2ilqz̄) Φ̄z̄

+ E
(
l2qz̄ − il3q

)
Φ̄,

EqΦ̄z̄z̄ =
(
EqΦ̄z̄ + ilEqΦ̄

)
z̄

− Eqz̄Φ̄z̄ − E
(
ilqz̄ + l2q

)
Φ̄,

EqΦ̄z̄ =
(
EqΦ̄

)
z̄

− E (qz̄ − ilq) Φ̄,
EqzzzΦ̄ =

(
EqzzΦ̄

)
z

− EqzzΦ̄z,

EqΦ̄zzz =
(
EqΦ̄zz − EqzΦ̄z

)
z

+ EqzzΦ̄z.
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Then straightforward calculations show that equation (3.12) can be written in the
divergence form

(
EqΦ̄

)
t

= −
{
E
[
(qzz + 6qv)Φ̄ + [6i(k1 + λ)v̄ + 3v̄z̄ − 6ilv̄]Ψ̄ + qΦ̄zz − qzΦ̄z

]}
z

−
{
E
[
[qz̄z̄ + ilqz̄ − l2q + 3l(k1 + λ)q − 3(k1 + λ)2q + 6qv̄]Φ̄

− 3v̄zΨ̄ + qΦ̄z̄z̄ + (ilq − qz̄ − 3i(k1 + λ)q)Φ̄z̄

]}

z̄

.

(3.13)

By employing the Poincaré lemma in equation (3.13), we find equation (3.10).

Proposition 3.4. Let q and v satisfy equation (1.1). Then

− 2i
∞∫

−∞

dx
∞∫

0

dy e−ilz̄−il(l2−3λl+3λ2−3k1l+6λk1+3k2
1)tqΦ̄ + 2i

∞∫

−∞

dx
∞∫

0

dy e−ilz̄q0Φ̄0

= −
∞∫

−∞

dx
t∫

0

dτ e−ilx−il(l2−3λl+3λ2−3k1l+6λk1+3k2
1)τ

×
[
U22(x, τ, k1, l − 2k1 − λ)ψ̄ − U21(x, τ, k1, l − 2k1 − λ)φ̄

]
,

(3.14)

where Φ0(x, y, k1, k2) = Φ(x, y, 0, k1, k2).

Proof. For Ω0 = {−∞ < x < ∞, 0 < y < ∞} in equation (3.10), we know that

− 2i
∞∫

−∞

dx
∞∫

0

dy
(
EqΦ̄

)
t

=
∞∫

−∞

dx Ẽ
{

[6i(l − k1 − λ)v̄0 − 3v̄0x ] ψ̄

+
[
ig1x

+ il

2 (g0x + ig1) − l2g0 + 3(k1 + λ)(l − k1 − λ)g0 + 6g0(v̄0 − v0)
]
φ̄

+ i

2 [lg0 − g1 − 3(k1 + λ)g0] φ̄x + i

2 [ilg0 − g0x
− 3i(k1 + λ)g0] φ̄y + ig0φ̄xy

}
,

(3.15)

where E is given by equation (3.11) and Ẽ = E|y=0. Using a similar way as in the
proof of Proposition 3.2, we can simplify the expressions in the right-hand-side of
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equation (3.15) as

− 2i
∞∫

−∞

dx
∞∫

0

dy
(
EqΦ̄

)
t

= −
∞∫

−∞

dx Ẽ
{[

3g0g0x
+ 3v̄0x

− 3i(l − k1 − λ)(g2
0 + 2v̄0)

]
ψ̄

−
[
6g0(v̄0 − v0) + 3i(l − k1 − λ)g0x

− 3
2(g0xx

− ig1x
)
]
φ̄

}
.

Integrating the above equation from τ = 0 to τ = t with respect to τ , we find
equation (3.14).

3.2. THE DIRECT PROBLEM

Proposition 3.5. We assume that the solution of equation (1.1) exists. Then there
exist the solutions of equation (3.2), which are bounded for all k ∈ C and given by

(Ψ(x, y, t, k1, k2),Φ(x, y, t, k1, k2)) =





(
Ψ+

1 ,Φ+
1
)
, k ∈ CI,

(
Ψ−

1 ,Φ−
1
)
, k ∈ CIV,

(
Ψ+

2 ,Φ+
2
)
, k ∈ CII,

(
Ψ−

2 ,Φ−
2
)
, k ∈ CIII,

(3.16)

where Ψ±
j and Φ±

j , j = 1, 2, are defined by (see Figure 1)

Ψ±
1 (x, y, t, k1, k2) = 1 + 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

qΦ±
1 + 1

2π

∞∫

0

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z−ξ) [U11ψ
±
1 + U12φ

±
1
]
,

(3.17a)

Φ±
1 (x, y, t, k1, k2) = − 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)qΨ±
1

+ e2ky

2π

−2k1∫

−∞

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ) [U21ψ
±
1 + U22φ

±
1
]
,

(3.17b)
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Ψ±
2 (x, y, t, k1, k2) = 1 + 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

qΦ±
2

+ 1
2π




−
∫ −2k1

0 dl
∫ T

t
dτ +

∫∞
−2k1

dl
∫ t

0 dτ
∫ −2k1

0 dl
∫ t

0 dτ −
∫∞

−2k1
dl
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z−ξ) [U11ψ
±
2 + U12φ

±
2
]

(3.17c)

and

Φ±
2 (x, y, t, k1, k2) = − 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)qΨ±
2

+ e2ky

2π



∫ 0

−∞ dl
∫ t

0 dτ −
∫ −2k1

0 dl
∫ T

t
dτ

−
∫ 0

−∞ dl
∫ T

t
dτ +

∫ −2k1
0 dl

∫ t

0 dτ
E(k, l, τ − t)

×
∞∫

−∞

dξ eil(z̄−ξ) [U21ψ
±
2 + U22φ

±
2
]

(3.17d)

with E(k, l, t) = e−il(l2+3kl+3k2)t, v0(x, t) = v(x, 0, t),

U11(x, t, k, l) = 3g0g0x + 3v0x − 3i(l + k)(g2
0 + 2v0), (3.18a)

U12(x, t, k, l) = −3i(l + k)g0x
− 6g0(v0 − v̄0) + 3

2(g0xx
+ ig1x

), (3.18b)

U21(x, t, k, l) = 3i(l + k)g0x + 6g0(v̄0 − v0) − 3
2(g0xx − ig1x), (3.18c)

U22(x, t, k, l) = 3g0g0x
+ 3v̄0x

− 3i(l + k)(g2
0 + 2v̄0) (3.18d)

and

ψ±
j (x, t, k1, k2) = Ψ±

j (x, 0, t, k1, k2), φ±
j (x, t, k1, k2) = Φ±

j (x, 0, t, k1, k2), j = 1, 2.
(3.19)

Proof. From the Lax pair (3.2), we seek for the solutions Ψ and Φ with the asymptotic
behavior

(Ψ,Φ) =
(

1, O
(

1
z

))
, z → ∞.
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Thus, Pompieu’s formula yields

Ψ(x, y, t, k1, k2) = 1 + 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

qΦ + 1
2iπ

∞∫

−∞

dξ
ξ − z

(ψ − 1), (3.20)

Φ(x, y, t, k1, k2) = − 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)qΨ

− 1
2iπ

∞∫

−∞

dξ
ξ − z̄

e2ik1ξ−i(kz+k̄z̄)φ,

(3.21)

where

ψ(x, t, k1, k2) = Ψ(x, 0, t, k1, k2), φ(x, t, k1, k2) = Φ(x, 0, t, k1, k2).

We will determine the functions ψ and φ. In this respect, we use the supplement
equations for the Lax pair (3.3b) and (3.3c). Evaluating (3.3b) and (3.3c) at y = 0, it
follows that the functions ψ and φ solve

ψt + ψxxx + 3ikψxx − 3k2ψx = Q1, (3.22)
φt + φxxx + 3ikφxx − 3k2φx = Q2, (3.23)

where

Q1(x, t, k) = −3
[
g0g0x

+ v0x
+ ik(g2

0 + 2v0)
]
ψ

−
[
3ikg0x + 6g0(v0 − v̄0) + 3

2(g0xx − ig1x)
]
φ

− 3(g2
0 + 2v0)ψx − 3g0x

φx,

Q2(x, t, k) =
[
3ikg0x + 6g0(v̄0 − v0) + 3

2(g0xx + ig1x)
]
ψ

− 3
[
g0g0x

+ v̄0x
+ ik(g2

0 + 2v̄0)
]
φ

− 3(g2
0 + 2v̄0)φx + 3g0x

ψx.

The spectral analysis of ψ. For equation (3.22), we take the Fourier transform in x

ψ(ξ, t, k1, k2) − 1 = 1
2π

∞∫

−∞

dl eilξψ̂(l, t, k1, k2), (3.24)

where

ψ̂(l, t, k1, k2) =
∞∫

−∞

dx e−ilx (ψ(x, t, k1, k2) − 1) . (3.25)
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Note that
1

2iπ

∞∫

−∞

dξ
ξ − z

(ψ − 1) = 1
2π

∞∫

0

dl eilzψ̂, Im z ≥ 0,

which implies that

Ψ(x, y, t, k1, k2) = 1 + 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

qΦ + 1
2π

∞∫

0

dl eilzψ̂. (3.26)

Thus, we will determine ψ̂ for 0 < l < ∞. Evaluating equation (3.26) at y = 0 and
using the following identity

0∫

−∞

dl eil(x−ζ) = i

ζ − x
, ζ = ξ + iη, η > 0,

we find

ψ(x, t, k1, k2) = 1 + 1
iπ

0∫

−∞

dl
∞∫

−∞

dξ
∞∫

0

dη eil(x−ζ)qΦ + 1
2π

∞∫

0

dl eilxψ̂. (3.27)

Comparing equation (3.27) with equation (3.24), the function ψ̂ satisfies the restriction

ψ̂(l, t, k1, k2) = −2i
∞∫

−∞

dξ
∞∫

0

dη e−ilζqΦ, −∞ < l < 0,

while there is no restriction imposed on ψ̂ for 0 < l < ∞.
From equation (3.22), it follows that

(
e−il(l2+3lk+3k2)tψ̂

)
t

=
∞∫

−∞

dξ e−ilξ−il(l2+3lk+3k2)tQ1.

which yields

ψ̂(l, t, k1, k2) =
{∫ t

0 dτ E(k, l, τ − t)
∫∞

−∞ dξ e−ilξQ1 + E(k, l,−t)ψ̂(l, 0, k1, k2),

−
∫ T

t
dτ E(k, l, τ − t)

∫∞
−∞ dξ e−ilξQ1 + E(k, l, T − t)ψ̂(l, T, k1, k2),

where E(k, l, t) = e−il(l2+3kl+3k2)t. Note that by the integration by parts, we find
∞∫

−∞

dξ e−ilξQ1 =
∞∫

−∞

dξe−ilξ [U11ψ + U12φ] ,
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where U11 and U12 are given in equations (3.18a) and (3.18b). According to the real
part of E(k, l, τ − t) given in equation (2.17), we define ψ̂±

j (j = 1, 2) as

ψ̂±
1 (l, t, k1, k2) =



∫ t

0 dτ

−
∫ T

t
dτ

E(k, l, τ − t)
∞∫

−∞

dξ e−ilξ
[
U11ψ

±
1 + U12φ

±
1
]
, l ∈ [0,∞),

(3.28a)

and for ψ̂±
2 , we consider two cases:

ψ̂±
2 (l, t, k1, k2) =


−

∫ T

t
dτ

∫ t

0 dτ
E(k, l, τ − t)

∞∫

−∞

dξ e−ilξ
[
U11ψ

±
2 + U12φ

±
2
]
, l ∈ [0,−2k1],

(3.28b)

and

ψ̂±
2 (l, t, k1, k2) =



∫ t

0 dτ

−
∫ T

t
dτ

E(k, l, τ − t)
∞∫

−∞

dξ e−ilξ
[
U11ψ

±
2 + U12φ

±
2
]
, l ∈ [−2k1,∞).

(3.28c)

Substituting equations (3.28) into equation (3.26), we find equations (3.17a)
and (3.17c).
The spectral analysis of φ. Let

φ(ξ, t, k1, k2) = 1
2π

∞∫

−∞

dl eilξφ̂(l, t, k1, k2). (3.29)

Equation (3.23) yields

(E(k, l, t)φ̂)t =
∞∫

−∞

dξ E(k, l, t)e−ilξQ2,

and then the function φ̂(l, t, k1, k2) is found by

φ̂(l, t, k1, k2) =
{∫ t

0 dτ E(k, l, τ − t)
∫∞

−∞ dξ e−ilξQ2 + E(k, l,−t)φ̂(l, 0, k1, k2),

−
∫ T

t
dτ E(k, l, τ − t)

∫∞
−∞ dξ e−ilξQ2 + E(k, l, T − t)φ̂(l, T, k1, k2).

Note that by the integration by parts, we write
∞∫

−∞

dξ e−ilξQ2 =
∞∫

−∞

dξ e−ilξ [U21ψ + U22φ] ,
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where U21 and U22 are given in equations (3.18c) and (3.18d). Using the following
identity

− 1
2iπ

∞∫

−∞

dξ
ξ − z̄

e2ik1ξφ = 1
2π

−2k1∫

−∞

dl ei(l+2k1)z̄φ̂, Im z ≥ 0,

equation (3.21) can be written as

Φ(x, y, t, k1, k2) = − 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)qΨ + e2ky

2π

−2k1∫

−∞

dl eilz̄φ̂, (3.30)

and hence we will determine φ̂ for −∞ < l < −2k1.
Evaluating equation (3.30) at y = 0 and using the following identity

∞∫

−2k1

dl eil(x−ζ̄) = e−2ik1(x−ζ̄)

i(ζ̄ − x)
, ζ = ξ + iη, η > 0,

we find

φ(x, t, k1, k2) = 1
iπ

∞∫

−2k1

dl
∞∫

−∞

dξ
∞∫

0

dη e−2kη+il(x−ζ̄)qΨ + 1
2π

−2k1∫

−∞

dl eilxφ̂. (3.31)

Comparing equation (3.31) with equation (3.29), the function φ̂ satisfies the restriction

φ̂(l, t, k1, k2) = −2i
∞∫

−∞

dξ
∞∫

0

dη e−2kη−ilζ̄qΨ, −2k1 < l < ∞,

while there is no restriction imposed on φ̂ for −∞ < l < −2k1. Thus, taking into
account of the real part of E(k, l, τ − t), we define φ̂±

j ( j = 1, 2) as

φ̂±
1 (l, t, k1, k2) =



∫ t

0 dτ

−
∫ T

t
dτ

E(k, l, τ − t)
∞∫

−∞

dξ e−ilξ
[
U21ψ

±
1 + U22φ

±
1
]
, l ∈ (−∞,−2k1],

(3.32a)

and regarding φ̂±
2 , we consider two cases:

φ̂±
2 (l, t, k1, k2) =



∫ t

0 dτ

−
∫ T

t
dτ

E(k, l, τ − t)
∞∫

−∞

dξ e−ilξ
[
U21ψ

±
2 + U22φ

±
2
]
, l ∈ (−∞, 0],

(3.32b)
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and

φ̂±
2 (l, t, k1, k2) =


−

∫ T

t
dτ

∫ t

0 dτ
E(k, l, τ − t)

∞∫

−∞

dξ e−ilξ
[
U21ψ

±
2 + U22φ

±
2
]
, l ∈ [0,−2k1].

(3.32c)

Substituting equations (3.32) into equation (3.30), we find equations (3.17b)
and (3.17d).

Remark 3.6. 1. Letting l → −λ− 2k1 (and then replacing λ by l), we find

U11 → Ū22, U12 → −Ū21, U21 → −Ū12, U22 → Ū11,

eil(z−ξ) → e−il(z−ξ)−2ik1(z−ξ), E → Ēe2ik1(k2
1−3k2

2)(τ−t),

where E = E(k, l, τ − t). Then equations (3.17) are equivalent to the following
equations

Ψ±
1 (x, y, t, k1, k2) =1 + 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

qΦ±
1 + e e2k̄y

2π

−2k1∫

−∞

dl



∫ t

0 dτ

−
∫ T

t
dτ

× Ēe2ik1(k2
1−3k2

2)τ

∞∫

−∞

dξ e−il(z−ξ)+2ik1ξ
[
Ū22ψ

±
1 − Ū21φ

±
1
]
,

(3.33a)

Φ±
1 (x, y, t, k1, k2) = − 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)qΨ±
1

+ e

2π

∞∫

0

dl



∫ t

0 dτ

−
∫ T

t
dτ

× Ēe2ik1(k2
1−3k2

2)τ

∞∫

−∞

dξ e−il(z̄−ξ)+2ik1ξ
[
−Ū12ψ

±
1 + Ū11φ

±
1
]
,

(3.33b)

Ψ±
2 (x, y, t, k1, k2) = 1 + 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

qΦ±
2

+ e e2k̄y

2π




−
∫ −2k1

0 dl
∫ T

t
dτ +

∫ 0
−∞ dl

∫ t

0 dτ
∫ −2k1

0 dl
∫ t

0 dτ −
∫ 0

−∞ dl
∫ T

t
dτ

× Ēe2ik1(k2
1−3k2

2)τ

∞∫

−∞

dξ e−il(z−ξ)+2ik1ξ
[
Ū22ψ

±
2 − Ū21φ

±
2
]

(3.33c)
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and

Φ±
2 (x, y, t, k1, k2) = − 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)qΨ±
2

+ e

2π



∫∞

−2k1
dl
∫ t

0 dτ −
∫ −2k1

0 dl
∫ T

t
dτ

−
∫∞

−2k1
dl
∫ T

t
dτ +

∫ −2k1
0 dl

∫ t

0 dτ

× Ēe2ik1(k2
1−3k2

2)τ

∞∫

−∞

dξ e−il(z̄−ξ)+2ik1ξ
[
−Ū12ψ

±
2 + Ū11φ

±
2
]
,

(3.33d)

where e is given in equation (3.5), that is, e = e−2i(k1x−k2y)−2ik1(k2
1−3k2

2)t.
2. Since ψ̂2 is continuous for l ∈ C, evaluating equations (3.28b) and (3.28c) at
l = −2k1, we find

t∫

0

dτ E(k,−2k1, τ − t)
∞∫

−∞

dξ e−2ik1(z−ξ) [U11ψ
±
2 + U12φ

±
2
]

|l=−2k1

= −
T∫

t

dτ E(k,−2k1, τ − t)
∞∫

−∞

dξ e−2ik1(z−ξ) [U11ψ
±
2 + U12φ

±
2
]

|l=−2k1 .

(3.34)

3.3. THE INVERSE PROBLEM

In this section, we describe the d-bar derivatives of the functions Ψ±
j and Φ±

j (j = 1, 2)
and the jumps across the real and imaginary k-axes.
Proposition 3.7. For Ψ±

j and Φ±
j , j = 1, 2, given in equations (3.17),

∂Ψ±
j

∂k̄
= −e−2i(k1x−k2y)−2ik1(k2

1−3k2
2)tγ±

j Φ̄±
j , j = 1, 2, (3.35a)

∂Φ±
j

∂k̄
= e−2i(k1x−k2y)−2ik1(k2

1−3k2
2)tγ±

j Ψ̄±
j , j = 1, 2, (3.35b)

where
γ+

1 = β+
1 , γ−

1 = β−
1 + α−

1 , γ+
2 = β+

2 + α+
2 , γ−

2 = β−
2 (3.36)

with

α±
j = 1

2π

T∫

0

dτ
∞∫

−∞

dξ e2ik1ξ+2ik1(k2
1−3k2

2)τ
[
U21ψ

±
j + U22φ

±
j

]
|l=−2k1 , j = 1, 2,

(3.37)

β±
j = 1

iπ

∞∫

−∞

dξ
∞∫

0

dη ei(kζ+k̄ζ̄)q0Ψ±
j (ξ, η, 0, k1, k2), j = 1, 2. (3.38)
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Proof. Differentiating equations (3.17a) and (3.17b) with respect to k̄, we find

∂Ψ±
1

∂k̄
= 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

q
∂Φ±

1
∂k̄

+ 1
2π

∞∫

0

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z−ξ)
[
U11

∂ψ±
1

∂k̄
+ U12

∂φ±
1

∂k̄

]
,

(3.39a)

∂Φ±
1

∂k̄
= − 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)q
∂Ψ±

1
∂k̄

+ e2ky

2π

−2k1∫

−∞

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ)
[
U21

∂ψ±
1

∂k̄
+ U22

∂φ±
1

∂k̄

]
+ γ̃±

1 ,

(3.39b)

where the forcing terms γ̃±
1 are given by

γ̃±
1 (x, y, t, k) = 1

iπ

∞∫

−∞

dξ
∞∫

0

dη eik(ζ−z)+k̄(ζ̄−z̄)qΨ±
1 − e2ky

2π




∫ t

0 dτ
∫ t

0 dτ −
∫ T

0 dτ

×E(k,−2k1, τ − t)
∞∫

−∞

dξ e−2ik1(z̄−ξ) [U21ψ
±
1 + U22φ

±
1
]

|l=−2k1 .

Noting that e2kye−2ik1z̄ = e−i(kz+k̄z̄) and E(k,−2k1, τ − t) = e2ik1(k2
1−3k2

2)(τ−t),
we denote

β̃±
1 = 1

iπ

∞∫

−∞

dξ
∞∫

0

dη ei(kζ+k̄ζ̄)qΨ±
1 − 1

2π e−2ik1(k2
1−3k2

2)t

t∫

0

dτ
∞∫

−∞

dξ

× e2ik1ξ+2ik1(k2
1−3k2

2)τ
[
U21ψ

±
1 + U22φ

±
1
]

|l=−2k1 .

Using the global relation (3.8), β̃±
1 can be written as

β̃±
1 = e−2ik1(k2

1−3k2
2)tβ±

1 ,

where β±
1 is defined in equation (3.38). Thus, γ̃±

1 can be written as

γ̃±
1 = e−i(kz+k̄z̄)−2ik1(k2

1−3k2
2)tγ±

1 ,

where γ±
1 are given in equation (3.36).



204 Guenbo Hwang and Byungsoo Moon

Thus, we find

∂Φ±
1

∂k̄
= eγ±

1 − 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)q
∂Ψ±

1
∂k̄

+ e2ky

2π

−2k1∫

−∞

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ)
[
U21

∂ψ±
1

∂k̄
+ U22

∂φ±
1

∂k̄

]
,

(3.40)

where e is given in equation (3.5).
We will compare equations (3.39a) and (3.40) with equations (3.17a) and (3.17b).

In this respect, it is convenient to use equations (3.33a) and (3.33b) instead of equa-
tions (3.17a) and (3.17b). Employing the complex conjugate of equation (3.33a) and
then multiplying the resulting equation by e, we find

eΨ̄±
1 (x, y, t, k1, k2)

= e+ e

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

qΦ̄±
1 + e2ky

2π

−2k1∫

−∞

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)e−2ik1(k2
1−3k2

2)τ

∞∫

−∞

dξ eil(z̄−ξ)−2ik1ξ
[
U22

(
ψ̄±

1
)

+ U21
(
−φ̄±

1
)]
.

(3.41)

Using eik(ζ−z)+ik̄(ζ̄−z̄) = e−2i(k1ξ−k2η)−2i(k1x−k2y), we write

eΨ̄±
1 (x, y, t, k1, k2) = e− 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)q
(
−eΦ̄±

1
)

+ e2ky

2π

−2k1∫

−∞

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ) [U22
(
ẽψ̄±

1
)

+ U21
(
−ẽφ̄±

1
)]
,

(3.42)

where ẽ = e|η=0.
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From equation (3.33b) it follows that

eΦ̄±
1 (x, y, t, k1, k2)

= − e

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

e−ik(ζ−z)−ik̄(ζ̄−z̄)qΨ̄±
1 + 1

2π

∞∫

0

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)e−2ik1(k2
1−3k2

2)τ

∞∫

−∞

dξ eil(z−ξ)−2ik1ξ
[
−U12ψ̄

±
1 + U11φ̄

±
1
]
.

(3.43)

Similarly, we write equation (3.43) as

−eΦ̄±
1 (x, y, t, k1, k2) = 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

q
(
eΨ̄±

1
)

+ 1
2π

∞∫

0

dl



∫ t

0 dτ

−
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z−ξ) [U12
(
ẽψ̄±

1
)

+ U11
(
−ẽφ̄±

1
)]
.

(3.44)

Multiplying equations (3.42) and (3.44) by γ±
1 , we know that the resulting equations are

equivalent, respectively, with equations (3.39a) and (3.40). Therefore, equations (3.35a)
and (3.35b) follow for j = 1.

Regarding equations (3.35a) and (3.35b) for j = 2, note that

∂Ψ±
2

∂k̄
= 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

q
∂Φ±

2
∂k̄

+ 1
2π




−
∫ −2k1

0 dl
∫ T

t
dτ +

∫∞
−2k1

dl
∫ t

0 dτ
∫ −2k1

0 dl
∫ t

0 dτ −
∫∞

−2k1
dl
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z−ξ)
[
U11

∂ψ±
2

∂k̄
+ U12

∂φ±
2

∂k̄

]
,

(3.45)

where we have used equation (3.34) for the forcing term of ∂Ψ±
2

∂k̄
. Also, using

∫ T

t
dτ =

∫ T

0 dτ −
∫ t

0 dτ for the forcing term of ∂Φ±
2

∂k̄
, we find

∂Φ±
2

∂k̄
= − 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)q
∂Ψ±

2
∂k̄

+ e2ky

2π



∫ 0

−∞ dl
∫ t

0 dτ −
∫ −2k1

0 dl
∫ T

t
dτ

−
∫ 0

−∞ dl
∫ T

t
dτ +

∫ −2k1
0 dl

∫ t

0 dτ
E(k, l, τ − t)

×
∞∫

−∞

dξ eil(z̄−ξ)
[
U21

∂ψ±
2

∂k̄
+ U22

∂φ±
2

∂k̄

]
+ γ̃±

2 ,

(3.46)
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where the forcing term γ̃±
2 are given by

γ̃±
2 = 1

iπ

∞∫

−∞

dξ
∞∫

0

dη eik(ζ−z)+ik̄(ζ̄−z̄)qΨ±
2 − e2ky

2π



∫ t

0 dτ −
∫ T

0 dτ
∫ t

0 dτ

× E(k,−2k1, τ − t)
∞∫

−∞

dξ e−2ik1(z̄−ξ) [U21ψ
±
2 + U22φ

±
2
]

|l=−2k1 .

Let

β̃±
2 = 1

iπ

∞∫

−∞

dξ
∞∫

0

dη ei(kζ+k̄ζ̄)qΨ±
2 − 1

2π e−2ik1(k2
1−3k2

2)t

t∫

0

dτ
∞∫

−∞

dξ

× e2ik1ξ+2ik1(k2
1−3k2

2)τ
[
U21ψ

±
2 + U22φ

±
2
]

|l=−2k1 .

By the global relation (3.8), β̃±
2 can be written as
β̃±

2 = e−2ik1(k2
1−3k2

2)tβ±
2 ,

where β2 is given in equation (3.38). Thus, we find

γ̃±
2 = e−i(kz+k̄z̄)−2ik1(k2

1−3k2
2)tγ±

2 ,

where γ±
2 are given in equation (3.36). Thus, equation (3.46) becomes

∂Φ±
2

∂k̄
= eγ±

2 − 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)q
∂Ψ±

2
∂k̄

+ e2ky

2π



∫ 0

−∞ dl
∫ t

0 dτ −
∫ −2k1

0 dl
∫ T

t
dτ

−
∫ 0

−∞ dl
∫ T

t
dτ +

∫ −2k1
0 dl

∫ t

0 dτ
E(k, l, τ − t)

×
∞∫

−∞

dξ eil(z̄−ξ)
[
U21

∂ψ±
2

∂k̄
+ U22

∂φ±
2

∂k̄

]
.

(3.47)

In order to relate equations (3.45) and (3.47) with equations (3.17c) and (3.17d)
(or equivalently equations (3.33c) and (3.33d)), we take the complex conjugate of
equations (3.33c) and (3.33d) and multiply the resulting equations by e defined in
equation (3.5). Then, we find

eΨ̄±
2 (x, y, t, k1, k2) = e− 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eik(ζ−z)+ik̄(ζ̄−z̄)q
(
−eΦ̄±

2
)

+ e2ky

2π




−
∫ −2k1

0 dl
∫ T

t
dτ +

∫ 0
−∞ dl

∫ t

0 dτ
∫ −2k1

0 dl
∫ t

0 dτ −
∫ 0

−∞ dl
∫ T

t
dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ) [U22
(
ẽψ̄±

2
)

+ U21
(
−ẽφ̄±

2
)]
,

(3.48)
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and

−eΦ̄±
2 (x, y, t, k1, k2) = 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

q
(
eΨ̄±

2
)

+ 1
2π



∫∞

−2k1
dl
∫ t

0 dτ −
∫ −2k1

0 dl
∫ T

t
dτ

−
∫∞

−2k1
dl
∫ T

t
dτ +

∫ −2k1
0 dl

∫ t

0 dτ

× E(k, l, τ − t)
∞∫

−∞

dξ eil(z−ξ) [U12
(
ẽψ̄±

2
)

+ U11
(
−ẽφ̄±

2
)]
.

(3.49)

Multiplying equations (3.48) and (3.49) by γ±
2 , the resulting equations are equivalent

with eqs (3.45) and (3.47). Therefore, we prove eqs (3.35a) and (3.35b) for j = 2.

We now compute the jumps of Ψ±
1,2 and Φ±

1,2 across the real and imaginary k-axes.
Evaluating functions Ψ±

1,2 at k1 = 0, we know that Ψ±
1 and Ψ±

2 are equivalent and Φ±
1

and Φ±
2 are also equivalent. Thus, we find

(
Ψ±

1 − Ψ±
2
)

|k1=0 = 0,
(
Φ±

1 − Φ±
2
)

|k1=0 = 0

and hence Ψ and Φ are continuous across the imaginary k-axis. However, we will show
that Ψ and Φ are discontinuous across the real k-axis. In particular, we address the
case for the jumps across the positive real k-axis.

Proposition 3.8. For Ψ1 and Φ1 defined by equations (3.17),
(
Ψ+

1 − Ψ−
1
)

(x, y, t, k1, 0) = (∆Ψ1) (x, y, t, k1) + (δΨ1) (x, y, t, k1), (3.50a)
(
Φ+

1 − Φ−
1
)

(x, y, t, k1, 0) = (∆Φ1) (x, y, t, k1) + (δΦ1) (x, y, t, k1), (3.50b)

where

∆Ψ1 = −
∞∫

0

dλ eλχ
(1)
1 (k1, λ)Φ̄+

1

(
x, y, t, k1 + λ

2 ,
iλ

2

)
, (3.51a)

∆Φ1 =
∞∫

0

dλ eλχ
(1)
1 (k1, λ)Ψ̄+

1

(
x, y, t, k1 + λ

2 ,
iλ

2

)
, (3.51b)

δΨ1 = ê

∞∫

0

dλEλχ
(2)
1 (k1, λ)Ψ+

1

(
x, y, t, k1 + λ

2 ,−
iλ

2

)
, (3.51c)

δΦ1 = ê

∞∫

0

dλEλχ
(2)
1 (k1, λ)Φ+

1

(
x, y, t, k1 + λ

2 ,−
iλ

2

)
, (3.51d)
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and

eλ = e−i(2k1+λ)x−λy−i(λ3+3k1λ2+3k2
1λ+2k3

1)t, (3.52)

ê = e|k2=0 = e−2ik1x−2ik3
1t, Eλ = ei(2k1+λ)x−λy+i(λ3+3λ2k1+3λk2

1+2k3
1)t, (3.53)

A
(j)
1 (k1, λ) = χ

(j)
1 (k1, λ) +

∞∫

0

dl χ(j)
1 (k1, λ+ l)f (j)

1 (k1, λ+ l, l), j = 1, 2, (3.54a)

A
(1)
1 (k1, λ) = 1

2π

T∫

0

dτ
∞∫

−∞

dx ei(2k1+λ)x+i(λ3+3k1λ2+3k1λ+2k3
1)τ

×
[
−Ū12ψ

−
1 + Ū11φ

−
1
]

(x, t, k1, λ),

(3.54b)

A
(2)
1 (k1, λ) = 1

2π

T∫

0

dτ
∞∫

−∞

dx e−iλx−iλ(λ2+3λk1+3k2
1)τ
[
U11ψ

−
1 + U12φ

−
1
]

(x, t, k1, λ),

(3.54c)

with

f
(1)
1 (k1, λ, l) = − 1

iπ

∞∫

−∞

dξ
∞∫

0

dη e−ilξ−lηq0Φ̄+
1

(
ξ, η, 0, k1 + λ

2 ,
iλ

2

)
, (3.55)

f
(2)
1 (k1, λ, l) = 1

iπ

∞∫

−∞

dξ
∞∫

0

dη eilξ−lηq0Φ+
1

(
ξ, η, 0, k1 + λ

2 ,−
iλ

2

)
. (3.56)

Proof. Evaluating equations (3.17a) and (3.17b) at k2 = 0 and subtracting the resulting
equations, we find the following forcing terms:

1. the forcing obtained from
(
Φ+

1 − Φ−
1
)

|k2=0

e2k1y

2π

−2k1∫

−∞

dl
T∫

0

dτ E(k1, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ) [U21ψ
−
1 + U22φ

−
1
]

|k2=0 (3.57)

2. the forcing obtained from
(
Ψ+

1 − Ψ−
1
)

|k2=0

1
2π

∞∫

0

dl
T∫

0

dτ E(k1, l, τ − t)
∞∫

−∞

dξ eil(z−ξ) [U11ψ
−
1 + U12φ

−
1
]

|k2=0. (3.58)

Let (∆Ψ1,∆Φ1) denote the solution of the equation by subtracting equations (3.17a)
and (3.17b) evaluated at k2 = 0 and by ignoring the forcing term (3.58). Similarly,
let (δΨ1, δΦ1) denote the corresponding solution obtained by ignoring the forcing
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term (3.57). Then, we can derive equations (3.50a) and (3.50b). Thus, in what follows
we will characterize (∆Ψ1,∆Φ1) and (δΨ1, δΦ1).
Analysis of (∆Ψ1,∆Φ1). Letting l = −2k1 − λ and using the equation

E(k1, l, τ − t)eil(z̄−ξ)∣∣
l=−2k1−λ

= e−i(2k1+λ)x−(2k1+λ)y+i(2k1+λ)ξ+i(λ3+3λ2k1+3k2
1λ+2k3

1)(τ−t),

equation (3.57) can be written in the form
∞∫

0

dλ eλA
(1)
1 (k1, λ),

where eλ and A
(1)
1 are defined in equations (3.52) and (3.54b), respectively. Thus, by

ignoring the forcing term (3.58), (∆Ψ1,∆Φ1) solves the following equations:

∆Φ1 =
∞∫

0

dλ eλA
(1)
1 − 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

e−2ik1(x−ξ)q∆Ψ1

+ e2k1y

2π

−2k1∫

−∞

dl
t∫

0

dτ E(k1, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ) [U21∆ψ1 + U22∆φ1] |k2=0,

(3.59a)
and

∆Ψ1 = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

q∆Φ1

+ 1
2π

∞∫

0

dl
t∫

0

dτ E(k1, l, τ − t)
∞∫

−∞

dξ eil(z−ξ) [U11∆ψ1 + U12∆φ1] |k2=0.

(3.59b)

We will relate (∆Ψ1,∆Φ1) with
(
Φ̄+

1 , Ψ̄+
1
)
. In this respect, we write equation (3.42) as

eΨ̄+
1 = e+ 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

eiλ(z̄−ζ̄)−2ik1(x−ξ)+2ik2(y−η)q
(
eΦ̄+

1
)

+ e2ky

2π

−2k1∫

−∞

dl
t∫

0

dτ E(k, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ) [U22
(
ẽψ̄+

1
)

+ U21
(
−ẽφ̄+

1
)]

+ i

π

∞∫

−∞

dξ
∞∫

0

dη
−2k1+λ∫

−2k1

dl ei(l+2k1)(z̄−ζ̄)−2ik1(x−ξ)+2ik2(y−η)q
(
eΦ̄+

1
)
,

(3.60)
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where ẽ = e|η=0 and we have used the identity

1
ζ − z

= e−iλ(z−ζ)

ζ − z
− i

−2k1+λ∫

−2k1

dl e−i(l+2k1)(z−ζ).

Letting k1 → k1 + λ/2 and k2 → iλ/2 in equation (3.60), where λ ≥ 0, we note that
under this transformation,

k = k1 + ik2 = k1, e = e−2i(k1x−k2y)−2ik1(k2
1−3k2

2)t → eλ,

eiλ(z̄−ζ̄)−2ik1(x−ξ)+2ik2(y−η) → e−2ik1(x−ξ),

ei(l+2k1)(z̄−ζ̄)−2ik1(x−ξ)+2ik2(y−η) → eil(x−ξ)+(l+2k1)(y−η),

E(k, l, τ − t) → E(k1, l, τ − t) = e−il(l2+3lk1+3k2
1)(τ−t).

Moreover, since −2k1 → −2k1 − λ, we know that
−2k1∫

−∞

dl →
−2k1∫

−∞

dl +
−2k1−λ∫

−2k1

dl,
−2k1+λ∫

−2k1

dl → −
−2k1−λ∫

−2k1

dl.

Thus, letting

M1 = Ψ̄+
1

(
x, y, t, k1 + λ

2 ,
iλ

2

)
, N1 = Φ̄+

1

(
x, y, t, k1 + λ

2 ,
iλ

2

)
,

m1 = ψ̄+
1

(
x, t, k1 + λ

2 ,
iλ

2

)
, n1 = φ̄+

1

(
x, k1 + λ

2 ,
iλ

2

)

equation (3.60) yields

eλM1 = eλ + F
(1)
1 + 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

e−2ik1(x−ξ)q (eλN1) + e2k1y

2π

−2k1∫

−∞

dl
t∫

0

dτ

× E(k1, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ) [U22 (ẽλm1) + U21 (−ẽλn1)] |k2=0, (3.61)

where ẽλ = eλ|η=0 and

F
(1)
1 (x, y, t, k1, λ) = 1

2π

−2k1−λ∫

−2k1

dl eilx+(l+2k1)y+il(l2+3lk1+3k2
1)t



−2i

∞∫

−∞

dξ
∞∫

0

dη

× e−ilξ−(l+2k1)η−il(l2+3lk1+3k2
1)tq (eλN1) +

∞∫

−∞

dξ
t∫

0

dτ

×e−ilξ−il(l2+3lk1+3k2
1)τ [U22 (ẽλm1) + U21 (−ẽλn1)] |k2=0

}
.

(3.62)
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Here, letting l + 2k1 + λ → l in equation (3.62), F (1)
1 can be written as

F
(1)
1 (x, y, t, k1, λ)

= − 1
2π

λ∫

0

dl ei(l−2k1−λ)x+(l−λ)y+i(l−2k1−λ)(l2−2λl+λ2−k1l+λk1+k2
1)t

×



−2i

∞∫

−∞

dξ
∞∫

0

dη e−ilζ̄−il(l2−3λl+3λ2−3k1l+6k1λ+3k2
1)tqN1

+
∞∫

−∞

dξ
t∫

0

dτ e−ilξ−il(l2−3λl+3λ2−3k1l+6k1λ+3k2
1)τ
[
Û22m1 − Û21n1

]


 ,

(3.63)

where

Û21 = U21(ξ, τ, k1, l − 2k1 − λ), Û22 = U22(ξ, τ, k1, l − 2k1 − λ).

Similarly, replacing k1 → k1 + λ/2 and k2 → iλ/2 in equation (3.44), we find

−eλN1 = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

q (eλM1) + 1
2π

∞∫

0

dl
t∫

0

dτ

× E(k1, l, τ − t)
∞∫

−∞

dξ eil(z−ξ) [U12 (ẽλm1) + U11 (−ẽλn1)] |k2=0.

(3.64)

We note that equations (3.61) and (3.64) are similar to equations (3.59a)
and (3.59b), respectively, except for the forcing term F

(1)
1 , which will be determined

by using equation (3.14). Replacing λ → λ/2 and then letting k1 → k1 + λ/2 and
k2 → iλ/2 in equation (3.14), we find

E = e−ilz̄−il(l2−3λl+3λ2−3k1l+6λk1+3k2
1)t → e−ilz̄−il(l2−3lλ+3λ2−3k1l+6λk1+3k2

1)t.

Thus, from equation (3.14) it follows that the curly bracket {· · · } in F
(1)
1 given by

equation (3.63) can be written as

−2i
∞∫

−∞

dξ
∞∫

0

dη e−ilζ̄q0N1(ξ, η, 0, k1, λ),

and hence we write

F
(1)
1 (x, y, t, k1, λ) =

λ∫

0

dl Ê(x, y, t, k1, l, λ)f (1)
1 (k1, λ, l),
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where f (1)
1 is given in (3.55) and

Ê(x, y, t, k1, l, λ) = ei(l−2k1−λ)x+(l−λ)y+i(l−2k1−λ)(l2−2λl+λ2−lk1+λk1+k2
1)t.

We now determine the function χ
(1)
1 satisfying the equation

∞∫

0

dλ
(
eλχ

(1)
1 + F

(1)
1 χ

(1)
1

)
=

∞∫

0

dλ eλA
(1)
1 .

Letting λ → λ+ l, we note that Ê(k, λ+ l, l) = eλ and

∞∫

0

dλF (1)
1 χ

(1)
1 =

∞∫

0

dl
∞∫

0

dλ eλχ
(1)
1 (k1, λ+ l)f (1)

1 (k1, λ+ l, l),

which implies that χ(1)
1 should be given in equation (3.54a). Thus, multiplying equa-

tions (3.61) and (3.64) by χ(1)
1 and then integrating the resulting equations from λ = 0

to λ = ∞ with respect to dλ, we find
∞∫

0

dλ eλχ
(1)
1 M1 =

∞∫

0

dλ eλA
(1)
1

− 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

e−2ik1(x−ξ)q


−

∞∫

0

dλχ(1)
1 eλN1




+ e2k1y

2π

−2k1∫

−∞

dl
t∫

0

dτ E(k1, l, τ − t)
∞∫

−∞

dξ eil(z̄−ξ)

×


U22




∞∫

0

dλχ(1)
1 ẽλm1


+ U21


−

∞∫

0

dλχ(1)
1 ẽλn1





∣∣∣
k2=0

,

(3.65)

and

−
∞∫

0

dλ eλχ
(1)
1 N1

= 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

q




∞∫

0

dλχ(1)
1 eλM1


+ 1

2π

∞∫

0

dl
t∫

0

dτ E(k1, l, τ − t)

×
∞∫

−∞

dξ eil(z−ξ)


U12




∞∫

0

dλχ(1)
1 ẽλm1


+ U11


−

∞∫

0

dλχ(1)
1 ẽλn1





∣∣∣
k2=0

.

(3.66)
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Then equations (3.65) and (3.66) are equivalent to equations (3.59a) and (3.59b), and
hence equations (3.51a) and (3.51b) for (∆Ψ1,∆Φ1) follow.
Analysis of (δΨ1, δΦ1). Letting l → λ, equation (3.58) can be written as

ê

∞∫

0

dλEλA
(2)
1 (k1, λ), ê = e|k2=0 = e−2ik1x−2ik3

1t,

where Eλ and A(2)
1 are defined by equations (3.53) and (3.54c). Then by ignoring the

forcing (3.57), (δΨ1, δΦ1) solves

ê−1δΨ1 =
∞∫

0

dλEλA
(2)
1

+ 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

e2ik1(x−ξ)q
(
ê−1δΦ1

)
+ e2k1y

2π

−2k1∫

−∞

dl
t∫

0

dτ

× Ē(k1, l, τ − t)
∞∫

−∞

dξ e−il(z−ξ) [Ū22
(
ê−1δψ1

)
+ Ū21

(
−ê−1δφ1

)]
|k2=0,

(3.67a)

and

−ê−1δΦ1 = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

q
(
ê−1δΨ1

)
+ 1

2π

∞∫

0

dl
t∫

0

dτ

× Ē(k1, l, τ − t)
∞∫

−∞

dξ e−il(z̄−ξ) [Ū12
(
ê−1δψ1

)
+ Ū11

(
−ê−1δφ1

)]
|k2=0.

(3.67b)

In order to relate (δΨ1, δΦ1) with (Ψ+
1 ,Φ+

1 ), we first write equations (3.33a) and (3.33b)
as

e−1Ψ+
1 = e−1 + 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

e−iλ(z−ζ)+2ik1(x−ξ)−2ik2(y−η)q
(
e−1Φ+

1
)

+ e2k̄y

2π

−2k1∫

−∞

dl
t∫

0

dτ

× Ē(k, l, τ − t)
∞∫

−∞

dξ e−il(z−ξ) [Ū22
(
ẽ−1ψ+

1
)

+ Ū21
(
−ẽ−1φ+

1
)]

− i

π

∞∫

−∞

dξ
∞∫

0

dη
−2k1+λ∫

−2k1

dl e−i(l+2k1)(z−ζ)+2ik1(x−ξ)−2ik2(y−η)q
(
e−1Φ+

1
)
,

(3.68)
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and

−e−1Φ+
1 = 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

q
(
e−1Ψ+

1
)

+ 1
2π

∞∫

0

dl
t∫

0

dτ

× Ē(k, l, τ − t)
∞∫

−∞

dξ e−il(z̄−ξ) [Ū12
(
ẽ−1ψ+

1
)

+ Ū11
(
−ẽ−1φ+

1
)]
. (3.69)

Replacing k1 → k1 + λ/2 and k1 → −iλ/2, where λ ≥ 0, we find

k̄ = k1 − ik2 = k1, e−1 = e2i(k1x−k2y)+2ik1(k2
1−3k2

2)t → Eλ,

e−iλ(z−ζ)+2ik1(x−ξ)−2ik2(y−η) → e2ik1(x−ξ),

e−i(l+2k1)(z−ζ)+2ik1(x−ξ)−2ik2(y−η) → e−il(x−ξ)+(l+2k1)(y−η),

Ē(k, l, τ − t) → Ē(k1, l, τ − t) = eil(l2+3lk1+3k2
1)(τ−t).

Thus, letting

M̃1 = Ψ+
1

(
x, y, t, k1 + λ

2 ,−
iλ

2

)
, Ñ1 = Φ+

1

(
x, y, t, k1 + λ

2 ,−
iλ

2

)
,

m̃1 = ψ+
1

(
x, t, k1 + λ

2 ,−
iλ

2

)
, ñ1 = φ+

1

(
x, t, k1 + λ

2 ,−
iλ

2

)
,

equations (3.68) and (3.69) yield

EλM̃1 = Eλ + F
(2)
1 + 1

π

∞∫

−∞

dξ
∞∫

0

dη
ζ − z

e2ik1(x−ξ)q
(
EλÑ1

)
+ e2k1y

2π

−2k1∫

−∞

dl
t∫

0

dτ

× Ē(k1, l, τ − t)
∞∫

−∞

dξ e−il(z−ξ) [Ū22
(
Ẽλm̃1

)
+ Ū21

(
−Ẽλñ1

)]
|k2=0,

and

−EλÑ1 = 1
π

∞∫

−∞

dξ
∞∫

0

dη
ζ̄ − z̄

q
(
EλM̃1

)
+ 1

2π

∞∫

0

dl
t∫

0

dτ

× Ē(k1, l, τ − t)
∞∫

−∞

dξ e−il(z̄−ξ) [Ū12
(
Ẽλm̃1

)
+ Ū11

(
−Ẽλñ1

)]
|k2=0,
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where Ẽλ = Eλ|η=0 and

F
(2)
1 (x, y, t, k1, λ) = 1

2π

−2k1−λ∫

−2k1

dl e−ilx+(l+2k1)y−il(l2+3lk1+3k2
1)t

{
2i

∞∫

−∞

dξ
∞∫

0

dη

× eilξ−(l+2k1)η+il(l2+3lk1+3k2
1)tq

(
EλÑ1

)
+

∞∫

−∞

dξ
t∫

0

dτ

× eilξ+il(l2+3lk1+3k2
1)τ
[
Ū22

(
Ẽλm̃1

)
+ Ū21

(
−Ẽλñ1

)]
|k2=0

}
.

The rest of analysis is similar to the case of (∆Ψ1,∆Φ1) and then equations (3.51c)
and (3.51d) follow.

4. CONCLUDING REMARKS

We have presented the Fokas method for the mVN equation posed on the half-plane.
Specifically, for the linearized mVN equation we have obtained the integral representa-
tion for the solution in terms of the functions q0(x, y), g0(x, t) and g1(x, t). For the
nonlinear mVN equation, we have derived several version of the global relation and
the d-bar formalism (or the so-called Pompieu’s formula) for the sectionally defined
non-analytic functions. It should be remarked that the main advantage of the Fokas
method is that it provides integral representations of the solutions in the complex
plane. As a consequence, it makes possible to study asymptotics of the solution by
using the Deift–Zhou method [7] for the long-time behavior, or to study the small
dispersion limit by using the Deift–Venakides–Zhou method [8] (see also [27,28] for
recent applications). In addition, we have characterized d-bar derivatives of the spectral
functions and the jumps across the real k-axis (while the jumps along the imaginary
k-axis vanish). It requires to characterize the jumps across the negative real k-axis,
which can be done by the similar analysis as we discussed in Section. 3.3, but involving
more complicated forcing terms. Moreover, it should be noted that in order to be
effective in implementation of the Fokas method for the mVN equation posed in
half-plane, it may be necessary to characterize the boundary values (cf. the linear
case), since one of the boundary values in equation (1.3) is possibly unknown either
in physical settings or for a well-posedness of the equation as discussed in the case
for (1+1)-dimensional integrable systems [11]. We will discuss these issues in the near
future.
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