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THE d-BAR FORMALISM
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Abstract. We study the modified Veselov—Novikov equation (mVN) posed on the half-plane
via the Fokas method, considered as an extension of the inverse scattering transform for
boundary value problems. The mVN equation is one of the most natural (2+1)-dimensional
generalization of the (141)-dimensional modified Korteweg-de Vries equation in the sense as
to how the Novikov—Veselov equation is related to the Korteweg—de Vries equation. In this
paper, by means of the Fokas method, we present the so-called global relation for the mVN
equation, which is an algebraic equation coupled with the spectral functions, and the d-bar
formalism, also known as Pompieu’s formula. In addition, we characterize the d-bar derivatives
and the relevant jumps across certain domains of the complex plane in terms of the spectral
functions.
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1. INTRODUCTION

In this paper, we present a unified transform method, also known as the Fokas
method, for the initial-boundary problem for the modified Veselov—Novikov equation
(mVN) [24,26,29] posed on the half-plane

Gt + Qzzz + qzzz + 6 (20 + qz0) + 3¢ (v + Vz) =
20

0, (zt)€Q, z=uz+1iy,
()., (1.1)

w|

where ¢(z,y,t) is a real-valued function and

N={-0<r<00,0<y<o0,0<t<T}.
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The mVN equation is a modification of the Novikov—Veselov equation (NV) in a similar
manner as the connection between the modified Korteweg-de Vries equation (mKdV)
and the Korteweg—de Vries equation (KdV) [3,6]. The NV equation can be viewed
as one of the most natural (241)-dimensional (i.e. two spatial and one temporal)
generalization of the (1+1)-dimensional KdV equation. Hence, the mVN equation
can be considered as the (2+41)-dimensional generalization of the (1+1)-dimensional
mKdV equation. Both the KAV and mKdV equations are well known to be completely
integrable, but play an important role in describing motions of shallow water waves.
Thus, the NV and mVN equations are not only notable for their physical applications,
for example the dispersionless NV equation describes the propagation model of high
frequency electromagnetic wave in nonlinear media [6], but also of great interest for
their integrability [19,20,29]. The analogy with the relationship between the KdV and
mKdV equations also serves that the Novikov equation can be considered as a modified
Degasperis—Procesi equation [4,24] (cf. [5,25] for recent results in the study of the
Novikov equation).

It should be noted that the inverse scattering transform can be used for solving
integrable nonlinear equations in (2+1)-dimension, such as the Davey—Stewartson
(DS) and Kadomtsev—Petviashvili (KP) equations [1,2,14,15,30]. The NV and mVN
equations, like the DS and KP equations, also can be analyzed by the inverse scattering
transform [19,29], due to their integrability. Recently, initial-boundary value problems
for the DS and Kadomtsev—Petviashvili IT equations on the half-plane [13,23] can
be solved by the Fokas method, considered as a significant extension of the inverse
scattering transform for boundary value problems [9,10,12] (see also [16-18,21,22] for
recent development of the method and reference therein).

Here, we study equation (1.1) the half-plane via the Fokas method, based on
a Lax pair approach and a d-bar formalism, known as the Pompieu formula or the
Cauchy—Green formula. The rigorous implementation of the Fokas method involves
the following steps.

(i) Analysis of the Lax pair: We analyze the Lax pair for some sectionally analytic
function

w= M(%%takl,kz)

for the spectral variable k = k; + ika (K1, k2 € R). We derive the so-called global
relation, which is an algebraic equation coupled with the spectral functions.

(ii) Direct problem: Assuming that a smooth solution ¢(z,y,t) of equation (1.1)
exists, we define a bounded function y for k € C, which has different non-analytic
representations in different domains in the complex k-plane.

(iii) Inverse problem: We formulate a d-bar problem for a sectionally non-analytic
function. As an inverse problem, we characterize the d-bar derivatives and the
relevant jumps across the different domains in the complex k-plane.

Throughout the paper, we will assume that there exists a sufficient smooth solution
q(z,y,t), which decays as y — oo for all fixed (z,t) and as |z| — oo for all fixed (y,t).
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We will denote the initial and boundary values as

qO(xvy) :(J(mvyvo)a xeRv O<y<OO, (12)

and
gO(xat) :q(xvoat)7 gl(xat) :qy(‘rao)t)a gg(.]?,t) :(Jyy(x707t)a $6R70<t<T-
(1.3)

We will also assume that ¢g is a Schwartz class function, that is,
g € S(R x RY).

We will denote
k:k1+ZkQa Z:I+1ya C:§+Zna

where k1, ko, x, y, & and n are real variables.

2. THE LINEARIZED MODIFIED VESELOV-NOVIKOV EQUATION

Before studying the mVN equation, we begin by analyzing the linearized mVN equation
posed on 2

The linearized mNV equation admits the following Lax pair
pz + ikp = —q, (2.2a)
pi + ik s = qzz — ikgs — kg, (2.2b)

where p = p(z,y,t, k1, ko) is a scalar function and bounded for k € C. In fact,
equation (2.1) is compatible if and only if

(0 + ik® + 0%) g + (0 + ik) (qzz — ikqz — k*q) =0,
where 1 1
We note that equations (2.2) are equivalent to the following divergence form

(ei(Az+k5)+i(ks+)\3)tq>t _ {ei()\z+k2)+i(k3+)\3)t (qu +A%g— 9zz)L

2.3
i {ei(xz%%)ﬂ(lﬁs“g)t (ik gz + k?q — ng)} L >

Thus, applying the Poincaré lemma [13], we find the global relation (cf. see also
equation (2.23))

9 / dedy ei(/\z+k2)+i(k3+)\3)tq(x’ y, 1)
Qo t
_ ei(/\z+k2)+i(lc3+>\3)t

Qo
x [(iAg: + N’q — q..)dZ — (ikgs + k*q — gzz)dz], Ak €C,

where Qg C R? is a bounded piecewise smooth domain.
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On the other hand, we write equation (2.2a) as

(eikz+ikéﬂ> = —eikerikzg
z

and then the above equation can be solved by Pompieu’s formula [13,23]
T 1 dédn Ted
tkz+ikz . ikC+ikC zk§+zk£ 0.t k1. k
€ 1% W//C_Z (55 7 2”_[_/5 .u(fa s by V1, 2)5
(2.5)
where D = {—00 < £ < 00, 0 <7 < c0}. Letting
,Lt(l‘, 07 t7 k17 k?) = QO(.’E, t? k17 k?)a

we write equation (2.5) as
1 r (—2)+ik(¢C—z
Yt b k) = — /dﬁ/c (/)]
(2.6)
2271_ /5 2ik1£7i(k2+kz>@(£at7klakQ)'

We will determine ¢(x,t, k1, ko) by analyzing equation (2.2b). Note that equation (2.2)
can be written in terms of derivatives with respect to x and y

iy = —g — 2ikp — 2¢ (2.7a)

. 1 . ,
1223 + stﬂ + g (,u:caca: + YWyyy — 3Z.uxacy - 3.uxyy)
1 _ ik .
= — (Qua + 2iqzy — qyy) — b} (qz +1iqy) — kz‘]- (2.7b)

4
From equation (2.7a) it follows that
iflyy = —ifles + Akpte — 2iqe + 4ik7p+ 4kq — 2qy,

iflyyy = Haze + 0ikilee — 1257 11, — 8ik® 1 — 8kq + 8ikqs
— 2iQey + 4kqy + 2qz0 — 2qyy-

Substituting the above equations into equation (2.7b) and evaluating the resulting
equation at y = 0, we know that ¢(x,t, k1, ko) solves

¢ + 3ikpre — 3k20p + Peae = Q(x,t, k), (2.8)
where
. 3 3
Q(z,t, k) = —3ikgo, — ggom + 591m~ (2.9)
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We introduce the Fourier transform pair

oo

oz, t, ki, kg) = % / dle™ (1, t, ky, ko),
7 (2.10)
oLt ky, ko) = /dxe’mcp(x,t,kl,l@).
Then equation (2.8) can be written in terms of @(1,¢, k1, k2) as
@ — il(I% 4 3k + 3k%)p = Q(I, t, k), (2.11)
where -
Q(l,t,k) = /dle‘““’Q(m,uk).
“oo

Using the following identity for the second integral in equation (2.6) together with
equation (2.10),

/ e oi(Zk1+0E _ 2ime' Rtz > 9k,
-2 0, < —2k,

equation (2.6) can be written as

1 r r d ik((—2)+ik(¢C—z
/J/($,y,t, kla k2) = ; / dg/ C%e k(C—2)+ik(C )q(fa 777t)
0 (2.12)

e—Qky

+

/ dle® o (1, t, ky, k).
—2’€1

™

Evaluating equation (2.12) at y = 0, we find

o0 oo

1 d ] ? —2itk1x
plotibi k) = 7 [ ag [ b mbege g g
0

17 .
+ 5 / dle™p(l,t, ky, ks).
—2k}1

Note that

/ dl e (==0 = %emlg—%mfzmlz
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and then we find

—2k, oo e}

1 o
st ks ke) = — / dl/dg/d”e”(w OF2kng(e,m, t)
-0 —o0

0 (2.13)

1

+ 5 / dle™® @l t, ky, ks).

—2k1

Comparing equation (2.13) with equation (2.10), we know that for —oo <1 < —2ky,
¢ is given by

O, t, Ky, ko) = —2i / df/dne_”CJr%"q(g,n,t), —00 < | < =2k,
— 00 0

while ¢(1, ¢, k1, k2) does not satisfy any restriction for —2k; <1 < co.
We now analyze equation (2.11) to determine ¢(1,¢, k). Let

Elk,1,t) = o (I +3kI+3k?)t (2.14)

and then we write equation (2.11) as

. r ~ . 3 3i
(E(k,1, 1)), = / A€ E(k, 1, t)e11E (_:mgog — S0, + le§> . (2.15)

Using the integration by parts, equation (2.15) can be written as

o0

(E(k, 1, 1)), = /dgs(k,z,t)e—“fU(g,t,k,l), (2.16)

— 00

where 3 3
U(£7t7 k? l) = 3k190 + 51290 - 5191

Thus, the solution of equation (2.16) can be found in the form

[y dr E(k, 1T — )0 (7,k, 1) + E(k, 1, —£)@ (1,0, ky, k2,

5Lt k1 k) = ;
PlLt b, o) {—ftTdTé’(k,l,T—t)U(T,k;,l)+5(k,l,T—t)<ﬁ(l,T,k1,k;2),

where

Ut, k1) = /dge—“fU(g,t,k,Z).

Note that the real part of £(k,l,7 —t) is given by

Re&(k, 1,7 —t) = e3h2l+2k)(7=t) (2.17)
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and also note that

l € (—o00,—2k1]U[0,00), ki >0,

(14+2k1) >0 <—
( D)2 {le(—oo,o]u[—2k1,oo), ky < 0.

We seek for a bounded solution ¢ for all k£ € C. Note that since there is no restriction
imposed on @(I,t, ki, kg) for —2k; < I < 0o, we can choose
@(lv 07 kl) k?) = @(la Ta kla k2) =0

for —2k; < | < oo. Thus, according to the real part of E(k,l,7 — t), we define
(ﬁ(l,t,k‘l,kg) for [ € [—2k51,00) as

[y dr k1,7 — )0 (,k,0),  1€[0,00),k € Cy,
(

51 (1t k, ko) = j
Pt k) {—LTde(k,z,T_tUT, ), 16[—%1»0]’“@1’

T A
S (ot s ) — ftft dTg(k,l,TfAt U(r, k1), 1€][0,00),k € Cyy,
fo dr&(k,l,7 —t)U(7,k,1), € [—2k1,0], k € Cyy,
2k k
@;(Lta klka) = S [ boe )’ © CH7
— [T dr &k, 1,7 — 0 (7. k1), 1€ [0,—2k;],k € Cny,

—j; dr &k, I, T —t

(1. k,1)
VU (7, k
VO (7, k
(1.k,0)
[y dr Ek, 1,7 — )0 (7, k, 1),
YW (T, k
G (I, t, k1, ko) = { ¢ z I;

U(r,k,1), 1€ |2k, 00),k e Cr,
T l e [O, —Qkﬂ,k € CIII,

where Ci_1y denote the four quadrants of the complex k-plane. Therefore, the solution
w(x,y,t, ki, ka) of equation (2.2) can be represented in the form

il (.t ky ko), k€C,
T t,k keC
(@, y,t, ke, ko) = Mi@ Wbk k), k€ Crv, (2.18)
Mo (J) y7t kla 2)7 k S CII?
po (x,y,t k1, ka), k€ Cr,

where ,qu are given by (see Figure 1)

—2ky

2w

e
1 (2 K, o) = /d&/C eRED Ry (¢ 1) +

dl [far - di [Fdr
Jo gy dr = o AU Sk, 1,7 — 1) (2.19a)

00 T 0 t
— fydr [T dr+ [0y, di [y dr

o
X / deett==9) (3klgo + ngQo - 2lg1)

—0o0
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and
M;E('r7 Y, ta k17 kQ)

1 00 9] o —oky o
T / df/%em(qﬁ)m(“”d&n,t)+ ezw / ¢
A 9, (2.19b)

Jo dr T 3, 3
T E(k,l,T = t) / dgez (2—€) <3klgo + =1l°gp — lgl) .
— [, dr s 2 2
Evaluating equation (2.19a) at k1 = 0, we find
(o = 13) =0 =0, (13 — 13) k=0 =0,

which imply that ;1 does not have a discontinuity across the imaginary axis k; = 0.

(a) (b)

k> k>

72 My (93, 3) (%1, @)

k[ k1

Hy Hi (Y2, D7) (P7, @7)

Fig. 1. (a) The function p for the linearized mVN equation. (b) The function (¥, ®) for
the mVN equation.

Thus, u(x,y,t, k1, k) can be found by using Pompieu’s formula

0

vofoak, 1 aw, .
w(@,y,t, k1, k) ~%n K —k (lh — M ) |kg:0 + % K —k (NQ — Ho ) ‘k;:o
0 —o00
oo 00 0 oo
V[, [ dky Opf 1 / / dky Opg
- = L — [ dk 2 2.2
w/dkl/k’—kak/ ™ YK —k ok (2.20)
0 0 —o0 0

[e’e) 0 0 0
1 dky ouy 1 dky Oug
Y 2 i——/dk’/ 2 Opy
77/ 1/k’—kak/ T L)k —k oR
0 —0oo — 00 —0o0

where k' = k| + ik}, with k|, k} € R.
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+
1,2

o
We will characterize g/}’ and (Mfz — “1_,2) |ko—0- Let po denote the first integral
in equations (2.19a), namely,

VT T odn o
,ll/o(l',y,t7]€1,k2) = - / dg/inelk(c A+ik(¢ Z)Q(fvnvt)
s (—=z
—00 0
and then we find
8u0 ) 7 7 ik(C—2)ik(¢—
== [ de [ dpe R g 1),
- § [ dn q(&m,t)
—0o0 0

Thus, differentiating ;17 with respect to k yields

ok ok 2

— 00

o5} t
_ _ok
%:%_’_e Yy /dg/dT621‘(5—,2)}’@1-‘1-21’161(lcf—BIcg)(T—t)U(g’t’k7 —2k1), (2.21)
0

where we have used the fact that

eil(zfg)g(k’ LT — 1)) ieon, = eQi(ffz)k1+2ik:1(lcff?)kg)(frft).

Let

(oo} oo

k1) = [ e [ anet (e o)
—o0 0
Since e~2ku—2ik1z — o=i(kZ+k2) we write equation (2.21) as
o) i

8“;1 _ e—i(k2+l_€z) iqA(kv t) + i / df/dT e?ik1§+2ik1(k?—3k§)(7‘—t)U(£’ ¢, k', _ijl)
ok s 2m

—00 0

(2.22)
The equation (2.22) involves the term of the solution §(k,t), which can be eliminated
by using the global relation (2.4) with
Qo={-o0<z<00,0<y <00}

Replacing A by k and evaluating at y = 0, the divergence form of the integral in
equation (2.4) yields

(ikq. + k*q — q=2)dZ — (ikgz + k*q — qz2)dz = (kage + iquy — 4ik1kag + k1g,)da.
Using the integration by parts, we find

/ dxe2ik1:p+2ik1(l~cf—3k§)t (koo + iay)

— 00
oo

_ / da eQik1z+2ik1(kf73k§)t (Qiklkgq _ 2k1qy) ,

— 00
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and hence the global relation can be written as

—9% (eZikl(kf—3k§)th(k7t)) _ /dxeQik1x+2ik1(kf—3kg)tU($7t’k7_le), (2.23)
t

— 00

where we note that U(z,t, k, —2k1) = —6ik1kago + 3k191. Integrating equation (2.23)
from 7 = 0 to 7 = t with respect to 7, we find

e’} t
iG(k,t) = Z-efQiklz(kffi’)kS)th(k)_% / dJC/dT eZiklerQikl(kffSkg)(Tft)U(a:?t’k,_le)’
0

— 00

where Go(k) = G(k,0). Therefore, we derive

o i - .
% — %6721(k1m+k2y)722k1(kf73k§)t60(k)7 ky > 0’ ks < 0. (224)
. out t T T
Regarding -, we note that [jdr = [ d7 — [, dr, and hence we find

ot , , j 1
IH1 _ —2i(kyathay)—2ik (k] —3Kk3)t [;%(k) _ 7g(k1,k2) , k1 >0,k >0, (2.25)

ok 2
where
[e%e} T
g(ky, ko) = / dz / dr 2wt 2k (RS =3K2)T (_6ikey kygo + 3k1gr) -
—o0 0
Similarly, we find
fi;g _ %6—21(k1x+k2y)—2ik1(kf—?)kg)t(jo(k)? ky <0,k >0, (2.26)

and

EIu‘2 —2i (k1 +k2y)72'k51(k:f73k§)t i ~ 1
9 € QO( ) 2 g( 1 2) ’ 1 >V, h2 > ( )

We now compute (piy — 43 5) [ko=o- Let

AMLQ = (:u—l":Q - :ul_,Q) (x7y7ta klv O)

and then the first two integrals in equation (2.20) denoted by Au(z,y,t) can be written
as

0o 0

1 dk} 1 dk}

A t) = — LA t, k] — LA t, k]

,u(iC,y, ) 227T/k‘,1 —k ,ul(x,y, ) 1>0)+ % / k_/l —k N’Q(xaya ) 130),
0 —0o0

(2.28)
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where
-2ty oo 0 T oo 4
A =~ /dl— / dl /dTS(k’l,l,T—t)/dfe”(z_g)U(@t,ki,l),
0 —2k! 0 -
and
2Ky T 4 .
Apy = = /dl/dTS(k;,z,r—t)/dge”“*@U(&t,kivD-
—2k’1 0 —o0

Letting £ — o and k} + £ — B, equation (2.28) becomes

0 oo e—Qﬁy
A/,L(l‘y, 7/ /da—/da+/da m
e p (2.29)
X /dT e~ 2ia(a’+36%)(r—1) / dé e2(==9) (6aBgy — 3agy) .
0 —o00
Then letting o — —k} and 8 — ik}, equation (2.29) can be written as
’ dké —2i(kyx+kby)—2ik] (k2 —3k2)t (1.0 1.0
Aﬂ(x y7 - dk dk k' — ke g( 17k2)'

Therefore, from equation (2.20) it follows that the function p(z,y,t, k1, ko) is given by

o
dk} Y, o ,
H(x y,t kl,kQ /dk’l Qk —21(k1$+k2y)—22k1(k12—3k22)th0(k/)
1 dky ik k) — 20k (K2 —3kL2)t
+22/dk/ me (k1z+k5y) 1 (k7 2)9(/6/1,]{}/2)

OCi

dk} Y, g2y
2 = /dk_/ / 2 721(k1x+k2 )—2ik] (k1° —3k) ( k2)

0 OCry
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Finally, using the Lax pair (2.2b) and p = O(1/k) as k — oo, we find the solution
q(z,y,t) as

oo oo

1 . o) —2i _ .
q(x,y,t):ﬁ/dkl/deG_Ql(klm+k2y) 2k1(kf 3k§)tq0(k,)

— 00 — 00

1
2472

0
/ dk; / dks ef2i(k1m+k2y)72ik1(kf*3k§)tg(k1’ k2)
—0o0 OCHI

S
1 ) )
+ 53 /dk‘l / dksy e—22(k1z+k2y)—2zk1(kf—Skg)tg(kl’ I€2)

0 9Crv

3. THE MODIFIED VESELOV-NOVIKOV EQUATION

3.1. THE LAX PAIR FORMULATION

We now study the mVN equation (1.1). First note that the mVN equation admits
the following Lax pair [29]

fie = —qu2, 2. = qpa, (3.1a)
pa, == (... + e +6vpn, + 3qzp2. + 3 (vapn — 2qup2)), (3.1b)
p2, = = (M2... + p2... + 60u2, = 3qzp1, + 3 (Vzp2 + 2qupn)) - (3.1c)

Letting pq = Wek*+k*t and py = ®eik*+ik°t we find the modified Lax pair

U, = —q®, O, +ikd = qU, (3.2a)

Uy =— (Uaon + Wizs + 36k, — 3K°V, + 600, + 3g:®; + 6ikv V¥ + 3 (0, ¥ — 20®)) ,
(3.2b)

Oy = — (e + Pzzz + 3ikD.. — 3K7D, + 60D — 3¢V, — 3ikq, U + 3 (0:® + 2qu¥)) .
(3.2¢)

Lax pair (3.2a) can be written in terms of derivatives with respect to z and y
v, =iV, +2iqg®, &, =—i®, + 2k 4 2iqV. (3.3a)
Note that

U,y = —Vop — 4¢°V + 4ik® — 2¢,® + 2iq, P,
Dyy = — Py — 4ik®y + 4K°® — 467 + 4ikqV + 2¢, ¥ + 2ig, V.
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Using the above equations, Lax pair (3.2b) and (3.2c) also can be written in terms of
derivatives with respect to x and y

Uy + Voo + 3ikWay — 370, = =3 [qqy + v, + ik(q® + 20)| U

. _ 3 .
- |:3qu$ + 6(](’0 - U) + §(Qrz - qucy)} o (33b)
- 3((]2 + 2U)l:[/m - 3(]x(b$7

Dy + Puga + 3ikPyy — 3K° Ry = =3 [qqq + Uy + ik(q° + 20)] @

3
+ [3ika + 600 — ) + 5 (@ue + i) | ¥ (3:30)
—3(¢* 4 20)®, + 3¢, V.

Also, from the Lax pair (3.2), we can derive the following global relation, similar
to equations (2.4) and (2.23) in Section 2.

Proposition 3.1. Let ¢ and v satisfy equation (1.1). Suppose that equation (1.1) is
valid for (z,y) € Qo, where Qg is a bounded piecewise smooth domain in R%. Then,

Y // dardy ¢/ (k= +R2)+2iks (K =3K2)t
Qo t

_ /ei(kz+E2)+2ik1(kf73k§)t
Q0
x {[(gzz — ikqs + 6q0 — k*q)¥ + q¥zs — (gz + ikq) Vs + 30, @] dz
— [(gz= — ikq. + 6qv — K2q)W + g — (g, — 2ikq) ¥, — 3(v + 2ik0)®] dz} .
(3.4)
Proof. For convenience, we let

e — e—i(kz+1‘cz)—i(k3+1;3)t _ e—2i(k1x—k2y)—21‘k1(kf—Bkg)t. (3.5)

Note that B
(eqV), = eqV + eq¥y; + i(k® + k*)eq¥.
Using equation (1.1) and the Lax pair (3.2b), we find
(eqV0), = =€ [qezz + qzzz + 6(qzv + qz0) + 3(qus + qus)]
—eq[V..s 4 Uzzz + 3ik V.. — 3K°U, + 60V, + 3g=P= + 6ikvl  (3.6)
+3(v. ¥ — 2q0®)] + i(k* + k*)eq.
Using the following equations
€q:-2V = (€q22 ¥ — ikeq. V), — €(qzz — ikq:) V. — k*eq. ¥,
eqV,,, = (éq\IJZZ —eq,V, —ikeqV, — kzéq\lf)z +e(qz» + 2ikeq,) U,
+ e (k*q. +1ik%q) ¥,
eqV,, = (eqV,), —e(q. +ikq) V., eq¥, = (equ¥), — é(q.v + qu, + ikqu) ¥
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and similar equations for eqzz:V, éqV¥szz, €qz0¥ and eqqz Pz, equation (3.6) can be
written in the divergence form

- {6[(1122 — ikqz — K°q + 6q0) ¥ + qWzz — (gz + ikq) V= + 30, 9]} 5.

(3.7)
By applying the Poincaré lemma in equation (3.7), we find equation (3.4). O
Proposition 3.2. Let g and v satisfy equation (1.1). Then
— 9 / d.’L‘/d 1(kz+kz)q,lj+2z / dx/dyez(kz-&-kz) 2iky (k3 — Bkz)tq U,
—o00 0 —o0 (38)

3

2 . . 2_q7.2
—e —2ik (k3 —3k3)t /dT / dx eszlerszl(kl 3k3)T [U217,[}—|- U22<,0] |l=—2k17
— 00

where Wo(z,y, k1, k2) = V(z,y,0, k1, k2).

Proof. Let Qy = {—00 < 2 < 00, 0 < y < oo} in Proposition 3.1. Then integrating
equation (3.4) from 7 = 0 to 7 =t with respect to dr, we find

|

¥
|
g3

dx/d oi(kz+kz)+2iky (K — 3k2)tq\1,+2l / dx/dyei(k”f“z)qO\I}o
0 —00 0

t o]
_ /dT / dz eQik1x+2@'k1(k%—3kg)T{[Z-glw + klgl _ kQQOw + 690(50 _ UO) (39)
0 —o0

. _ o 1 =
+ 4ik1kagolt) + 3(vo, + 2ikvg)p — 5 (91 + kgo + 2kgo] tu

. 1. =
+igothay — 3 [igo, — kgo + 2kgo] 1/)y}~

In order to simplify the right-hand-side of equation (3.9), we use integrating by parts

/ dz emklxgo%y = / dx eQiklx (ng - 2iklgO) "/’ya
which implies
T i _ , 1. -
/ dx &2 {—2 (91 + kgo + 2kgo| Vu + igotay — 5 ligo, — kgo + 2kgo] %}
— 00

(o]
. i 3 _
= / dg e?1® {(291 + 290 + 2k290) Y + (390, + 3ikgo) 904 .
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Integrating by parts the terms involving 1), in the above equation and substituting the
resulting equation into the right-hand-side of equation (3.9), we obtain equation (3.8).
O

For later analysis and use, we also present the other version of the global relation.

Proposition 3.3. Let ¢ and v satisfy equation (1.1). Suppose that equation (1.1) is
valid for (z,y) € Qo, where Qo is a bounded piecewise smooth domain in R. Then

—2i<// dxdye—ilz—il(lz—3/\l+3/\2—3k1l+6/\k1+3kf)tq(1)>
Qo

_ / e—ilz—il(l2—3>\l+3>\2 —3kq 14+6Xk1 +3k3)t

t

Q0
- - (3.10)
x{ [(%g +ilgs — 12q + 31(k1 + N)g — 3(k1 + \)%q + 6q0)® — 30,0
+q®zz + (ilg — qz — 3i(ky + )\)q)i)g} dz
— [(gz2 + 6qu)® + ¢P.. — ¢ P + (6i(k1 + A\)v + 30z — 6ilv) V] dz}.

Proof. For convenience, we let
F = efilzfil(lz73)\l+3)\273kll+6>\k1+3kf)t' (3.11)
Using equation (1.1) and (3.2c¢), we find
(Eq®), = —E® [qz22 + qzzz + 6(q:v + ¢z0) + 3(qu- + quz)]
*Eq [(i)zzz + (i)ggg — 3Z(l€1 + )\)(i)gg — 3(]{51 4+ )\)Qi)g + 61)&)2

—3¢:0s + 3i(k1 + N)gz ¥ 4 3(v,® + QqE\II)]
—il(I* = 3\ + 3\? — 3k11 + 6)\k; + 3k3)Eq®.

(3.12)

Note that
qzz:P ( qzz ®+ ilEqs _) ( zz + ZZQZ) ZQEQE(i)
Eq®::: = (Eq®s: — Eq:®; +ilEq®; — 12ch1>)2 + E (gzz — 2ilgz) ®=
+ E (Iqz — il’q) @,

Eq®z: = (Eq®: +ilEq®) . — Eq:®: — E (ilgz + I°q) @,
Eq®; = (E ) — E(qz —ilq) @,
Eqm = (Eq..®), — Eq..%.,
22z = (Bq®.. — Eq.®.) _ + Eq..®..
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Then straightforward calculations show that equation (3.12) can be written in the
divergence form

(Eq®), = = {E[(gz= + 6qu)® + [6i(k1 + A)v + 30z — 6ilv]¥ + ¢P.. — . P.] },

— {E {[qu +ilgs — 12q + 31(ky + Mg — 3(ky + \)?q + 6¢0v]® (3.13)

— 30,0 4¢P (ilg — gz — 3i(k1 + A)q)(fg} } )

z

By employing the Poincaré lemma in equation (3.13), we find equation (3.10). O

Proposition 3.4. Let g and v satisfy equation (1.1). Then

o0 o0 o0 o0
_ 9 / dx/dyefilzfil(l273>\l+3>\273k1l+6/\k1+3kf)tq(i)+2i / dx/dye*“fqotio
— o 0 —o0 0
© (3.14)
_ _ / dx/dTe—ilz—il(12—3)\l+3/\2—3k1l+6>\k1+3k-f)7-
—00 0

X [Usa(z, 7, k1,1 — 2k — A)tp — Uz (2, 7, by, L — 2k — N)g]
where cI)O('%'7yaklvk2) = (b<x7ya0a klak2)'

Proof. For Qy = {—00 <z < 00, 0 <y < oo} in equation (3.10), we know that

o

da / dy (Eq®),

0

-2

é\g

_ / de{ [6i(1 = k1 — \)vo — 300,] ¥ (3.15)

{191 + = (90, +1ig1) — 1290 + 3(k1 + X)) (I — k1 — N)go + 6g0(vo — Uo)} ®

i _ (. . _ L
= [lgo — g1 — 3(k1 + N)go] @= + = [ilgo — go, — 3i(k1 + N)go] @y + i90Pay s
2 2

where F is given by equation (3.11) and E = E|y—o. Using a similar way as in the
proof of Proposition 3.2, we can simplify the expressions in the right-hand-side of
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equation (3.15) as

—2i / dx/dy (Eq@)t
—o00 0

_ / de{ (39090, + 370, — 3i(l — k1 — \) (g8 +250)]

— 00

_ ) 3 . _
- {GQO(UO — o) + 3i(l — k1 — A)go, — i(gom - 1911)} <P}-

Integrating the above equation from 7 = 0 to 7 = t with respect to 7, we find

equation (3.14).

3.2. THE DIRECT PROBLEM

O

Proposition 3.5. We assume that the solution of equation (1.1) exists. Then there
exist the solutions of equation (3.2), which are bounded for all k € C and given by

(v, o), keCy,
v, 07), keCry,
(Wt by k), Bt k) = 4 | i) v
(\112,(1)2), ke(Cm
(V5,95), keCu,
where \I/Ji and <I>;‘L, Jj=1,2, are defined by (see Figure 1)
o) o e e} t
1 d 1 Jodr
‘Ijit($7y7t7kl7k2):1+; /dg/inzqq)it—i_%/dl OT
"o 0 0 —Jp dr
x E(k, 1,7 —t) / A e =0 (U + Unapi ],
+ 1 AN k2 tik(E—3) g+
(bl (Z‘?y?ta klakQ) = - - dg =€ q\Ijl
T (—2
—00 0
e2ky ~2h f(f dr
+ — di
2 T
n e — ft dr

x E(k, 1,7 —1) / de 8 [Un i + Unoip]

—0o0

(3.16)

(3.17a)

(3.17b)
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oE — 14 B
2(73;%@]‘31719’2) +7_[_ /dg/é-_zq 2
—o0 0

=t ar + [o5, di [ dr

% ok, ' o T (317C)
fO dl fo dr — f—2k1 dlf75 dr

o0

X E(k, L7 — 1) / 4 61 Uy + Unpiit]
— 00
and
17 T4
(I)Qj:(x7y7t7klak2) = - - / dg/ = nieik(ciz)+ik(<72)qu§£
T / C—z

o2ky ffoo di fot dr — f(;%l di ftT dr
0 At [ ar

oo

X /dfeil(i_g) [U21¢§E+U22<P§t]

—00

Sk, l,7—1) (3.17d)

with E(k,1,t) = eIl (P+3kI+3k%)t vo(z,t) = v(x,0,t),

Uri(z,t, k,1) = 3g0g0, + 3vo, — 3i(l + k) (g5 + 2vo), (3.18a)
. _ 3 .
Ura(z,t, k1) = =3i(l + k)go, — 6g0(vo — Vo) + 5(90” +ig1,), (3.18b)
. _ 3 .
Uai(z,t, k,1) = 3i(l + k)go, + 690(V0 — vo) — 5(90“ —ig1,), (3.18¢)
Usa(,t, k,1) = 3g0go, + 300, — 3i(L + k) (g5 + 200) (3.18d)

and

Proof. From the Lax pair (3.2), we seek for the solutions ¥ and ® with the asymptotic

behavior
1
(U, ) = (1,0 ()> ,  Z— 00.
z
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Thus, Pompieu’s formula yields

i d

§

0\8

d 17
g+ /

V[T Ay _
O(z,y,t k1 ke) == — / dg/ ik (C=2)+ik(C=2) gy
T (3.21)

o0
1 / gdgie%klgfi(kzﬁjci)@’

where
w(x, t, k‘l, kg) = \I/(J}, O7 t, k}l, k2)7 (p(l‘7 t, kil, k‘g) = (I)(.%‘, O, t, k‘l, kz)

We will determine the functions ¢ and ¢. In this respect, we use the supplement
equations for the Lax pair (3.3b) and (3.3c). Evaluating (3.3b) and (3.3c) at y = 0, it
follows that the functions ¥ and ¢ solve

1/% + ¢xac3c + 3lkww;c - 3k21/}x = Qh (322)

where

Ql(mvta k) =-3 [gOgOI + Vo, + Zk(g(% + 27}0)} 1/)

3

— {31'/4190z + 6go(vo — vo) + 5(90” - ig%)} %

—3(g5 + 2v0)Yx — 390, Pz

2
-3 [gogom + Vg, + ik(g(z) + 2?70)] @
— 3(g3 + 200)a + 390, V-

. _ 3 .
Qa(x,t, k) = {3%901 + 690(v0 — vo) + 5 (90,, + Zglm)} (0

The spectral analysis of 1. For equation (3.22), we take the Fourier transform in x

1 7 N
V(Et ko) — 1 = o / dl el t, ki, ko), (3.24)
iy
where
o0
1[)([, t, kl, kz) = / dz eiilm (1/)(1:, t, klv kg) — 1) . (325)

— 00
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Note that - -
1 d¢ 1 =
— —1)=— [ dle"* I >
2i7r/§—z(1/} ) 271'/ ¢y, Imz=0,
—o00 0
which implies that
v tky, ko) =14 — d ——q® + — [ dle"*9. 2
@athik) =1+ [ae [ Tgpr o fac= @20
—00 0 0

Thus, we will determine ¢ for 0 < [ < co. Evaluating equation (3.26) at y = 0 and
using the following identity

0
/dleil(miozcixa C:§+Z777 7’>Oa

we find

0 0o 0o 0o

1 . 1 A
O(x,t, ky, ko) =1+ — [ d / dg/dne”(m—@?qclwr %/dle”w. (3.27)
0o —oo 0

Comparing equation (3.27) with equation (3.24), the function 1 satisfies the restriction

Ot ke, k) = —2i / de¢ /dne—”@‘qcb, —00 < 1<0,
—0o0 0

while there is no restriction imposed on 12) for 0 <l < .
From equation (3.22), it follows that

o0

—il(243lk43kM)t 1) [ q¢ el +3Ik+3RM)t ()

(e 1/))t / ge @1

which yields

DLt ko, ko) Jo dr E(k LT — 1) [7 d€e™™Qu + E(k, L —t)i(1, 0, k1, ka),
U [T dr ekt — 1) [ dE Q) + E(R LT — (LT kr ko),

where E(k,l,t) = e~ il(*+3kI+3k")t Note that by the integration by parts, we find

oo o0

/ dée Q, = / dée ™ U119 + Uray]

— 00 — 00
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where Uy and Ujs are given in equations (3.18a) and (3.18b). According to the real
part of E(k,l, 7 —t) given in equation (2.17), we define wji (j=1,2) as

. fth y _
E Lk k) = | 0 E(k LT —1) / dé e [Unyf + Unpi], 1 €[0,00),
—Jidr e
(3.28a)

and for z/ét, we consider two cases:

T [e%e}
. — dr )
05 (Lt ks ko) = f E(k, 1,7 1) / d€e™ [Unyy +Uiapy], 1€ [0, -2k1],
Jo dr .
(3.28Db)
and
. [y dr 7 ,
DF (Lt by ka) = o Ek, 1,7 ) / dee™ (U1 + Urapd], 1€ [~2ky,00).
- dr
t —00

(3.28c¢)

Substituting equations (3.28) into equation (3.26), we find equations (3.17a)
and (3.17¢).

The spectral analysis of . Let

1 T _—
90(67 t7 kla k2) = % / di ellggo(h ta kla k?) (329)
Equation (3.23) yields
(Ek,1,t)p), = / d€ E(k, 1, t)e 8 Q,,

— 00

and then the function @(I,t, k1, k2) is found by

JEdr €k, 1,r — 1) [ d€e1EQy + E(k, 1, —t)B(1, 0, k1, ks),

@(l7t7k‘17k2) = T 00 .
— [T Ar &kl — 1) [ dEe Qs + E(k, 1, T — )1, T, by, ko).

Note that by the integration by parts, we write

[o ) (o}

/ dée Qs = / dge™ [Un1¢) + Unag]

— 00 — 00
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where Us; and Uss are given in equations (3.18¢c) and (3.18d). Using the following
identity

—2k1
1 . -
21k1€ dl i(14+2k1)Z 5 I >
2 / £—z z° ~on / ¢ $ Imz=20,
— o0
equation (3.21) can be written as
1 [e%e) [e%s) —2k;
B(x,y,t, k1, ko) = —— / d¢ / R(C=2)+ik(C~ Z)q\p+— / dle*p, (3.30)
T
—00 0 —o0

and hence we will determine ¢ for —oco < < —2k;.
Evaluating equation (3.30) at y = 0 and using the following identity

o0

. _ —Qikl(x—f)
/dle”(ﬂc—@:ie,_ , =&+, n>0,
i(¢ — )
—2k;
we find
e’} e’} —2k;
1
@(x,t,kl,kg):i— / c11/<1§/<1ne—2’“7+”<z <>q\1/+ / dle'™e.  (3.31)
T

—2k —00

Comparing equation (3.31) with equation (3.29), the function ¢ satisfies the restriction

Ol t, ke, ko) = —2i / dé¢ /dne*%"*ﬂ@q\p, —2k; <1< o0,
—00 0

while there is no restriction imposed on ¢ for —oco < | < —2k;. Thus, taking into
account of the real part of £(k,l,7 —t), we define gﬁji (j=1,2) as

oo

fot dr

QE(,t, Ky, k) = L, Ek LT — t)/dge—”i [Ua1ypf + Usopi] , 1 € (—00, —2k1],
—Jpdr ,
(3.32a)
and regarding cﬁZi, we consider two cases:
td [e’s}
~At fO T —il€ + +
©3 (l,t,/ﬁ,k‘g) = de 5(kj,l,T - t) dée [Ugl’lﬂg + UQQ()DQ} , le (—O0,0],
— T
t

(3.32b)
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and

S+ - J ar Ji i + +

<p2 (l,t,kl,kg) = ftd S(k,l,Tft) / leeil5 [Uzl’(/JQ +U22Q02] y l (S [0, 72]%‘1]
0 T —o00

(3.32¢)

Substituting equations (3.32) into equation (3.30), we find equations (3.17b)
and (3.17d). O

Remark 3.6. 1. Letting I — —X\ — 2k; (and then replacing A by ), we find

Ui = Usz, Urz = —Usi, Uz — —Usa, Usg — Uiy,
eil(z=8) _y efil(zfg)fm'kl(zfg)’ £ ge2ik1(kf73k§)(rft)’

where € = E(k,l,7 — t). Then equations (3.17) are equivalent to the following

equations
—2k; t
2ky dr
UE (2, gty ko) =1+ — /dg/ dn_ gy cC / al fOT
E S A
- (3.33a)
% ge%kl(kf—skg)f / de o il(z=€)+2ik1€ [Uzziﬁ . Umtpﬂ 7
—0o0
B (ot bk = [ g / _ i (C=)+iE(C—D) gt
€
2—/ (3.33b)
0
5 ge2ik1(kf73k§)'r / dgefil(éfg)JrQiklg [70121/)% JrUH(pli]’
d
UE (2, y,t ki k) =1+ — /olg/C U
— 00
2k1 i
ce2ky |— [y dlftd+f di f,dr (3.330)
.90C

2 a0 _di [T dr
oo

% 5 2iky (k2 —3k2) / dgele(z &)+2ik1 & [U221/}2 U21<p2i}

— 00
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and
V7T dy I
(I)ét(l‘,y,t,kl,ka) = - - / dg 77"7761]“((—2)+1k(g—z)q\p§
7r J C—z

[ dlffdr— [ [T ar
T ' (3.33d)

2m s Al [T ar 4 A fydr
% Eo2iki (ki —3k3)T / e o i(Z=€)+2ik1€ [—[7127/)2: + Uu@;c] )
— 00

- . . . (kDo) — 2iln (h2 —3 k2
where e is given in equation (3.5), that is, e = e 2i(k1w—koy)—2ik (k1 —3k3)t

2. Since 1y is continuous for | € C, evaluating equations (3.28b) and (3.28¢) at
| = —2kq, we find

t [ee]
/dTS(k,—le,r —1) / de e 2 1= (U195 + Uiy li=—ok,
0 —00
T 0o (3.34)
= —/dTé'(k, —2k1, 7 — 1) / dee 2" =0 (U195 + Urogs | li=—on, -
t —00

3.3. THE INVERSE PROBLEM

In this section, we describe the d-bar derivatives of the functions \I/jt and @;ﬁ (1=1,2)
and the jumps across the real and imaginary k-axes.

Proposition 3.7. For \I/ji and q);t, Jj=1,2, given in equations (3.17),

oUE . o2 a2y, 4=
J _ _ —2i(kix—koy)—2iky (k] —3k3)t ., £ HE s
al} = ¢ 1 2Y 1(ky 2) ’yj Q)J , ] = 172’ (3353.)
oLk . 2 iy, =
J  _ —2i(kiz—k —2tky (k7 —=3k3)t . £ q,= .
= —e (k1 29y) 1(k3 2) ; \Ijj , 7=1,2, (335b)
where
M =81 m =B toy, v =8 ta3, 1w =p (3.36)
with
1 T o
. . 2 2 .
a;.t =5 dr dfezlklg+2lk1(k1_3k2)7— [U21¢;t + U22QD;‘::| li=—2k,, J=1,2,
0 —00
(3.37)
o] o0
1 . P .
55 = o [ de [ane R w6 ok k), =12 (3.38)

—o0 0
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Proof. Differentiating equations (3.17a) and (3.17b) with respect to k, we find
o t
ovE 1/ g/ dn a<1>i+i U Jodr
ok T ¢ — k 27T —fT dr
—00 t
(3.39a)
awi 8(pi
Ek, 1, d le&){U L+ Uy
T / ¢ "ok U ok
+ < 7 +
ooy _ 1 / dg/ dn (ik(C=2)+E(=2) A
ok ™ J (—=z ok
—2k1 t
2ky dr
eT fOT (3.39b)
i
e —ft dr
x E(k, 1, —t) 7dge“<z—5> { il + U O¢t + A7
” Ok Ok .
where the forcing terms %i are given by
[} e’} t
1 . 7 eZky fO dr
~ & — ik(C—2)+k((~2) jpyt _
t,k)=— [ d¢ [ d q¥3
’-Yl (I,y, b ) ’L’Tf'/ 5/ 776 27{_
—o0 0

Jydr — [Far

xE(k, —2k1, T —1t) / de e 2 M= (U pf + UsooF ] |1=—2n,

— 0o

Noting that e2F¥e=2ik1Z — o=ilkz+k2) and €(k,—2ky, 7 — t) =

- — o2ik1 (kI -3k3)(T—1)
we denote
e} t oo
- 1 1 .
ﬂi‘: _ — df/dnez(kﬁ-i-kc)q\:[j:t 27Te—27,k1(k:f—3k§)t/d7_ /dg
—00 0 —o00

X 621k1£+22k1(k§_3k2)7 (U195 + Uzot | 1= -2k, -

Using the global relation (3.8), Bf can be written as

At —2iky (k2 —3k3)t pt
51 —¢e 1 (k7 2) 51 ,

where (7 is defined in equation (3.38). Thus, 4 can be written as
ﬁ[ _ e-z‘(kz+l€5)—2¢k1(k$—3k§)t 1i,

where 4{ are given in equation (3.36).
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Thus, we find
+
3(111 _ / d77 eikg 2)+ik(C— z) 3‘1’
ok ok
—2k,
2ky dr
+S— [ a f ° (3.40)
2 e —ft dr
x E(k, 1,7 —1) 7d§e”<z§) [U dui + Uso a“of
o ok ok

where e is given in equation (3.5).

We will compare equations (3.39a) and (3.40) with equations (3.17a) and (3.17b).
In this respect, it is convenient to use equations (3.33a) and (3.33b) instead of equa-
tions (3.17a) and (3.17b). Employing the complex conjugate of equation (3.33a) and
then multiplying the resulting equation by e, we find

e (z,y,t, k1, ka)

. fe%e] o0 Qky —2kq fng
etz / o T
—00 0 —00 _ft dT (341)
(k1,7 — e [ g0 05, (5) 4 U (~24)
—0o0

Using e*(¢—2)+ik({=2) — o=2i(ki§—kan)—2i(kiz—k29) we write

= 17 T Ay . o .
G\I/it(l',y,t,kl,kQ) —e— — / dg/ _ niezk(cfz)Jrzk(sz)q (76@?:)
T (—z
%0
—2kq t
2ky dr
v [l b (3.42)
T
i —ft dr
<Elbr 1) [ 46O [Us (205) + U (~260)],
—0o0

where € = e|,;—o.
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From equation (3.33b) it follows that

eéi<x Y, t kla k2)

t
d
E/dg/ o—ik((—2)—ik(C-2) \I,i+7/dl Jodr
_ T
™) (—z — [, dr (3.43)
% g(k_J’T_t)e—Qilﬁ(k%—Skg)T / dgeil(Z—f)—Qiklf [_U121E%: + Ull@{t] .

Similarly, we write equation (3.43) as

[e%e) [e%e] [ee] t
B _ 1 f dT
— T
—o0 0 N 0 K (3.44)
x E(k, 1,7 —t) / d¢ =70 (U, (e0T) + Unn (—é9Y)] -

Multiplying equations (3.42) and (3.44) by ’yli, we know that the resulting equations are
equivalent, respectively, with equations (3.39a) and (3.40). Therefore, equations (3.35a)
and (3.35b) follow for j = 1.

Regarding equations (3.35a) and (3.35b) for j = 2, note that

—2kq T o0 t
a\pi 1/ g/ dn 8<I>i 1S AL dr [, dl [ dT

- Tom | a2,
Jo o J oo, AL, (3.45)
(e Oy Oy
x E(k, I, —1t) [ dge'l 5>[ 2 4 Uy 2
b =) / & ok ok
where we have used equation (3.34) Tdr =

f dT—fo

o0y 1 /dg/ A0 ke ikE-2), S
ok U (—z ok
—00 0

2hy [ [0 i flar— [ [ ar
0 Al [T [ A ar

T e oy 205 .
x [ deeiz=9) {U 2 4 Upy—2| + 55,
/ fe ok ok | T

k1,7 — 1) (3.46)

— 00
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where the forcing term %i are given by

9 oo t T
3 1 () iR e2ky | [0 dr — [ dT
e e

— 0 0 fO dT

x E(k, =2k, 7 — 1) / dee 2 M G0 [Up193 + Uso 07 ] |i=—2k, -

— 00

Let
t

) ] oo 0o . B 1 ‘ oo
ﬂg: _ E / df/dn ez(k(-‘rkc)q\:[jg: o %e—Q'Lkl(k:f—?)kg)t /dT / df
—00 0 0 —0o0

. . 2 2
« @2ik1&+2ik (k] —3k3)T [U211/)§t + U22@g[] lie— 2, -

By the global relation (3.8), 35 can be written as
BSE _ 672ik1(kf73k§)tﬂ§|:,

where f3; is given in equation (3.38). Thus, we find

%i _ efi(kz+152)f2ik1(kffskg)t,yél:’
where v are given in equation (3.36). Thus, equation (3.46) becomes
+ T 7 - +
0%y _ evs — 1 / dg/ 7dnieik(cfz)+ik((f,§)q8i72
ok @ ) ¢(—=Z ok

2hy [ [0 i fldr— [ [ dr
20 At dr e [ ar

7 + +
X / dé ez=8) l:Ugl 8¢2 + Uso 8()02 :| .

Elh,l, 7 — 1) (3.47)

Ok Ok
In order to relate equations (3.45) and (3.47) with equations (3.17¢) and (3.17d)
(or equivalently equations (3.33c) and (3.33d)), we take the complex conjugate of
equations (3.33c) and (3.33d) and multiply the resulting equations by e defined in
equation (3.5). Then, we find

_ 1 7
e\Ilét(w,y,ukl,kQ) =e— — /

™

(—Z
2hy [= [ arffar+ [0 aifyar
S I R Y A ey L I i

dg/ dn eik(c—z)ﬂfe(&—z)q(_eé;&)
0

(3.48)

o0

x E(k, 1,7 —t) / de ") [Usy (e477) + Un (—207)]

— 00
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and
oo oo
~ebF (ot k) =+ [ de %q(e@g)
—00 0
L T 3)
20 | = o ALl dr [ [ dr
x E(k, 1,7 —1) / dé =0 Uy, (e95) + Uni (—e¢3)] -

Multiplying equations (3.48) and (3.49) by 3, the resulting equations are equivalent
with egs (3.45) and (3.47). Therefore, we prove egs (3.35a) and (3.35b) for j =2. O

We now compute the jumps of ‘Ilf2 and (IDfQ across the real and imaginary k-axes.
Evaluating functions \IIfQ at ky = 0, we know that U and ¥ are equivalent and &5
and (I>2jE are also equivalent. Thus, we find

(TF —T5) |kym0 =0, (®F — ®3) [p,=0 =0

and hence ¥ and ® are continuous across the imaginary k-axis. However, we will show
that ¥ and ® are discontinuous across the real k-axis. In particular, we address the
case for the jumps across the positive real k-axis.

Proposition 3.8. For Uy and ®; defined by equations (3.17),

(U —O7) (z,y,t,k1,0) = (AWy) (@,y,t, k1) + (6¥1) (2,9, t, k1), (3.50a)
((I);r - (I);) (‘rvyvtu kla 0) = (A(I)l) (xvyvtv kl) + (5<I)1) (xvyvtv kl)a (350b)
where
T _ A QA
A\]:/1 - */dA ekxgl)(klv)\)q)—li— (I7y7t7 kl + 57 12> ) (3513’)
T _ A QA
Ad; = /d)\ e)\Xgl)(kh)\)\Ilf (x,yj, k1 + 3 22) , (3.51b)
T PR
5T, = é/d/\E,\Xf)(kl,/\)\I!f <x,y,t,k‘1 + 2,—2) , (3.51c)
0

A QA
5B, = é/dA Exx\? (ky, \)®F <x,y,t,k1 + 3 12> , (3.51d)

0
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and
ey = e {2k FNT=Ay—i(A +3kI AT+ 3RIAF2kD)E 3.52)

—92i _9ik3 . _ 233 2 2 3
_ e|k2:O —e 2ik1x 2%14:1157 E)\ _ ez(2k1+)\)w Ay+i(A° 43X k:1+3)\k1+2k:1)t7 (353)

AP (ke ) = XV (1, ) /dlxm B+ DA (kL A+ 1), §=1,2,  (3.54a)

Aﬁ”(lﬁ,A /dT/dxez(2k1+>\)r+1(>\3+3k1)\2+3k1)\+2k3)r (3.54]0)

X [—Uu% + Uiy ] (w1, k1, ),

Agz)(kh)\ /dT / dg e~ AT—INA +3ARL+3KT)T T [Unr + Uraey | (w8, k1, A),
(3.54c)
with
1 T A QX
W (ky, A1) - /dg/dne ie=tng oF (g,n,o kit 3, 2) (3.55)
1 /\ M
@ (kA1) = = / dg/dned5 Mo ®F (g 7,0,k + 5.~ ) . (3.56)

Proof. Evaluating equations (3.17a) and (3.17b) at k2 = 0 and subtracting the resulting
equations, we find the following forcing terms:

1. the forcing obtained from (@ — ®7) [x,=o

72’(?1 T o0

2k1y =

e% / dl/drf(kl,l,r—t)/dfe”(z*g) (U197 + Us297 | [kamo  (3.57)
— o 0 —00

2. the forcing obtained from (\111+ — \I/f) ks =0

) T o]
1 4 _ _
%/dl/dTE(kl,l,T—t) / de e =0 (U197 + Urogy | |ka=o- (3.58)
0 0 —oo

Let (AWUq, A®q) denote the solution of the equation by subtracting equations (3.17a)
and (3.17b) evaluated at ko = 0 and by ignoring the forcing term (3.58). Similarly,
let (6¥1,d®;) denote the corresponding solution obtained by ignoring the forcing
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term (3.57). Then, we can derive equations (3.50a) and (3.50b). Thus, in what follows
we will characterize (AW, A®;) and (6¥1,0Py).

Analysis of (AU, Adq). Letting | = —2k; — X and using the equation
E(kr, L r =) 9|
_ efi(2k1+>\)m7(2k1+/\)y+i(2k1+)\)§+i()\3+3)\2k1+3kf>\+2lcf)(rft),

equation (3.57) can be written in the form
oo
/d/\ exAWM (ky, N,
0

where ey and Agl) are defined in equations (3.52) and (3.54b), respectively. Thus, by
ignoring the forcing term (3.58), (AU, A®;) solves the following equations:

AD, :/d)\eAAgl) S /dg/ T g2k @=) g A,
T (—z
0 —o0 0
—2kq t [e%s)
erly (3
+ 5 / dl/dTg(kl,m—t) / d¢ G0 Uy Ay + Uza A1] |ro—0,
—00 0 — 00
(3.59a)
and
17 .7 d
T (—=z
— 00 0
1 [e%e] t [e'e]
+ %/dl/dTg(kl,l,T —t) / d¢ et (==¢) [U11 A%y + Ur2Ap1] |ky=o0-
0 0 —00
(3.59b)

We will relate (AU, A®y) with ((ﬁ', \I/T) In this respect, we write equation (3.42) as

) ) oo oo d - 4 )
e\Il-li- —e+ = / df/ 4l ezA(z—C)—szl(z—§)+21k2(y—ﬂ)q (e(I)‘l*‘)
oo 0

C—z
—2ky t o]
ot i1(z—€) st 5t
TRt / dz/dTg(k,z,T_t)/dgez =) [Uyy (607) + Un (—257)]
— 00 0 —00
. o0 e} —2k14+X\
+% / e [ dn / dlei(l+2k1)(27C)72ik1(m7§)+2ik2(y7n)q(e‘i)i&-)7
— 00 0 72]61

(3.60)
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where € = e|,—o and we have used the identity

—2k1+A

—iA(z—
1 = ¢ ( C) _Z dl eii(l+2k1)(zig).

(-2 (-2

—2k1

Letting k1 — k1 + A/2 and ke — iA/2 in equation (3.60), where A > 0, we note that
under this transformation,

k =k +iks = k17 e = 6727;(]@113*]@2?/)*2“@1(kf*3k§)t — e,
INE=Q) =2k (2= €)+2ika (y—n) _y o= 2ik1 (28

ei(l+2k) (Z=0)=2ik (2 =) +2ika(y—m) _, oill@—E)+(1+2k1)(y=—n)
S(k, l, T — t) — S(kl’ 17 T — t) — e*il(12+3lk1+3k%)(77t).

Moreover, since —2k; — —2k; — A, we know that

—2kq —2kq —2k1—X —2k1+X —2k1—A
/ dl — / dl + / di, / dl — — / dl.
—0o0 —oo —2k; —2k1 —2k;

Thus, letting

_ A i) _ A QA
M, = U (m,y,t,k1—|— ! ) N, = &F (m,y,t,kl—l— ! )

2' 2 2" 2
- A A _ A I
m1=¢1+ (xatak1+232)a nlz(p;r (l’,k1+272>
equation (3.60) yields
1 o] 00 q 21y —2k; t
. 1
exM; = ey —|—F1(1) + = / d{/ = nﬁelekl(mfg)q(e)\]\fl) + ¢ / dl/dT
T (—z 2
—00 0 —00 0
X E(k, L7 — 1) / de eG=9) [Ty (Exmn) + Ust (—6xnn)] lucos (361
where €\ = ey|,—o and
—2k1—A [e%s) 0
Fl(l)(x,y,t,lﬁ, /\) _ 2i / dl eilz+(z+2k1)y+u(12+31k1+3k§)t 9 / de¢ [ dn
™
—2]{:1 — 00 0

o) t
» efugf(uzkl)nfﬂ<l2+31k1+3k?>tq(eANl) + / d¢ / dr
—00 0
xe M3 A3KDT (77, (63my) + Usy (—éans)] \kzzo} .

(3.62)
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Here, letting [ 4+ 2k; + A — [ in equation (3.62), Fl(l) can be written as

Fl(l) (:C? Y, t7 k17 A)

A
_ _i dl ei(lf2k17)\)w+(lf>\)y+i(l72k1f)\)(l2f2)\l+)\27k1l+/\k1+kf)t
2r
0
oo oo
« {9 / dﬁ/dn efilffil(ﬁ73)\l+3/\273k1l+6k1)\+3krf)th1 (3.63)
—00 0
[e%e} t
+ / dg/dT e—ilf—il(l2—3)\l+3/\2—3k1l+6k1>\+3kf)r 022m1 . (721n1 7
—0o0 0
where
Ut = Uni (&7, k1,1 = 2k = X), Uzp = Una(§, 7, ki, L — 2k1 — A).
Similarly, replacing k1 — k1 + A/2 and ko — iA/2 in equation (3.44), we find
—exNy = /df/iq exMy) —&——/dl/dT
(3.64)

x E(ky, 1,7 —t) / de e [Uy5 (6xmy) + Uny (—éxn1)] |ky—o-

—00

We note that equations (3.61) and (3.64) are similar to equations (3.59a)
and (3.59b), respectively, except for the forcing term Fl(l), which will be determined
by using equation (3.14). Replacing A\ — A/2 and then letting k1 — k1 + A\/2 and
ko — iA/2 in equation (3.14), we find

E — o ilz—il(I?=3AI+3X% =3k11+6Xk1 +3k7)t —ilZ—il (12 —3IA+3X2 =3k 1+6 k1 +3K3 )t

— €

Thus, from equation (3.14) it follows that the curly bracket {---} in Fl(l) given by
equation (3.63) can be written as

—2 / dg/dne_il5q0N1(§777707k17>\)7
—00 0

and hence we write

A
FY (@t k1, \) = /dlE(x,y,t,kl,l,)\)fl(l)(kl,A,l),
0
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where fl(l) is given in (3.55) and

E’(m y,t ki, 1, \) = ei(l—2k1—)\)m+(l—>\)y+i(l—2k1—)\)(12—2)\l+)\2—lk1+)\k1+kf)t.

We now determine the function X(ll) satisfying the equation

/d)\ (exd” + Fx(Y) = /d)\eAAgl)
0 0

Letting A — X + [, we note that E(k,A+1,1) = ey and

oo oo o0

/d)\Fl(l) M = /dl/d)\eAx()(kl,A—kl)fl(l)(kh)\—kl,l),
0 0 0

which implies that Xgl) should be given in equation (3.54a). Thus, multiplying equa-

tions (3.61) and (3.64) by X(l) and then integrating the resulting equations from A = 0
to A = oo with respect to d, we find

/ dhexx\V My = / dhe AtV
0 0

—— / dg/ 1 e—%’fl(ﬂc—@ /d)\xl exlVy
Bl 0 (3.65)
2]€1y o
/ / kl,z,Tft)/dgeW*@
—00 0
X U22 /d>‘Xl 6)\777,1 +U21 7\/d)\X1 6)\711 . 70,
0 0 -
and
oo
—/d)\eAxgl)Nl
1 [o%¢) e} 1 [e¢) t
/dg/ ~a /d)\X exM; —|—f/dl/d75(k1,l,7'—t) (3.66)
T ¢ — 27
0 0 0
oo
~ /dgezl(Z*f) Uis /d)\xl )é)\m1 + U1 7/dAX1 éxni o’
o=

—o0 0 0
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Then equations (3.65) and (3.66) are equivalent to equations (3.59a) and (3.59b), and
hence equations (3.51a) and (3.51b) for (AW, Ad,) follow.

Analysis of (0¥1,6®1). Letting I — A, equation (3.58) can be written as
é/d)\ E/\A?) (kh )‘)7 é= e|k2:0 = e_Ziklx_2ik§ta
0

where F) and A(lz) are defined by equations (3.53) and (3.54c). Then by ignoring the
forcing (3.57), (0¥, d®4) solves

e16T, = /d/\EAAgz)

oo oo —2ky t
1 dn i (o A e?hiy / /
= de | —L 2ik(@=9) 15® dl [ d .
+7r/ E/C_Ze q(67100) + o T (3.67a)
—00 0 —00 0

X g(kl,l,T — t) / df e—il(z—g) [UQQ (é‘l(wl) + UQ1 (—é_l6<p1)] |]€2:0,

and
[e%e] [e%s} [e%e] t
—e716®, = l/ / —q(e7160) / l/dT
T Z
Bl . 0 (3.67b)
x E(ky, 1,7 —t) / dge =0 [Ty, (671 6¢1) + Urr (—€7101)] |ra=o-

In order to relate (6Wq, @) with (U], @), we first write equations (3.33a) and (3.33b)
as

e*\IIT —e 1t 1 / df/ dinefi)\(zfi)JrQikl(z75)72ik2(y777)q (e*I@T)
T (—=z
0

—2k t
2ky
/ l/dT
—00 0

x E(k, 1,7 —1) / dge =78 [Uny (671 ) + Uni (=71 ])]
o0 ) —2k1+A

1 / dg/d,r] / dle~? (142k1) (z2—¢)+2ik1 (z— &) —2ika (y—n) ( 71(I’+)

™
—00 0 72]{,‘1

(3.68)
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and

o0 o0

1
—e ol ==
T

—o0 0

00 t
1
_1\II+ 27/ l/dT
0

xé(k,z,T—t)/dg “HEO U, (671 ) + Uiy (—e71ef)] . (3.69)

—o0
Replacing k1 — k1 + A/2 and k; — —iA/2, where A > 0, we find

k =k —iky = ki, el = eQi(klszgy)+2ik1(kffi%kg)t N
e—i)\(z—g)+21'k1(z—f)—QikQ(y—n) N e21’k1(z—§)
o~ H1+2k1) (2= Q) +2ik1 (2 =€) —2ika (y—m) _y efil(ﬂvfﬁ)+(l+2k1)(yfn)7

Ek, 17— 1) = E(ky, 1,7 — t) = L HBLFBR) (7—1)

Thus, letting

~ A dA A dA
MIZ\IJT <xay7t7k1+27_22)7 Nl q)l ($7y7t7k1+7_l)7

2 2
A IA _ PO
:wr (Z,t,k1+2,2>, nlchi,— <l’,t,k1+2,2>7
equations (3.68) and (3.69) yield
x® x —2k1 t
" 1 . ~ eZkly
E My, = Ey + F )y = / df/ e2”€1(1‘*£)q (ExNY) + / dl/dr
& ¢— 2w
0 A
x E(ki, 1,7 — 1) / dge 19 [Ty (Exing) + Uay (—Exinn)] [kamo,
and
o0 o0 1 00 t
—E\N, = q (ExMy) + /dz/dT
o
% b s

x E(ky, 1,7 —1t) / dee 8 [Ty, (Exin) + Uiy (—Exia)] |ky=o,

— 00



The d-bar formalism for the modified Veselov—Novikov equation on the half-plane 215

where E,\ = E>\|77=0 and

—2k;—A 00 oo
1 , )
FfQ)(x,y,t,kh)\) =5 / di e—zlm+(l+2k1)y—zl(l2+3lk1+3kf)t{Qi / dg/dn

ok, —o0 0
oo t

x ellé=(2kn il +3lk 436Dt (B 7)) 4 / dg / o
—00 0

« ez’l£+il(l2+31k1+3kf)-r [022 (Eml) + Um (—E,\fh)] k2—0}~

The rest of analysis is similar to the case of (AU, A®;) and then equations (3.51c¢)
and (3.51d) follow. O

4. CONCLUDING REMARKS

We have presented the Fokas method for the mVN equation posed on the half-plane.
Specifically, for the linearized mVN equation we have obtained the integral representa-
tion for the solution in terms of the functions qo(z,y), go(z,t) and g1 (z,t). For the
nonlinear mVN equation, we have derived several version of the global relation and
the d-bar formalism (or the so-called Pompieu’s formula) for the sectionally defined
non-analytic functions. It should be remarked that the main advantage of the Fokas
method is that it provides integral representations of the solutions in the complex
plane. As a consequence, it makes possible to study asymptotics of the solution by
using the Deift—Zhou method [7] for the long-time behavior, or to study the small
dispersion limit by using the Deift—Venakides—Zhou method [8] (see also [27,28] for
recent applications). In addition, we have characterized d-bar derivatives of the spectral
functions and the jumps across the real k-axis (while the jumps along the imaginary
k-axis vanish). It requires to characterize the jumps across the negative real k-axis,
which can be done by the similar analysis as we discussed in Section. 3.3, but involving
more complicated forcing terms. Moreover, it should be noted that in order to be
effective in implementation of the Fokas method for the mVN equation posed in
half-plane, it may be necessary to characterize the boundary values (cf. the linear
case), since one of the boundary values in equation (1.3) is possibly unknown either
in physical settings or for a well-posedness of the equation as discussed in the case
for (141)-dimensional integrable systems [11]. We will discuss these issues in the near
future.
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