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INTRODUCTION

The most urgent duty is to utilize the avail-
able sustainable resource to generate electricity 
to achieve zero emissions by 2050 [1–3]. Renew-
able energy resources are the potential choice 
for reaching the goal. Among them, energy from 
waves shows great potential candidates compared 
to power from the sun and wind. It is a clean ener-
gy supply and can be predictable, persistent, and 
spatially concentrated [4–5].

The production of electricity from ocean 
waves (potential and inexhaustible energy source) 
has attracted particular attention since the first 
patent on wave energy was published. And since 
then, many scientists have manufactured devic-
es to harness wave energy. A review article in-
troducing the current WEC technology focusing 

on the UK or Britain was presented in [6]. Also, 
the study [7–8] showed the revolution (since the 
1970s) in using wave energy was studied, high-
lighted ideas, and carried out manufacturing and 
implementation of WEC at sea. 

The research [9] recently presented a com-
plete report on WEC technology. Here, the most 
suitable places for the global resource to be ex-
ploited in the WEC are figured out, and the vari-
ous kinds of them along with their characteristics, 
are also described in detail. Besides, the improve-
ment of the device measurement during the ocean 
trials was investigated and applied to typical wave 
energy conversion technologies [10].

There are numerous WEC technology con-
cepts; however, some of them are more advanced 
than others. Based on the tendency of companies, 
the WEC development rating can be shown in [9]. 
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The eight main types of WEC have been identi-
fied and shown in [11]. Among these types, the 
point absorber has got more attention to develop 
the converters; maybe it is simpler and less ex-
pensive than other types. Buoy’s size is rather 
small compared to the wavelength. And the wave 
energy can be collected in all directions with this 
type. The generator’s rotary or linear motion to 
generate electricity is transferred from a device’s 
up and down movement under waveform motion.

Based on point-absorber power take-off (PTO) 
equipment, the three main mechanisms in absorb-
ing wave energy are direct drive, mechanical, and 
hydraulic. For the direct drive devices, some typi-
cal works were presented in [12–16], which direct-
ly convert ocean wave energy into electric energy. 
Publications [17–22] offer the mechanical PTO for 
converting wave motion as a floating buoy struc-
ture. Studies [23–25] show that hydraulic PTOs 
converted by hydraulic pumps or cylinders achieve 
a capacity factor of 30–45% when experimented at 
sea. Among, Falcão et al. [23] presented modeling 
and control of WEC with hydraulic PTO and gas 
accumulator, and Yang et al. [24] studied analy-
sis of the dynamic effect of the heaving body to 
defend the hydraulic machinery when the floating 
device is under the extreme sea states. 

In some of the power take-offs presented 
above, hydraulic PTO equipment has proven to 
be one of the promising solutions for converting 
wave energy into electricity. It works in one mod-
ule and connects multiple units to produce electric 
power with more flexibility. Many existing tech-
nologies have shown harmony between complete 
concepts and working principles. Modeling and 

dynamic analysis of WEC is also taken into ac-
count. Some experiments evaluated these devices 
[25, 26]. Most of the existing studies have been 
done by employing the hydraulic cylinder in the 
PTO. Here, numerous issues, such as equipment 
failure or friction loss, etc., reduced energy con-
version efficiency. For example, Figure 1 [25] il-
lustrates the characteristic curve efficiency of the 
hydraulic motor. The performance of the motor 
depends on its speed. This leads to the total con-
version efficiencies is not high due to limitations 
of hydraulic component efficiency, which occurs 
under low-speed working conditions. To over-
come this limitation, a new PTO design consist-
ing of the mechanical mechanism coupled with 
the hydraulic mechanism is proposed to increase 
the performance of the WEC. The mechanical 
mechanism with a large ratio is employed to bring 
the hydraulic pump to the optimum speed with 
high efficiency. Consequently, the hydraulic cir-
cuit operates in optimum conditions and performs 
smoothly. Actually, it can be found that the me-
chanical PTO can work separately, but the combi-
nation of multiple units is still a challenge in real 
conditions. In this case, the hydraulic PTO is the 
most potential solution to combine multiple units 
into a large-scale power plant. The high-efficien-
cy mechanical mechanism coupled with the most 
flexible hydraulic can be a considered solution.

The article poses a newer wave energy con-
verter (WEC) design that PTO combines me-
chanical and hydrostatic transmission (MHPTO). 
Here, wave energy absorption follows the con-
version basis: the sea waves’ two-way motion 
into the one-way rotation of the hydraulic pump, 

Figure 1. Efficiency map of the hydraulic motor
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which drives the high-pressure (HP) hydraulic 
circuit. Electricity is produced by a radical gen-
erator which receives power from HP hydraulic 
circuit. First, the working principle of WEC is de-
scribed under the coupled PTO mechanism. Next, 
the floating buoy-connected generator system’s 
mathematical model is denoted for analyzing the 
system’s performance subjected to regular waves. 
The linear potential wave theory computes the hy-
drodynamic forces acting on the semi-submerged 
floating buoy, and an analytical model of the ma-
chine coupled with the hydraulic transmission is 
modeled to investigate the motion of the rotary 
generator. An experimental setup is performed to 
verify the analytical model. Based on the validat-
ed model, a structural optimization is calculated 
to bring the system to resonance condition. Then, 
a dry test is conducted to assess the system’s per-
formance. Some optimum parameters are deter-
mined and applied to the analytical model, which 
sends the signal to drive the actuator. As a result, 
the absorbed efficiency is increased significantly. 

CONCEPTUAL DESIGN & WORKING 
PRINCIPLE

As illustrated in Figure 2, the equipment con-
figuration comprises three main components: a 
mechanical device, a hydraulic circuit, and an 
electric generator.

The mechanical device includes a floating buoy 
attached to a hemisphere at the lower end, a bidi-
rectional gearbox (BDBG), and a flywheel. Under 
a tidal wave, the floating buoy must oscillate on the 
ocean by hydrodynamic forces. Then, the move-
ment of the floating buoy is transferred to the one-
direction rotation of the flywheel by the BDBG. As 
shown in Figure 3, two one-way bearings mount-
ing in the center line of the gears are designed to 
transmit and amplify the bidirectional motion of the 
rack into a one-way rotation of the output shaft. Be-
cause the output shaft is fixed to the flywheel and 
drives the hydraulic pump. Consequently, the wave 
energy from ocean motion is converted to hydraulic 
energy. Meanwhile, the hydraulic circuit includes 
an HP gas accumulator, a low-pressure (LP) gas 
accumulator, a pump, and a motor. The flow from 
the pressure difference between the HP and LP ac-
cumulator drives the hydraulic motor. Moreover, a 
solenoid valve and a flow control valve control the 
flow rate into the hydraulic motor to maintain its 
speed at a desired value.

Finally, a rotation generator is fixed and re-
ceives power from the output shaft of the hydraulic 
motor, and an external load or storage device can 
take out the generated energy.

Structural optimization and control of the 
WEC can be done to optimize the energy ab-
sorbed. Under specific conventional waves, op-
timization can be done by generating resonance: 
making the device’s natural frequency close to the 
wave spectrum’s excitation frequency [27]; as a 

Figure 2. Structure of the introduced WEC
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result, almost components in the system are set up 
to work at the proper speed conditions. Therefore, 
their efficiencies can be improved significantly. Fi-
nally, the overall efficiency of the proposed WEC 
can reach the highest value.

PTO Model

Mechanical system

The case of regular can be presented as:
𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 
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𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 
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𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
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𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 
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𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
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(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
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× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(1)

The dynamics of the buoy are calculated by 
solving the set of following equations and apply-
ing the law of motion to determine. Combination 
the incident wave’s hydrodynamic forces Fh(t) 
and the user’s force Fu(t) due to the PTO system’s 
load resistance follow as: 

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(2)

where: Fe(t) – the excitation force. 

The excitation force Fe(t) is calculated as 
follows:

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(3)

where: 	f3 – the force amplitude; 	 
α – the phase difference between the wave 
and the excitation force (use WAMIT, the 
commercial software, to calculate these 
coefficients).

The radiation force Fr(t) is expressed in the set 
of equations:

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(4)

where: 	z(t) – the displacement of the buoy;	   
ma – the added mass; 	  
Rr – the radiation damping coefficient; 
these coefficients were obtained by using 
WAMIT.

The viscous damping force Fv(t) is calcu-
lated by:

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(5)

where: Cd – coefficient of drag, set one in this 
research; 				     
Ad – the water plane area of the buoy at 
rest.

The hydrostatic restoring force Fs(t) is cal-
culated by using the Archimedes principle and is 
simply given in Eq. 6: 

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(6)

where: Sb – so-called the hydrostatic stiffness, 
which is obtained by Eq. 18 in [18].

Substituting Eq. 3 to Eq. 6 into Eq. 2, the float-
ing buoy dynamic equation can be re-written as:

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(7)

As shown in Figure 3, the torque driving the 
hydraulic pump is calculated as:

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(8)

Figure 3. Configuration of the BDGB
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where: 	rpi – the pinion’s radius; 	 
iBG – the gearbox ratio

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(9)

Hydraulic circuit 

The user’s force Fu(t) induced by the hydrau-
lic circuit is obtained in Eq. 10

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(10)

where: Thc – the reactive torque, which is calcu-
lated by the following equation

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(11)

where: Δpp – the pressure difference between the 
outlet and inlet chamber;			    
Dp – the pump displacement.

As shown in Figure 4, the pump pressure is 
determined by a continuity Eq. 12 

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(12)

where: β – the bulk modulus, which causes com-
pressible fluid; 				     
Vp – the volume of the pump chamber; 
Qp, Qc, Qr – the pump flow rate, flow 
rate throughout the check valve and the 
relief valve, respectively. 		   
Here, Qp – obtained by Eq. 13., Qc and Qr – 
calculated by Eq. 14 and 15, respectively. 

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(13)

where:	 pηv – the volumetric efficiency of the 
pump.

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(14)

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(15)

where: pp, pc, prset, preg and pre – pump pres-
sure, accumulator inlet pressure, relief 
valve setting pressure, relief valve regu-
lation pressure, and reservoir chamber 
pressure, respectively;			     

Cdis – the flow discharge coefficient;	   
Amax – fully open valve passage area.  
In modeling the gas-charged accumula-
tor, a well-known adiabatic transforma-
tion equation of a perfect gas is given by 
Eq. 16.

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(16)

where: 	pga and pga0 – final and initial pressure; 
Vga and Vga0 – the final and initial gas 
volumes in the gas chamber, respectively;  
n – the adiabatic coefficient, defined by 
the ratio of the specific heat. For nitrogen 
gas, n can be equal to 1.4.

Figure 4 illustrates the fluid pressure at the 
accumulator inlet is described with the following 
equations.

𝜂𝜂𝜂𝜂 = 𝐴𝐴𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑡𝑡𝑡𝑡, (𝑚𝑚𝑚𝑚) 

 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑧̈𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) 
𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) + 𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡) 

 

𝐹𝐹𝐹𝐹𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) 

𝐹𝐹𝐹𝐹𝑟𝑟𝑟𝑟 = −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

𝐹𝐹𝐹𝐹𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡) = −
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| 

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = −𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) = 𝑓𝑓𝑓𝑓3 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡 + 𝛼𝛼𝛼𝛼) −𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑧̈𝑧𝑧𝑧 − 𝑅𝑅𝑅𝑅𝑟𝑟𝑟𝑟𝑧̇𝑧𝑧𝑧 

−
1
2
𝜌𝜌𝜌𝜌𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴𝑑𝑑𝑑𝑑(𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂)|𝑧̇𝑧𝑧𝑧 − 𝜂̇𝜂𝜂𝜂| − 𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏𝑧𝑧𝑧𝑧 

 

𝑇𝑇𝑇𝑇ℎ(𝑡𝑡𝑡𝑡) =
|𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡)| × 𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
 

𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝 = 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
30000
𝜋𝜋𝜋𝜋𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

|𝑧̇𝑧𝑧𝑧| 

𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢 =
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐
𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

× 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 

𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 = 𝛥𝛥𝛥𝛥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑝𝑝𝑝𝑝

(𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 − 𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐) 

𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 =
𝐷𝐷𝐷𝐷𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝
1000

× 𝜂𝜂𝜂𝜂𝑝𝑝𝑝𝑝 𝑣𝑣𝑣𝑣 

𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 = �
𝑄𝑄𝑄𝑄𝑝𝑝𝑝𝑝 − 𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 < 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓ℎ𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒𝑒𝑒𝑠𝑠𝑠𝑠  

𝑄𝑄𝑄𝑄𝑟𝑟𝑟𝑟 = �
0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑟𝑟𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≤ 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟
(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟)�𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑒𝑒𝑒𝑒

 

𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛 = 𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑉𝑉𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟0𝑛𝑛𝑛𝑛  

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

=
𝛽𝛽𝛽𝛽

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 + 𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
(𝑄𝑄𝑄𝑄𝑐𝑐𝑐𝑐 − 𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚) 

 

 

(17)

where: 	Vc – the volume of the hose from the check 
valve to the flow control valve; 		   
Va – the initial volume in the accumulator;  
Vf – the entered fluid volume of the 
high-pressure accumulator and can 
be calculated in Eq. (18); 	  
QAH – the fluid flow rate entering the ac-
cumulator chamber and can be obtained in 
Eq. 19 

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(18)𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(19)

Use the flow control valve to improve per-
formance and make driving the hydraulic motor 
smooth. The valve works as a variable orifice re-
striction. The fluid working pressure at the hydraulic 
motor inlet is determined in the following equation.

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(20)

where: Vm – the volume of the motor chamber;  
Qm – the flow rate driving the hydraulic mo-
tor is then computed in Eq. 21; 		   
Qmr – the flow rate throughout the motor 
to the reservoir chamber and is obtained 
in Eq. 22.
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𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(21)

where:	 A0 – the instantaneous orifice passage 
area; ρ – the fluid density.

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(22)

where: Dm and mηm – displacement, volumetric 
and mechanical efficiencies of the hy-
draulic motor, respectively.

Then, the hydraulic torque Tm is obtained by 
the following equation:

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(23)

where: Δp = pm − pre (bar) – the difference 
between motor pressure and reservoir 
pressure.

Generator model

As shown in Figure 4, the hydraulic motor 
drives the electric generator to generate electric-
ity. The generator speed is obtained by Eq. 24. 

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(24)

where: Tg – the reactive torque from the genera-
tor, which can be modeled in Eq. 25

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(25)

where: Ts – a static torque; 	  
Tc – a Column’s friction torque; 	 

Rg – the electric coefficient, induced by 
the user’s load resistances and taken into 
account for converting useful power [28]. 

Then, the output power generated from the 
electric generator is obtained by the following 
equation: 

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(26)

where: ηg – the mechanical efficiency of the elec-
tric generator.

Experimental parameters

The first test is to explore the PHPTO’s hydro-
dynamic performance subjected to two different 
regular waves. It measures the elevation of the buoy, 
the magnitude of torque as well as the speed of the 
pump. The simulation results were also plotted in 
the same figure to compare to the test results. Then, 
the different values are obtained and shown on the 
bottom floor of these Figures to validate the model. 

Figure 5 depicts the experimental setup per-
formed in the water tank to prepare the tests. A 
prototype system includes a wave-making ma-
chine, the floating buoy combined with BDGB 
by the rack & pinion, the hydraulic circuit, and a 
magneto-rheological (MR) brake.

The wave maker was deployed at the Research 
Institute of Medium & Small Shipbuilding (RIMS), 
Busan, Korea. Various amplitudes and frequencies 
of two regular waves are simulated using a wave 
simulator system to implement the tests. Table 1 
presents the parameters of the defined wave. 

Figure 4. Configuration of the hydraulic circuit
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Table 2 describes the defined setting param-
eters of the PTO. 

Table 3 shows the PTO’s friction parameters 
after using MATLAB’s curve-fitting tool. The im-
plementation process follows the model of Brian 
Armstrong in [28] and is presented in [18].

Test performance

The main tests are done to analyze the sug-
gested MHPTO’s performance as well as model 
verification. The tests are carried out under two 
various regular waves. The wave simulator gen-
erates the various amplitudes and frequencies of 
waves. A feedback control algorithm is applied to 
the MR brake to generate the reactive torque from 

Table 1. Input wave specification
Parameter Case 1 Case 2

Wave height [m] H1 = 0.22 H2 = 0.13

Angular frequency [rad/s] ω1 = 3.7 ω2 = 2.8

Wave number [rad/m] k1 = 1.15 k2 = 0.89

Depth of water [m] h1 = 1.2 h2 = 1.2

Table 2. The setting parameters of the PTO
Specifications Parameters

Radius of buoy a [m] 0.6

Estimated draft l0 [m] 0.385

Total mass of Buoy Mb  
[kg] 78

Radius of Pinion r1pi [m] 0.05

Ratio of Gearbox iGB 4

Table 3. Setting parameters of the MR brake
Specifications Parameters

Breakaway friction torque Tbr [Nm] 0.15

Coulomb friction torque Tc [Nm] 0.1

Transition approximation coefficient cT [s/rad] 10

Viscous friction coefficient Rf  [Nms/rad] 10-2

Figure 5. Experiment setup for testing MHPTO

Figure 6. Case 1 – experimental test results
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the electric generator performance. As shown in 
Figure 6-7, the elevation of the wave and the buoy 
is measured and compared with the modeling on 
the top floor. The torque transducer was utilized 
to measure the torque and speed of the hydraulic 
and plotted on the second floor and third floor, 
respectively. And then, the difference between 
the measurement and modeling are obtained and 
plotted on the bottom floor. 

As shown in Figures 6 and 7, the measured 
values agree well, and the simulation model can 
be verified in two scenarios of the test. Inspire of 
some disturbance at the peak of position due to 
non-linear characteristics of hydrodynamic be-
havior & the precision in the mechanical struc-
ture, the buoy elevation’s mean values, the pump 
torque, and speed are almost the same as the 
model. Therefore, the model can be verified for 
application in the following work.

Structural optimization

To analyze the MHPTO’s performance subject-
ed a regular wave, a dry test was carried out in the 
LAB environment. Based on the validated model, 
some optimized structural parameters were identi-
fied to increase the performance. Under the regular 
wave, the draft of the floating buoy is calculated to 
optimize the equivalent mass. Consequently, the 
natural frequency is reduced to the wave frequency, 
which brings the MHPTO to resonance condition. 

The natural frequency of PTO suspended in 
water is given by:
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For the floating truncated vertical cylinder of 
radius a and a hemisphere at the lower end, the 
mass of the floating buoy is obtained in the fol-
lowing equation.
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where: l0 – the draft of the floating buoy and the 
hydrostatic stiffness Sb = ρgπa2.

To maximum absorbed power ω0 should be 
decreased to the proximity of the wave frequencies 
ω, which brings the system to resonance condition. 
By substituting Eq. 28 into Eq. 27, the optimiza-
tion l0 can be expressed in the following equation.
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Experimental setup

The objective of the experimental setup is to 
analyze the performance of the PTO device and 
evaluate its efficiency. A test rig was assembled in 
FPMI LAB and shown in Figure 8. It includes a 
main control center and a complete PTO. 

Figure 7. Case 2 – experimental test results
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Figure 8. Layout of a dry test rig

Figure 9. The energy capture device simulation

Figure 10. Layout of the hydraulic circuit
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The complete PTO system

This system has three main components: an 
energy capture device, a hydraulic circuit, and an 
MR brake.

The energy capture device simulates the 
dynamic performance of the floating buoy and 
BDGB. Here, an AC servo motor is employed to 
simulate the behavior of the PTO entrance mo-
tion, which drives the hydraulic pump shaft. The 
servo motor is working in closed loop control 
with speed feedback in Figure 9. The AC servo 
motor is used to control the motor’s speed based 
on the command from the main control center. 
A torque transducer, including a speed sensor, is 
also assembled between the AC servo motor and 
hydraulic pump to estimate the absorbed energy.

The hydraulic circuit, along with the MR 
brake, is assembled and described in Figure 10. 
Here, a hydraulic pump MB5 (19.0 cm3/rev) 
is employed to pump oil from a tank to the hy-
draulic circuit. A relief valve and check valve are 
also used to protect the system and to make sure 
one-way oil flow. An HP accumulator is used as 
storage energy and supplies oil to the flow control 
valve, which adjusts the oil flow rate to a hydrau-
lic motor. The hydraulic motor OMM 8 (8.2 cm3/
rev) is coupled with one end of the second torque 
transducer to estimate generated energy of the 
system. Finally, an MR brake is fixed to remain 
at the end of the torque transducer to simulate the 
generator load.

Main control center

The main control center consists of a PC 
connected with acquisition card PCI 1711 from 
Avantech, the speed and torque indicators from 
SETech, and an electric toolbox in Figure 8. 
Here, the hydrodynamic behavior of the sea 
wave and the floating buoy is set up in the Simu-
link toolbox in Matlab. Then, the command is 
sent to PCI 1711 to control the operation of the 
flow control valve and MR brake, and the AC 
servo motor by means of the electric toolbox. 
The signal from torque and speed sensors is 
measured by the PCI card. 

Setting parameters for performance test

Prior to tests, some parameters are defined 
and shown in Table 4. The wave parameters were 
selected in Table 5. Other parameters using the 
hydraulic model are based on the Simulink tool-
box in Matlab.

Power conversion efficiencies

A typical process of wave energy transmission 
is depicted in Figure 11. Here, incident wave en-
ergy consists of two sources. The first one is ab-
sorbed by oscillating floating bodies and converted 
to electricity by employing the PTO and an electric 
generator. The second one is returned to the ocean. 
In order to investigate the performance of a WEC, 
wave energy, absorbed energy, and output energy 
must be obtained in the following procedure.

Firstly, the wave power is calculated by the 
set of equations [27]:
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𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(30)

where:	 E – the mean wave energy density per 
unit horizontal area, the sum of kinetic 
Ek and potential energy Ep;		    
cg – the group velocity, which can be ob-
tained, for constant water depth h, in the 
set of equations: 

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(31)

where: 	D(kh) – the depth function; 	  
k – the angular repetency (wave number), 
is determined as follows: k = 2π / λ.

Secondly, the absorbed power (the captured 
power) is given in [27] by the following equation:

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(32)

where: Req – the equivalent external damping of 
the PTO device. 

Table 4. The PTO’s parameters for the simulation
Specifications Parameters

Radius of buoy a [m] 0.6

Estimated draft L [m] 1.2

Mass Meq [kg] 565

Table 5. The working condition for the simulation
Specifications Parameters

Height of wave H [m] 0.3

Angular frequency ω [rad/s] 2.244

Wavelength λ [m] 15

Water depth h [m] 9
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However, for simplicity in the experiment, 
absorbed energy can be measured by multiplying 
the torque and speed of the hydraulic pump input 
shaft and expressed in Eq. 33

𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓 = �

0𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 ≤ 𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

𝑉𝑉𝑉𝑉𝐴𝐴𝐴𝐴 �1 − �
𝑝𝑝𝑝𝑝𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0
𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐

�
1
𝑛𝑛𝑛𝑛
� 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 > 𝑝𝑝𝑝𝑝𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔0

 

𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑑𝑑𝑑𝑑𝑉𝑉𝑉𝑉𝑓𝑓𝑓𝑓
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 

𝑑𝑑𝑑𝑑𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

=
𝛽𝛽𝛽𝛽
𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚

(𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 − 𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴𝐴𝐴0�(2/𝜌𝜌𝜌𝜌)(𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐 − 𝑝𝑝𝑝𝑝𝑚𝑚𝑚𝑚) 

𝑄𝑄𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑛𝑛𝑛𝑛𝑚𝑚𝑚𝑚
1000

× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 =
Δ𝑝𝑝𝑝𝑝 × 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚

20𝜋𝜋𝜋𝜋
× 𝜂𝜂𝜂𝜂𝑚𝑚𝑚𝑚 𝑚𝑚𝑚𝑚 

𝐼𝐼𝐼𝐼𝑔𝑔𝑔𝑔𝜃̈𝜃𝜃𝜃𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑚𝑚𝑚𝑚 − 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 

𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 = 𝑇𝑇𝑇𝑇𝑑𝑑𝑑𝑑 + 𝑇𝑇𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑛𝑛𝑛𝑛 = 𝜃̇𝜃𝜃𝜃𝑔𝑔𝑔𝑔 × 𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝜂𝜂𝜂𝜂𝑔𝑔𝑔𝑔 

𝜔𝜔𝜔𝜔0 = �
𝑆𝑆𝑆𝑆𝑏𝑏𝑏𝑏

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔 + 𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏
 

𝑀𝑀𝑀𝑀𝑏𝑏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2𝑙𝑙𝑙𝑙0 −
1
3
𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎3 

𝑙𝑙𝑙𝑙0 =
𝑔𝑔𝑔𝑔
𝜔𝜔𝜔𝜔2 +

𝑎𝑎𝑎𝑎
3
−

𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔

𝜌𝜌𝜌𝜌𝜋𝜋𝜋𝜋𝑎𝑎𝑎𝑎2
 

 

𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 = 𝐸𝐸𝐸𝐸𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔, (𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚) 

𝐸𝐸𝐸𝐸 = 𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 + 𝐸𝐸𝐸𝐸𝑝𝑝𝑝𝑝 =
1
8
𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔2𝐻𝐻𝐻𝐻2, (𝐽𝐽𝐽𝐽/𝑚𝑚𝑚𝑚2) 

 

𝑐𝑐𝑐𝑐𝑔𝑔𝑔𝑔 =
𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ)

2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ)
𝑐𝑐𝑐𝑐𝑝𝑝𝑝𝑝 =

𝑔𝑔𝑔𝑔
2𝜔𝜔𝜔𝜔

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) 

𝐷𝐷𝐷𝐷(𝑘𝑘𝑘𝑘ℎ) = �1 +
2𝑘𝑘𝑘𝑘ℎ

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛ℎ( 2𝑘𝑘𝑘𝑘ℎ)�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ℎ(𝑘𝑘𝑘𝑘ℎ) 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 =
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑒𝑒𝑒𝑒𝑧̇𝑧𝑧𝑧2 

 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇ℎ𝑐𝑐𝑐𝑐 × 𝑛𝑛𝑛𝑛𝑝𝑝𝑝𝑝

0.975
, [𝑘𝑘𝑘𝑘] 

 

(33)

Finally, the generator energy of the PTO de-
vice used to operate the electric generator can be 
obtained by the following equation: 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝑛𝑛𝑛𝑛𝑔𝑔𝑔𝑔
0.975

, [𝑊𝑊𝑊𝑊] 

 

𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎 = 𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 

 

𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎 

 

𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 = 𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 × 𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 

(34)

The absorbed energy efficiency (the capture 
width ratio) is defined as the ratio of absorbed en-
ergy Pa and incident wave energy Pw in the fol-
lowing equation: 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝑛𝑛𝑛𝑛𝑔𝑔𝑔𝑔
0.975

, [𝑊𝑊𝑊𝑊] 

 

𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎 = 𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 

 

𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎 

 

𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 = 𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 × 𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 

(35)

The following equation defines PTO efficien-
cy as the ratio of PTO energy to absorbed energy: 

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝑛𝑛𝑛𝑛𝑔𝑔𝑔𝑔
0.975

, [𝑊𝑊𝑊𝑊] 

 

𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎 = 𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 

 

𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎 

 

𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 = 𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 × 𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 

(36)

The following formula describes the total ef-
ficiency (37)

𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔 ≈
𝑇𝑇𝑇𝑇𝑔𝑔𝑔𝑔 × 𝑛𝑛𝑛𝑛𝑔𝑔𝑔𝑔
0.975

, [𝑊𝑊𝑊𝑊] 

 

𝜂𝜂𝜂𝜂𝑎𝑎𝑎𝑎 = 𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 

 

𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑎𝑎𝑎𝑎 

 

𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 = 𝜂𝜂𝜂𝜂𝑜𝑜𝑜𝑜 × 𝜂𝜂𝜂𝜂𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑃𝑃𝑃𝑃𝑔𝑔𝑔𝑔/𝑃𝑃𝑃𝑃𝑤𝑤𝑤𝑤 (37)

EXPERIMENTAL RESULTS

Multiple simulations are carried out with the pa-
rameters of a regular wave shown in Table 2. Then, 
the result is sent to control the AC servo motor. The 
data is obtained and plotted in Figure 12 and Fig-
ure 13. As shown in Figure 12, from 15 s, the buoy 
position is in stability and closed to waveform due 
to the resonance behavior of the system. The torque 
and speed of the generator are measured and com-
pared with that the simulation results. It is indicated 
that the modeling can be validated by agreement 
between simulation and experiment results. In Fig-
ure 13, the wave energy is calculated and compared 
with the generated energy of (PTO) and absorber 
energy. Finally, the efficiency is obtained and shown 

at the bottom of this figure. It is nearly about 50% 
PTO efficiency and 36% overall efficiency. 

CONCLUSION 

This article shows the newest concept for the 
energy extraction of ocean waves. A combination 
between hydrodynamic and MHPTO based on the 
time domain using pre-computed hydrodynamic 
coefficients is used to investigate the system’s 
performance. Then, the experiment setup is done 
to measure and record the torque and speed. An 
analysis of the induced torque, speed, and gener-
ated energy shows that the mathematical model 
and the experimental data agree reasonably. 
Additionally, the efficiencies of the WEC were 

Figure 11. Wave power transmissions and absorption efficiencies

Figure 12. Speed and torque comparison
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calculated using the mean incident wave power, 
the absorbed power, and the generated power. 
The proposed WEC can achieve a capture width 
ratio of 50 and an overall efficiency of 36.
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