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Abstrat. The problem of general desription of the group of automorphisms of

any Witt ring W seems to be very di�ult to solve. However, there are many types

of Witt rings, whih automorphism are desribed preisely (e.g. [1℄, [2℄, [4℄, [5℄, [6℄,

[7℄, [8℄). In our paper we haraterize automorphisms of abstrat Witt rings (f. [3℄)

isomorphi to powers of Witt rings of quadrati forms with oe�tients in �nite �elds

with harateristi di�erent from 2.

1. Introdution

A Witt ring of quadrati forms is one of the entaral notion in bilinear

algebra. Investigation of automorphisms of Witt rings is a natural problem,

when we onsider suh objets. The speial property of automorphisms of

a Witt ring W is the fat that every automorphism of W has to preserve the

dimension of forms or, in other words, it has to send one-dimensional forms

to one-dimensional forms. In the abstrat Witt ring theory an automorphism

of a Witt ring W = (R,G) is suh an automorphism σ of the ring R that

σ(G) = G. Introduing abstrat Witt rings in [3℄, Marshall showed that every

Witt ring of quadrati forms over a �eld F ful�lls axioms of abstrat Witt

rings ontained in his book [3℄, where as a distinguished group G one an

take the group F ∗/F ∗2 of square lasses of the feld F . We say that an ab-

strat Witt ring W = (R,G) is realized by a �eld F if there exist a Witt

ring of quadrati forms over the �eld F and suh a ring isomorphism between

W and W (F ), whih maps the group G into the group F ∗/F ∗2. In our pa-

per we onsider Witt rings whih are powers of Witt rings realized by �nite

�elds with harateristi di�erent from 2 and we investigate their groups of

automorphisms.
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In proofs of our results we use the notion of quaternioni struture (G,Q, q)
assoiated to a Witt ring W = (R,G). Here q is a surjetion q : G×G → Q
and four suitable axioms hold (for details see [3, Chapter 2℄). By the the-

ory presented in [3℄, ategories of Witt rings and quaternioni strutures are

naturally equivalent. Therefore, the group of automorphisms of quaternioni

struture is isomorphi to the group of automorphisms of assoiated Witt

ring. By Marshall (f. [3℄), σ ∈ Aut(G) is an automorphism of quaternioni

struture (G,Q, q) if q ful�lls the following onditions:

1. σ(−1) = −1,

2. q(a, b) = 0 ⇔ q(σ(a), σ(b)) = 0.

Hene, we an investigate group automorphisms σ ∈ Aut(G) instead of auto-

morphisms of a Witt ring W = (R,G).

Let W = (R,G) be a Witt ring realized by a �nite �eld with harateristi

di�erent from 2 and let (G,Q, q) be the quaternioni struture assoiated to

W . There are two ases.

1) W ∼= Z/2Z[C2] ∼= W (F5), where Z/2Z[C2] denotes the group ring of

2-element yli group C2 with oe�ients in the ring Z/2Z. Then the

group G is isomorphi to F
∗

5
/F

∗2

5
= {1, x} and the distinguished element

is −1 = 1.

2) W ∼= Z/4Z ∼= W (F3). Then the group G is isomorphi to F
∗

3
/F

∗2

3
= {1,−1}

(−1 	= 1).

In both ases the set Q = {0}, hene q(a, b) = 0 for all a, b ∈ G.

2. Witt rings of �nite �elds and their powers

Theorem 1. Let W = (R,G) be a Witt ring realized by a �nite �eld with

harateristi di�erent from 2. Then every automorphism of the group Gk,

k ∈ N, mapping the distinguished element −1 into itself indues an automor-

phism of a Witt ring W k.

Proof.

Sine q(a, b) = 0 for all a, b ∈ G, it follows that quaternioni map q does not

in�uene on the form and the number of automorphisms of quaternioni stru-

ture (G,Q, q). This means that every automorphism of the group G suh that

σ(−1) = −1 is an automorphism of (G,Q, q).

Finally, by the onstrution of powers of Witt rings and quaternioni stru-

tures (see [3, Chapter 5, �4℄), we onlude that every automorphism of the

group Gk, k ∈ N, mapping the distinguished element −1 ∈ Gk into itself is an

automorphism of quaternioni struture (Gk,Qk, qk), onsequently it indues

an automorphism of a Witt ring W k.
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Corollary 1. Let W = (R,G) be a Witt ring realized by the Galois �eld F5.

Then the group of automorphisms of the Witt ring W ′ = (W k, Gk) is isomor-

phi to GL(k, F2).

Proof. Let W ′ = (W k, Gk). Then 1 = −1 in G and onsequently in Gk,

hene any automorphism of the group Gk is an automorphism of the quater-

nioni struture (Gk,Qk, qk). In fat, the group Gk is a vetor spae over

the two-element Galois �eld F2 and dimF2
Gk = k. Let B = {b1, . . . , bk} be

a basis of the vetor spae of Gk over F2 and let σ ∈ Aut(G,Q, q). Then

a system of vetors {σ(b1), . . . , σ(bk)} is another basis of the vetor spae

Gk over F2. Every σ(bi), 1 ≤ i ≤ k an be represented as a ombination of

vetors from basis B as follows: σ(bi) = αi1b1 + . . . + αikbk. De�ne a map

Φ: Aut(Gk,Qk, qk) → GL(k, F2) by the following formula:

Φ(σ) =









α11 α12 . . . α1k

α21 α22 . . . α2k

. . . . . . . . . . . .
αk1 αk2 . . . αkk









.

The map Φ is a group isomorphism (this follows from uniqueness of represen-

tation of vetors σ(bi) in the basis B).

Corollary 2. Let W = (R,G) be a Witt ring realized by the Galois �eld

F3. Then the group of automorphisms of the Witt ring W ′ = (W k, Gk) is

isomorphi to the a�ne group Aff(k − 1, F2).

Proof. Let W ′ = (W k, Gk). In this ase we have 1 	= −1 in G. Consider the

map Φ de�ned in the previous proof. We want to �nd all σ ∈ Aut(Gk) suh

that σ(−1) = −1, thus we �x the last vetor in the basis B as bk = −1. For

all the automorphisms whih preserve that vetor, we get the following form

of the map Φ:

Φ(σ) =













α11 α12 . . . α1k

α21 α22 . . . α2k

. . . . . . . . . . . .
αk−1,1 αk−1,2 . . . αk−1,k

0 0 . . . 1













.

So in this ase we have blok matries of the form

[

A a
0 1

]

. Let us examine

the form of the produt of this kind of matries:
[

A a
0 1

]

·

[

B b
0 1

]

=

[

AB bA + a
0 1

]

.
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On the other hand, a�ne transformations have the form: f(x) = xA + a
and g(x) = xB + b, hene the omposition of them has the form: f(g(x)) =
f(xB + b) = (xB + b)A + a = AB + (bA + a).

Therefore, the map given by f(Φ) =

[

A a
0 1

]

is a group isomorphism

between Aut(G,Q, q) and Aff(k − 1, F2).

Summarizing the results of the paper, we an write out the groups of

automorphisms of Witt rings of two types:

Aut((Z/2Z[C2])
k) ∼= Aut((W (F5))

k) ∼= GL(k, F2),

Aut((Z/4Z)k) ∼= Aut((W (F3))
k) ∼= Aff(k − 1, F2) ∼= F

k−1

2
⋉ GL(k − 1, F2).
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