
Jan Dªugosz University in Cz�sto
howa

S
ienti�
 Issues, Mathemati
s XVI, Cz�sto
howa 2011

AUTOMORPHISMS OF WITT RINGS
OF FINITE FIELDS

Mar
in Ryszard St�pie«

Kiel
e University of Te
hnology

al. Tysi¡
le
ia Pa«stwa Polskiego 7, 25-314 Kiel
e, Poland

e-mail: mstepien�tu.kiel
e.pl

Abstra
t. The problem of general des
ription of the group of automorphisms of

any Witt ring W seems to be very di�
ult to solve. However, there are many types

of Witt rings, whi
h automorphism are des
ribed pre
isely (e.g. [1℄, [2℄, [4℄, [5℄, [6℄,

[7℄, [8℄). In our paper we 
hara
terize automorphisms of abstra
t Witt rings (
f. [3℄)

isomorphi
 to powers of Witt rings of quadrati
 forms with 
oe�tients in �nite �elds

with 
hara
teristi
 di�erent from 2.

1. Introdu
tion

A Witt ring of quadrati
 forms is one of the 
entaral notion in bilinear

algebra. Investigation of automorphisms of Witt rings is a natural problem,

when we 
onsider su
h obje
ts. The spe
ial property of automorphisms of

a Witt ring W is the fa
t that every automorphism of W has to preserve the

dimension of forms or, in other words, it has to send one-dimensional forms

to one-dimensional forms. In the abstra
t Witt ring theory an automorphism

of a Witt ring W = (R,G) is su
h an automorphism σ of the ring R that

σ(G) = G. Introdu
ing abstra
t Witt rings in [3℄, Marshall showed that every

Witt ring of quadrati
 forms over a �eld F ful�lls axioms of abstra
t Witt

rings 
ontained in his book [3℄, where as a distinguished group G one 
an

take the group F ∗/F ∗2 of square 
lasses of the feld F . We say that an ab-

stra
t Witt ring W = (R,G) is realized by a �eld F if there exist a Witt

ring of quadrati
 forms over the �eld F and su
h a ring isomorphism between

W and W (F ), whi
h maps the group G into the group F ∗/F ∗2. In our pa-

per we 
onsider Witt rings whi
h are powers of Witt rings realized by �nite

�elds with 
hara
teristi
 di�erent from 2 and we investigate their groups of

automorphisms.
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In proofs of our results we use the notion of quaternioni
 stru
ture (G,Q, q)
asso
iated to a Witt ring W = (R,G). Here q is a surje
tion q : G×G → Q
and four suitable axioms hold (for details see [3, Chapter 2℄). By the the-

ory presented in [3℄, 
ategories of Witt rings and quaternioni
 stru
tures are

naturally equivalent. Therefore, the group of automorphisms of quaternioni


stru
ture is isomorphi
 to the group of automorphisms of asso
iated Witt

ring. By Marshall (
f. [3℄), σ ∈ Aut(G) is an automorphism of quaternioni


stru
ture (G,Q, q) if q ful�lls the following 
onditions:

1. σ(−1) = −1,

2. q(a, b) = 0 ⇔ q(σ(a), σ(b)) = 0.

Hen
e, we 
an investigate group automorphisms σ ∈ Aut(G) instead of auto-

morphisms of a Witt ring W = (R,G).

Let W = (R,G) be a Witt ring realized by a �nite �eld with 
hara
teristi


di�erent from 2 and let (G,Q, q) be the quaternioni
 stru
ture asso
iated to

W . There are two 
ases.

1) W ∼= Z/2Z[C2] ∼= W (F5), where Z/2Z[C2] denotes the group ring of

2-element 
y
li
 group C2 with 
oe�
ients in the ring Z/2Z. Then the

group G is isomorphi
 to F
∗

5
/F

∗2

5
= {1, x} and the distinguished element

is −1 = 1.

2) W ∼= Z/4Z ∼= W (F3). Then the group G is isomorphi
 to F
∗

3
/F

∗2

3
= {1,−1}

(−1 	= 1).

In both 
ases the set Q = {0}, hen
e q(a, b) = 0 for all a, b ∈ G.

2. Witt rings of �nite �elds and their powers

Theorem 1. Let W = (R,G) be a Witt ring realized by a �nite �eld with


hara
teristi
 di�erent from 2. Then every automorphism of the group Gk,

k ∈ N, mapping the distinguished element −1 into itself indu
es an automor-

phism of a Witt ring W k.

Proof.

Sin
e q(a, b) = 0 for all a, b ∈ G, it follows that quaternioni
 map q does not

in�uen
e on the form and the number of automorphisms of quaternioni
 stru
-

ture (G,Q, q). This means that every automorphism of the group G su
h that

σ(−1) = −1 is an automorphism of (G,Q, q).

Finally, by the 
onstru
tion of powers of Witt rings and quaternioni
 stru
-

tures (see [3, Chapter 5, �4℄), we 
on
lude that every automorphism of the

group Gk, k ∈ N, mapping the distinguished element −1 ∈ Gk into itself is an

automorphism of quaternioni
 stru
ture (Gk,Qk, qk), 
onsequently it indu
es

an automorphism of a Witt ring W k.
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Corollary 1. Let W = (R,G) be a Witt ring realized by the Galois �eld F5.

Then the group of automorphisms of the Witt ring W ′ = (W k, Gk) is isomor-

phi
 to GL(k, F2).

Proof. Let W ′ = (W k, Gk). Then 1 = −1 in G and 
onsequently in Gk,

hen
e any automorphism of the group Gk is an automorphism of the quater-

nioni
 stru
ture (Gk,Qk, qk). In fa
t, the group Gk is a ve
tor spa
e over

the two-element Galois �eld F2 and dimF2
Gk = k. Let B = {b1, . . . , bk} be

a basis of the ve
tor spa
e of Gk over F2 and let σ ∈ Aut(G,Q, q). Then

a system of ve
tors {σ(b1), . . . , σ(bk)} is another basis of the ve
tor spa
e

Gk over F2. Every σ(bi), 1 ≤ i ≤ k 
an be represented as a 
ombination of

ve
tors from basis B as follows: σ(bi) = αi1b1 + . . . + αikbk. De�ne a map

Φ: Aut(Gk,Qk, qk) → GL(k, F2) by the following formula:

Φ(σ) =









α11 α12 . . . α1k

α21 α22 . . . α2k

. . . . . . . . . . . .
αk1 αk2 . . . αkk









.

The map Φ is a group isomorphism (this follows from uniqueness of represen-

tation of ve
tors σ(bi) in the basis B).

Corollary 2. Let W = (R,G) be a Witt ring realized by the Galois �eld

F3. Then the group of automorphisms of the Witt ring W ′ = (W k, Gk) is

isomorphi
 to the a�ne group Aff(k − 1, F2).

Proof. Let W ′ = (W k, Gk). In this 
ase we have 1 	= −1 in G. Consider the

map Φ de�ned in the previous proof. We want to �nd all σ ∈ Aut(Gk) su
h

that σ(−1) = −1, thus we �x the last ve
tor in the basis B as bk = −1. For

all the automorphisms whi
h preserve that ve
tor, we get the following form

of the map Φ:

Φ(σ) =













α11 α12 . . . α1k

α21 α22 . . . α2k

. . . . . . . . . . . .
αk−1,1 αk−1,2 . . . αk−1,k

0 0 . . . 1













.

So in this 
ase we have blo
k matri
es of the form

[

A a
0 1

]

. Let us examine

the form of the produ
t of this kind of matri
es:
[

A a
0 1

]

·

[

B b
0 1

]

=

[

AB bA + a
0 1

]

.
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On the other hand, a�ne transformations have the form: f(x) = xA + a
and g(x) = xB + b, hen
e the 
omposition of them has the form: f(g(x)) =
f(xB + b) = (xB + b)A + a = AB + (bA + a).

Therefore, the map given by f(Φ) =

[

A a
0 1

]

is a group isomorphism

between Aut(G,Q, q) and Aff(k − 1, F2).

Summarizing the results of the paper, we 
an write out the groups of

automorphisms of Witt rings of two types:

Aut((Z/2Z[C2])
k) ∼= Aut((W (F5))

k) ∼= GL(k, F2),

Aut((Z/4Z)k) ∼= Aut((W (F3))
k) ∼= Aff(k − 1, F2) ∼= F

k−1

2
⋉ GL(k − 1, F2).

Referen
es

[1℄ R. Baeza, R. Moresi. On the Witt-equivalen
e of �elds of 
hara
teris-

ti
 2. Journal of Algebra, 92, 446�453, 1985.

[2℄ A. Czogaªa. On re
ipro
ity equivalen
e of quadrati
 number �elds. A
ta

Arithmeti
a, 58, No. 1, 27�46, 1981.

[3℄ M. Marshall. Abstra
t Witt Rings. Queen's Papers in Pure and Applied

Math., 57, Queen's University, Ontario 1980.

[4℄ R. Perlis, K. Szymi
zek, P.E. Conner, R. Litherland. Mat
hing Witts

with global �elds. In: W.B. Ja
ob, T.-Y. Lam, R.O. Robson (Eds.),

Re
ent Advan
es in Real Algebrai
 Geometry and Quadrati
 Forms, (Pro-


eedings of the RAGSQUAD Year, Berkeley 1990�1991), Contemporary

Mathemati
s, 155, 365�387, Amer. Math. So
. Providen
e, Rhode

Island 1994.

[5℄ M. St�pie«. Automorphisms of produ
ts of Witt rings of lo
al type.

A
ta Mathemati
a et Informati
a Universitatis Ostraviensis, 10, 125-

131, 2002.

[6℄ M. St�pie«. Automorphisms of Witt rings of elementary type. Mathe-

mati
a. Pro
. XIth Slovak-Polish-Cze
h Mathemati
al S
hool, Catholi


University in Ru�zomberok, 10, 62�67, 2004.

[7℄ M. St�pie«. A 
onstru
tion of in�nite set of rational self-equivalen
es.

S
ienti�
 Issues, Jan Dªugosz University in Cz�sto
howa, Mathemati
s,

XIV, 117�132, 2009.

[8℄ R. Ware. Automorphisms of Pythagorean �elds and their Witt rings.

Commutative Algebra, 17, No. 4, 945-969, 1989.


