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Abstract: Let (X,d) be a metric space. Let Y be an ordered
Banach space with increasing norm. Let & be a separable linear
family (a class) of Lipschitz functions defined on X and with values
in Y. Let a(-) be a nondecreasing function mapping the interval
[0,400) into itself such that lim, o # = 0. We say that a multi-

function T mapping X into ® is ®-a(-)-K-monotone if for all k in
the interior of K, k € Int K, there is a constant Cj, > 0 such that
for all ¢, € I'(x),p, € T'(y) we have

G () + Gy (y) — 02(y) — ¢y(2) 2K —Cra(d(z,y))k

It is shown in the paper that under certain conditions on ¢ each ®-
a(-)-K-monotone multifunction is single-valued and continuous on
a dense Gg-set.

Keywords: vector valued functions, normal cone, cone with
bounded basis, ®-a(-)-K-subgradi-ents, increasing norm, ®-a(-)-k-
subdifferential Fréchet ®-differentiability

1. ®-a(-)-K-subgradients and ®-«(-)-K-supergradients
of vector valued functions

Let (X,d) be a metric space. Let f(x) and ¢(x) be two functions defined on
X with values in a Banach space (Y, || - ||) partially ordered by a pointed closed
convex cone K with non-empty interior, Int K # . Recall that the cone K
introduces the order in the following way. We write x <y yify € 2+ K (x > y
ifrey+K)andae <gyifyceax+Int K (z >gyif z €y +Int K).

Let «(-) be a nondecreasing function mapping the interval [0, +00) into itself
such that

lim @ =0. (1.1)
tlo t
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Let k € Int K. The function ¢(z) will be called a ®-«(-)-k-subgradient (®-a(-)-
k-supergradient) of the function f(x) at a point ¢ if there is a constant Cy > 0
such that

f(@) = f(wo) 2Kk o(x) — d(xo) — Crald(z,y))k (1.2)
(resp., f(x) = f(x0) <k ¢(x) — d(w0) ) + Crald(z,y))k) (1.2')

for all z € X.

If a function ¢ is ®-a(-)-ko-subgradient (respectively ®-a(-)-ko- supergradi-
ent) of the function f(x) at a point zq for a certain ky € Int K, then by (1.1)
it is ®-a(-)-k-subgradient (respectively ®-af-)-k-supergradient) of the function
f(z) at a point z¢ for all k € Int K. Therefore the natural definition is that a
function ¢ is ®-«(-)-K-subgradient (respectively ®-a(-)-K-supergradient) of the
function f(z) at a point x¢ if it is ®-a(-)-ko-subgradient (respectively ®-af-)-
ko-supergradient) of the function f(z) at a point xq for a certain kg € Int K.

The set of all ®-a(-)-K-subgradients (respectively, ®-a(-)-K-supergradients)
of the function f at a point xo we shall call ®-a(-)-K-subdifferential (respec-
tively, ®-a(-)-K-superdifferential) of the function f at a point zy and we shall

denote it by afykf‘mo (respectively, 3$’kf\zo)-

PROPOSITION 1 ®-af-)-K -subdifferential (respectively, ®-a(-)-K -superdifferential)
of the function f at a point xg is a convex set.

PROOF Let ¢(z) and ¥ (z) be two ®-a(-)-K-subgradients (®-a(-)- K-supergradients)
of a function f(x) at a point zo.

By the definition of ®-«(-)- K-subgradient there are k € Int K and a constant
C}, such that

f(@) = f(x0) 2K ¢(x) — p(w0) — Crald(x, y))k, (1.2)¢

f(@) = f(wo) 2k ¥(x) — P(w0) — Cra(d(z, y))k. (1.2)y

Multiplying (1.2)4 by t and (1.2)y by (1 —¢) and adding them, by the convexity
of K we obtain that

f(@) = fzo) Zk [to(x) + (1 =) (2)] = [t(x0) + (1 — )¢ (20)] — Cra(d(z, y))k-,

(1.3)
which shows that t¢(x) + (1 — t)p(x) is a P-a(-)-k-subgradient of a function
f(z) at a point xg. The proof for ®-a(-)-k-supergradients is similar. O

Observe that the introduced notions of ®-a(+)-k-subgradients, ®-a(-)-k-super-
gradients, ®-a(-)-K- subdifferentials, ®-a(-)- K-superdifferentials do not depend
on the norm in the space Y, and as a consequence we get that if || - |1 is a
norm in Y equivalent to the norm || - ||, then ®-a(-)-K-subgradients, ®-a(-)-K-
supergradients, ®-a(-)-K- subdifferentials, ®-a(-)-K-superdifferentials are the
same with respect to both these norms.
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2. ®-a(-)-k-monotone vector-valued multifunctions

Let X, Z be two sets. Let I' : X — 22 be a multifunction, i.e., the mapping of
the set X into subsets of Z. We shall call the domain of T', dom(I"), the set of
such =, that T'(z) # 0,

dom(T') = {x € X : T'(z) # 0}.

By the graph of T', G(T"), we shall call the set G(I") = {(z,2) € XxZ: z € T'(x)}.
Let, as before, (X, d) be a metric space. Let ® be a linear family of functions
defined on (X, d) with values in a Banach space (Y, || - ||) partially ordered by a
pointed closed convex cone K with non-empty interior.
We say that a multifunction I’ mapping (X, d) into ® is ®-a(-)-k-monotone
if there is Cy > 0 such that for ¢, € I'(z), ¢, € I'(y) we have

In particular, when (X, d) is a metric linear space, and ® is a linear space
consisting of linear operators ¢(x) = (¢, z), we can rewrite (2.1) in the more
classical form

(¢e — ¢y, ® —y) 2k —Cra(d(z,y))k. (2.1)e

A multifunction I mapping (X, d) into ® is called n-cyclic ®-«(-)-k-monotone

if there is C% > 0 such that for arbitrary zg,z1,...,2n = 29 € X and ¢, €
I(x;), (1=0,1,2,...,n), we have

n n

D ey (@i1) = bu (@) 2k —Ch Y ald(ws, wi1))k. (2.1)n

i=1 i=1
A multifunction T' mapping (X,d) into ® is called cyclic ®-a(-)-k-monotone
if it is n-cyclic ®-a(-)-k-monotone for n = 2,3,.... . Of course, just from the
definition a multifunction T' is ®-«a(-)-k-monotone if and only if it is 2-cyclic
®-o(-)-k-monotone.

Observe that the introduced notions of ®-a(-)-k-monotone multifunctions,
n-cyclic ®-a(-)-k-monotone multifunctions, cyclic ®-a(-)-k-monotone multifunc-
tions do not depend on the norm in the space Y, and so, as a consequence we
get that if || - ||; is a norm in Y equivalent to the norm || - ||, then ®-a(-)-
k-monotone multifunctions, n-cyclic ®-a(-)-k-monotone multifunctions, cyclic
®-o(+)-k-monotone multifunctions are the same with respect to both norms.

PROPOSITION 2 For a given function f the subdifferential 6$,k fl_, considered

as a multifunction of x, is cyclic ®-a(-)-k-monotone.

17

Proor Take arbitrary zo,z1,...,2n, = o € X and ¢, € 8$kf|w_, 1=

0,1,2,...,n. Since ¢, € 8$7kf‘x_ we have that for i = 1,2,,,.n there are C}
such that '

f(@) = f(@im1) >k Gus (@) — buy_, (xic1) — Chald(zi, zi-1))k- (1.3)!
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Adding all equations (1.3)* for i = 1,2, ...,n and changing the sign we obtain

n n

Z[%i,l (Ti1) — bu, (xi1)] > —C} Z a(d(xi, zi—1))k >k
i=1 i=1

n

—CkZa(d(xi,:vi_l))k, (21)11

i=1

where Cj, = maxC}. O

Let L be the space of all Lipschitzian functions defined on (X, d) with values

in (Y, - ||). We define on £ a quasinorm
l[o(x1) — P(2)|l
= —_ 2.2
6]l ml,smégx, A ) (2:2)
x1F#xg

Observe that, if ||¢1 — 2|, = 0, then the difference of ¢ and ¢ is a constant
function, i.e., there is ¢ € Y such that ¢1(z) = ¢2(x) 4+ ¢. Thus, we consider the
quotient space £ :ﬁ/y. The quasinorm ||¢||z induces the norm in the space L.
Since this will not lead to any misunderstanding, we shall also denote this norm
by [[¢]]L-

Let ® be a linear family of Lipschitz functions. If there is an element h,
belonging to the interior of K, h € Int K, ||h| < 1, such that for all z € X and
all ¢ € ® and all ¢t > 0, there is a y € X such that 0 < d(z,y) < t and

(y) — d(x) >k |6l Ld(y, x)h, (2.3)

we say that the family ® has the monotonicity property with respect to the
element h (briefly: the family ® has the h-monotonicity property).

It is easy to see, that if a € Int K, 0 <k a <k h, then each family ® having
the A-monotonicity property also has a-monotonicity property.

Write for any ¢ € &, a € Int K, = € X, 0 € Ry (see Preiss and Zajicek,
1984; Rolewicz, 1994; Pallaschke and Rolewicz, 1997; Rolewicz, 1999)

K((bvavxv 9) = {y €X: ¢(y) - (b(‘r) 2K H¢||Ld(y7x)a7 d(xvy) < Q}' (24)

The set K (¢, a, x, o) will be called a (a, p)-cone with vertex at x and direction
¢. Of course, it may happen that K (¢, a,z, 0) = {z}. However, if h € a + IntK,
it is obvious that the set K (¢, a,z, ) has a non-empty interior and, even more,

x € IntK(¢,a,z,0). (2.5)

Observe that just from the definition it follows that if a1 <i ao, then
K((bv ax, T, Q) ) K(¢a az, :EQ)'

A set M C X is said to be (a, 0)-cone meagre if for arbitrary e, 0 < & < o
there are z € X, d(z,2) < € and ¢ € ® such that
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MNInt K(¢,a,z,0) =0. (2.6)

The arbitrariness of € and (2.5) imply that an (a, p)-cone meagre set M is
nowhere dense. A set M C X is called (a, 9)-small-angle if it can be represented
as a union of a countable number of (a, p)-cone meagre sets M,

M = @1 M,. (2.7)

Of course, every (a, g)-small-angle set M is of the first category.

In further considerations we shall assume that the cone K is normal, i.e. for
all k € Int K, the set (—k + K) N (k — K) is a bounded neighbourhood of 0.
This is equivalent to the fact that K has a bounded basis, i.e. there exists in K
a closed bounded convex subset, B C K, such that 0 ¢ B and each k € K can
be represented in the form k = tb, where ¢ is a non-negative real number and
b € B. Let K be a convex cone having non-empty interior and a bounded basis.
It can be shown (Peressini, 1967; Jahn, 1986, 2004) that in this case there is in
Y an equivalent norm || - ||; such that if k € K, k <k h, i.e. h € k+ K, then

[1E[l: < [IA]]:- (2.8)

Any norm satisfying (2.8) shall be called increasing. By adapting the method
of Preiss and Zajicek (1984) to metric spaces we obtain

THEOREM 1 (compare Rolewicz 1994, 1999; Pallaschke and Rolewicz, 1997).
Let (X,d) be a metric space. Let (Y,|| - ||) be a Banach space, ordered by a
closed pointed conver cone K, such that the norm is increasing. Let ® be a
linear family of Lipschitz functions mapping (X,d) into (Y,|| - ||) having the
monotonicity property with respect to the element h € Int K with ||h| < 1.
Assume that ® is separable in the metric dy. Let a multifunction T' mapping
(X,d) into 2% be ®-a(-)-k-monotone and such that dom I' = X (i.e., T'(x) # ()
for allx € X ). Then there are o > 0 and a (k, 9)-small-angle set A such that
T is single-valued and continuous on the set X \ A.

PRrROOF It is sufficient to show that the set

A ={x € X : lim diam I'(B(z, d)) > 0},
0—0

where by diam we denote the diameter of the set measured in the Lipschitz
metric d, is (k, p)-small-angle. Of course, we can represent A as a union of sets

Ap = {z € X : lim diam I'(B(z, J)) > l} (2.9)
0—0 n

Let {¢m } be a dense sequence in the space ® in the metric dy,. Suppose that
0 <k a<g hand |a|| < 1. Let

el

Anm = A, di my L —
1 {z € ist(¢ (2)) < in

1, (2.10)
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where, as usual, we denote dist(¢p, I'(z)) = inf{||¢m — ¢||L : ¢ € T'(2)}.
By the density of the sequence {¢,,} in @,

G Apm = Ay,
m=1

We will show that there is ¢ > 0 such that the sets A, ,, are (a, p)-cone
meagre. Suppose that z € A, ,,,. Let € be an arbitrary positive number. Since
x € Ay, there are 0 < 0 < € and 21,29 € X, ¢1 € ['(21), ¢2 € T'(22) such that
d(z1,2) <6, d(z2,2) < J and

1
¢1 — ballr > —. (2.11)

n
Thus, by the triangle inequality, for every ¢ € I'(z) either [|¢1 — ¢|| > 5= or
[¢2 — ¢|| > 5. By the definition of Ay, we can find ¢, € I'(z) such that

|z — dmll < %. Therefore, choosing as z either z; or za, we can say that there
are z € X and ¢, € I'(z) such that d(z,z) < ¢ and

lall

1
H(bz - (bm”L 2 ||¢z - ¢m”L - ||¢LE - (bmHL > % — E (212)

We shall show that there is ¢ > 0 such that

An,m N K(¢z - ¢ma a, z, Q) =
lve Apm 1 d(y,2) <o, 02(Y)+0m(2)—dm(y)—¢=(2) >k [|¢2—dmllLd(y, 2)a} =
= 0. (2.13)
Indeed, let ¢ > 0 be chosen in such a way that

t 1-—
sup Ck||k||—a( ) <r= 7”@”

2.14
0<t<o t 4n (2:14)

Since r > 0, by (1.1) such g exists. Now we shall show (2.13). Suppose that
y € K(¢. — ¢m, a, 2, 0). This means that

d(y,z) <o (2.15)

and
[02(y) — dm(y)] — [#2(2) — dm(2)] =
Oy(y) + om(2) = dm(y) — ¢y(2) 2k |62 — dmllLd(y, 2)a. (2.16)
Suppose that ¢, € I'(y). Then, by the ®-a(-)-k-monotonicity of T,

by (y) — &y(2) 2K ¢:(y) — ¢2(2) — Crald(z, )k (2.17)
and by (2.16)
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Gy(Yy) + m(2) — dm(y) — ¢y (2)
2K 0=(y) + dm(2) — dm(y) — ¢2(2) — Crald(z,y))k
2K |62 = ¢mllLd(y, 2)a — Cra(d(z, y))k-
Using the fact that the norm is increasing and (2.12) we get

L lal 1
_ _ > (= 120 _ > -
16000)+ 60 :) = 6= 4 = (I5 = 01 )ty = r(9) = -0,2)
lall
> d(y, 2).
This implies that
al
¢y — oz > 121
and by the definition of A, ,, y & Anm. O

Let K be a convex cone K having non-empty interior and a bounded basis.
We have the following corollary

COROLLARY 1 (compare Rolewicz, 1994, 1999; Pallaschke and Rolewicz, 1997).
Let (X,d) be a metric space. Let (Y,|| - ||) be a Banach space, ordered by a
closed pointed conver cone K with bounded basis. Let ® be a linear family of
Lipschitz functions mapping X into Y having the monotonicity property with
respect to the element h € Int K. Assume that ® is separable in the metric
dr. Let a multifunction T mapping X into 2%* be ®-a(-)-k-monotone and such
that dom I' = X (i.e., T'(z) # 0 for all x € X ). Then there are ¢ > 0 and a
(k, 0)-small-angle set A such that T' is single-valued and continuous on the set

X\ A

We recall that a set B of the second category is called residual if its comple-
ment is of the first category. Since the (a, 0)-small-angle sets are always of the
first category we immediately obtain the following extension of the result from
Kenderov (1974) on metric spaces and vector valued functions

THEOREM 2 Let (X,d) be a metric space of the second category on itself (in
particular, let X be a complete metric space). Let (Y, || -||) be a Banach space.
We assume that (Y, ||-||) is an ordered Banach space and that the order is given by
a closed convex cone K with bounded basis. Let ® be a linear family of Lipschitz
functions mapping X intoY. We assume that ® has the monotonicity property
with respect to an element h € Int K, ||h|| < 1. Assume that ® is separable in
the metric dr. Let T be a ®-a(-)-k- monotone multifunction mapping X into 2%
such that T'(x) # O for all x € X. Then there is a residual set B such that the
multifunction T is single-valued and continuous on B.
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COROLLARY 2 Let (X,d) be a metric space of the second category on itself (in
particular, let X be a complete metric space). Let (Y, || -||) be a Banach space.
We assume that Y is an ordered Banach space and that the order is given by a
closed convex cone K with bounded basis. Let ® be a linear family of Lipschitz
functions mapping X into Y. We assume that ® has monotonicity property with
respect to element k € Int K, ||k|| < 1. Assume that @ is separable in the metric
dr. Let f(z) be a function having at each point a ®-subgradient. Then there is
a residual set B such that on B the subdifferential 8g’kf‘m is single-valued and
it s continuous in the metric dy,.

We shall say that a function f(z) mapping a metric space (X,d) into a
normed space (Y, | - ||y) is Fréchet ®-differentiable at a point xq if there are a
function «(¢) mapping the interval [0, +00) into the interval [0, +o00] such that

lim M
t

=0
and a function ¢,, € ® such that

I[f (@) = f(zo)] = [6(x) = d(zo)]lly < y(d(z,z0)).

The function ¢ will be called a Fréchet ®-gradient of the function f(x) at the
point zo. The function ~y(t) will be called the modulus of smoothness.

In the case of normed spaces the continuity of Gateaux differentials in the
norm operator topology implies that these differentials are the Fréchet differen-

tials. Similarly, for metric spaces we obtain the following generalization of the
Asplund Theorem (Asplund, 1968) (see also Mazur, 1933).

PROPOSITION 3 (compare Rolewicz, 1995a, 1995b). Let (X,d) be a metric space
of the second category on itself (in particular, let X be a complete metric space).
Let (Y, ]| - ||) be a Banach space. We assume that'Y is an ordered Banach space
and that the order is given by a closed conver cone K with bounded basis. Let
® be a linear family of Lipschitz functions mapping X into Y. We assume that
O has monotonicity property with respect to an element k € Int,. K, | k|| < 1.
Assume that ® is separable in the metric dr,. Let ¢g, be a ®-subgradient of
the function f(z) at a point xo. Suppose that there is a neighbourhood U of xg
such that for all x € U the subdifferential 80"kf}E is not empty and it is lower
semi-continuous at xo in the Lipschitz norm, i.e., for every € > 0 there is a
neighbourhood V. C U such that for x € V_ there is ¢, € 8$’kf|x such that

[z — bl < ed(x, 20). (2.18)
Then ¢y, is the Fréchet ®-gradient of the function f(x) at the point xg.

PrRoOOF Let

F(z) = [f(x) = f(20)] = [$ao (x) = ¢ao (x0)]-
It is easy to see that F'(zg) = 0. Since ¢,, is a ®-subgradient of the function
f(z) at a point xg, then F(x) >k 0. Let € be an arbitrary positive number
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and let V. be a neighbourhood of xg such that for z € V. (2.18) holds. Since
¢, is a P-subgradient of the function f(x) at a point x, ¥, = ¢p — ¢z, is a
®-subgradient of the function F(z) at the point x. Thus

In particular, if y = xg, then

F(zo) — F(z) >k ¥z(r0) — u(x). (2.19)
Taking into account (2.14), we obtain that for z € V;
0 < F(z) < tha(@) = ¢u(r0) <k du(2) = du(20). (2.20)

Since the cone K has bounded basis, without loss of generality we may assume
that the norm is increasing 0 <x a <k b, which implies that

llall < [bll. (2.21)
Thus from (2.18),( 2.20) and (2.21) we obtain that

[ (z) = f(z0)] = [$ao (x) = day (x0)]]| < ed(z, z0). (2.22)
So, the fact that ¢ is arbitrary implies that ¢, is the Fréchet gradient of the
function f(z) at a point zg. O

If we assume that the function f(z) is continuous, then we do not need
to assume that there is a neighbourhood U of xy such that for all z € U,
the subdifferential 9%* f |I is not empty. It is sufficient to assume that the

subdifferential 9% f |$ is not empty on a dense set.

PROPOSITION 4 (compare Rolewicz, 1995a, 1995b). Let (X,d) be a metric
space. Let (Y, || -1|) be a Banach space. We assume that'Y is an ordered Banach
space and that the order is given by a closed convex cone K with bounded basis.
Let ® be a linear family of Lipschitz functions mapping X into Y. We assume
that ® has monotonicity property with respect to element k € Int,. K. Assume
that ® is separable in the metric dy,.. Let ¢, be a ®-subgradient of the function
f(x) at a point xg. Suppose that there is a dense set A in a neighbourhood U
of xo such that for all x € A the ®-subdifferential 80"qu>|$ is not empty and
lower semi-continuous at xo in the Lipschitz norm. Then, ¢, is the Fréchet
O-gradient of the function f(x) at the point xg.

PrOOF The proof goes along the same line as the proof of Proposition 3. We
obtain that for x € ANV,

I1f (@) = f(@0)] = [Dao (x) = Pao (x0)]]| < ed(x,0). (2.23)

Thus, by the continuity of f(z) and the density of A, we obtain that (2.23)
holds for all x € U. The remaining part of the proof is the same. O
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