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Abstract. In this paper, we consider periodic Schrédinger operators on the dumbbell-like
metric graph, which is a periodic graph consisting of lines and rings. Let one line and two
rings be in the basic period. We see the relationship between the structure of graph and the
band-gap spectrum.
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1. INTRODUCTION AND MAIN RESULTS

Quantum graph is a metric graph equipped with a differential operator on its edges
and vertex conditions on its vertices. There are a lot of papers on the spectral theory
for quantum graphs as seen in textbook [1]. In the book, quantum graphs related to
physical models are introduced. Especially, Korotyaev and Lobanov [7] investigated
the spectra of periodic Schrédinger operators on a zigzag nanotube, which is in a class
of carbon nanotube. In order to analyze the spectrum of the Hamiltonians, they gave
the unitarily equivalence between the operator and the direct sum of its corresponding
Hamiltonians on a quasi-1D periodic metric graph, which has a necklace structure.
Namely, they reduced the problem to Hamiltonians on the metric graph consisted of
lines and rings (see also [9] for the analysis of the spectrum of carbon nano-structures).
The model is called the degenerate zigzag nanotube. On the other hand, the quasi-1D
periodic graph consisting of only rings is considered by Duclos, Exner and Turek [2].

In this paper, we periodically add rings to the degenerate zigzag nanotube and
see the relationship between the structure of graph and the band-gap structure of the
spectrum. We consider the graph I" seen in the following Figure 1 in the next page.

© AGH University of Science and Technology Press, Krakow 2015 199



200 Hiroaki Niikuni

Fn,l Fn,4 n+1 1 n+1 4
L2 Ins Doy |

Fig. 1. The graph I

Let ro =

%, T %—1—1, J=1{1,2,3,4,5} and Z =Z x J. For (n,j) € Z, we define the
segments I,

; C R? as follows:

Log = {(z.9)[{z = (ro + Tn)}* +y* =5, y > 0},
Fho= {(x,y)|{l‘—(T0+Tn)}2+y2zrg, y<0}7
ng—{(x,0)|2r0—|—Tn<33<2r0+Tn+1},
={(z,y)[{z — Bro+1+Tn)}* +y* =1, y > 0},
={(z,y)[{z — Bro+1+Tn)}* +y*> =1, y <0}.

Each segment I';, ; has the orientation from the minimum of x to the maximum of x
in ', ;. For a function y defined on I', we abbreviate y, = y|r, for a :=(n,j) € Z.
Since the length of each segment is 1, we identify every I',, ; as (0,1) below. Ow-
ing to this identification, each y, can be identified with a function on the inter-
val (0,1) through the local coordinate € (0,1). Let T' = U, j)ezl'n,; and con-
sider the Hilbert space H = EB(n7j)€ZL2(Fn,j) equipped with the inner product

<¢7 90>'H = Zaez<1/]aa SDQ>L2(F<,) fOI‘ ’(/}7 2 € LQ(F)
For a real-valued function ¢ € L%(0, 1), we define

(Hfa)(@) = —fo(z) + q(z) fa(x), x€(0,1),

@aez(_f&' + Qfoz) S H,
fn 2( ) fn 3(0)7
1) fn 2( ) 7/L,3(0) = 07

1) =
(
Dom(H) = @ fa cH fn 3( () fn 4( ) fn,5(0),
) =
(1

1)+ f7,4(0) + £, 5(0) =0,
fn4( fn5( ) = fnt1,1(0) = fri1,2(0),
_f'r/L4 ) ( )+fn+1 1( >+frll+1,2(0) =0

for nEZ

Here, for o € Z, f/(1) and f!(0) imply f.(1 —0) and f/(+0), respectively. The
vertex condition appearing in the definition of Dom(H) is called the Kirchhoff vertex
condition. The self-adjointness of the operator H is shown in a similar way to [7].

In order to analyze the spectrum of H, we need the spectral theory of the related
Hill operator Hy := —d?/dx?® + ¢ in L?(R), where ¢ € L?(0,1) is extended to the

acZ




Decisiveness of the spectral gaps of periodic Schrédinger operators. . . 201

periodic function on R with period 1, that is, ¢(x) satisfies g(z 4+ 1) = ¢(z) for almost
every x € R. Floquet-Bloch theory [3,10,13] gives us the band structure of o(Hy).
Namely, o(Hy) is purely absolutely continuous and consists of infinitely many closed
intervals. The intervals are characterized as follows. We consider the Schrédinger
equation corresponding to Hy:

—y"(z,\) + q(z)y(z,\) = My(z,\), zeR NeC. (1.1)
Let 0(x, \) and ¢(x, \) be the solutions to (1.1) subject to the initial conditions
0(07 >‘) =1, 0/(07 )‘) =0 and @(Oa )‘) =0, 90,(07 )‘) =1,

respectively. It is known that 6(z, A), 8'(z, A), o(x, A), ¢'(z, A) are entire in A € C.
The function A(X) := (6(1,A) +¢'(1,A))/2 is called the discriminant of the spectrum
of Hy or the Lyapunov function for (1.1). The function A(\) & 1 has infinitely many
real zeroes \J, A\7, A\f, Ay, AT, . ... They can be arranged such that \J < A\[ <\ <
Ay < A3 < ---. The spectrum of Hy is given by the Lyapunov function A(\) and the
zeroes of A(\) £ 1 as follows:
o(Ho) = {3 € RIJAW)| < 1} = [ JINFp, A7
j=1

For j € N, the interval B; := [/\j_l,)\;] is called the jth band of o(Hy). The con-
secutive bands B; and Bj; are separated by the open interval G; := ()\;7 )\;r) The
sequence {)\;rj Goo U {Agj 5=1 1s the spectrum of the equation —y” + qy = Ay satis-
fying the periodic boundary condition of the period 1: y(xz 4+ 1) = y(z) on R. On the
other hand, {)\;rj_l};?';l U{Ag;_1}52; is the spectrum of the equation —y” +qy = Ay
with the 1 anti-periodic boundary condition: y(z + 1) = —y(z) on R. If there exists
some j € N such that A} = /\j' is valid, then the jth spectral gap is degenerate,
ie., G; = 0. This implies that B; and Bj;y; merge, or there exists an eigenvalue
whose multiplicity is 2, of —y"” + qy = Ay subject to the periodic or anti-periodic
boundary conditions. Let op(Hp) := {1n}52; be the Dirichlet spectrum, namely, the
spectrum of the eigenvalue problem —y” + gy = Ay with y(0) = y(1) = 0. Note that
op(Hp) = {A € R|p(1,\) =0} and p, € [N, ,\)] for each n € N={1,2,3,...} (see
12)).

Let us describe our theorems. For that purpose, we define

D) = a0 (1a2y + LEELD T,

which is a discriminant of the spectrum of H. Moreover, let oo, (H) be the set of all
eigenvalues of H with infinite multiplicities.

Theorem 1.1. We have 0(H) = 0oo(H) U 04.(H), where
0oo(H) = op(Hp) and o4 (H)={NeR|D(\) € [-1,1]}.

The discriminant D(\) has the following properties:
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Theorem 1.2.

(i)
(i)
(iii)

(vi)

We have limy_, _ o, D(X) = o0.
For c e (—1,1), D(X\) — ¢ has only real simple zeroes.
The function D'(X) has only real simple zeroes Ao 1,X0,2, Ao 3, - - ., which are sep-
arated by the simple zeroes 1o 1,M0,2,M0,3; - - -, of D(X). Namely, we have

Mo,1 < Aot < Mo,z < Aoz < Moz < Agz < cce (1.2)
Furthermore, we have

D(Xo2n) >1 and D(Xogn—1) < -1 forany neN.

The function D(X)—1 has only real zeroes. Let z(‘f, 2,20, 25, z;', ... beits zeroes
counted with multiplicities. Then, we have

Z(T<zl_<zf'<z2_<zj<z3_§z§'<z4_<z2'<z5_<z;'<26_§zg’<---

The function D(X) + 1 has only real zeroes. Let x1 ,x1 x5, 23 ,... be its zeroes
counted with multiplicities. Then, we have

xl_<x1"<x2_§x;<x§<x§<x2 <x;f<x5_ Sx;‘<w§ ng'<a:7_ <x;'
We have the following inequality:

g <wp <l <z < <ay <af <z <z <wy <ai <zp <zf <o

Next, we describe the spectral properties of H. For that purpose, we prepare
notations. We put

+ ot - _ ot £ _ -
Uy =07 20w, vy = +2nm, vy, = 2n—Dm, vy =20 —ag,

1 1
qo = /q(x)dx, ds;n = | q(z)sin2nmzdz, ¢, = /q(ac)e%imdx,
0 0

o _

1 2
ali = arccos ( + g), a2i = arccos (:i: 5)7

Uy 3 = 20T — af, U, 1 =a; +2(n— 1), “:,1 =y +2(n— 1),

- _ -+ -
Up o =2NT — Qg , Uy o =2NT —Qy, U,s=2NT

for n € N. We define the operators H, and H,, in H as

(Hpfa)(@) = =f4(2) + q(2) fa(z), 2€(0,1), a € Z,
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@QGZ(_fc/y/ + Qfa> € H7
fnl( ) fn2( ):fn,?)(o)’
—fn 1(1) n2(1) + f1,3(0) =0,
In, 3( )= ( ) = fn,5(0),

Dom(H,) = @B fa € H (1) 7,4(0) + f1,5(0) =0,

0€Z fn4( ) = In, 5( ) = fat1,1(0) = frt1,2(0),

—fia(l) = fhs(1) + fi1.1(0) + f141.2(0) =0,
Fog(@) = fnJrLJ( ) and  f} (2) = friq (@)
for (n,j)€Z and =z € (0,1)

and

(Hapfo) () = =f(2) + q(@) fa(x), € (0,1), a € Z,

Bocz(—fo +afa) €A,
) fn,Z(l) = fn,S(O)a
(1) = fr2(1) + f13(0) =0,
) fn 4( ) fn,5(0)a
Dom(Hop) = @D fa € 1| —Fls(1) + £14(0) + f15(0) =0,
acZ fn4( ) = fn, a( ) = fnt1,1(0) = fry1,2(0),
(1) = frs(1) + fr41100) + f1412(0) =0,
Jnj(@) = —fny1,(x) and fr/u(m) = _fr/z-s-l,j(m)
for (n,j)€ 2 and z€(0,1)

Furthermore, let /\3_,0’ A22; )\;2, A2 .4 /\;4, ... (respectively, Ay 4, /\;1, A23; )\;3, ...) be
the spectrum of H,, (respectively, H,,). Then, we obtain the followings.

Theorem 1.3.
(i) We have D()\Qim) = (=1)" for any n, and the inequality

+ - + - + - +
A0 <Ag1 < AT < Agn <Az <Ay <A
A4 <AS4<Aps <Ags<Agg <A <---.

(ii) The absolutely continuous spectrum of H has the band structure. Namely, we
have

oo

aac(H) = [ JM 1025,
j=1

(i) For j € N, we call v; = ()\Qij,)\;fj) the jth gap of o(H). Then, y3n—2 # 0 and
Y3n—1 % O for any n € N.
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(iv) We have the following asymptotics:

1
Asn—s = (U 11)* + 0 +0 (n> , (1.3)
1
>\§an4 = (uf,1)2 +q +o (n) ; (1.4)
AS n— 2 1
Moon—s = (Upa)® +a0 £ \/Idzn12 - % +0 ( ) . (15)
n
1
Mona =k o). (16)
1
/\;GH—l = (Ui3)2 +qo+o (n) ) (17)
~ (QS,Qn)Q 1
Nion = (urig) + a0 £/ |Ganl? = 25— + O~ (1.8)

as n — o0.

Let us compare our results with the classical results and the one provided by
Korotyaev and Lobanov [7]. First of all, we consider the classical case. In the basic
period cell of Hy, there is no ring. In this case, it is known as described above that
every spectral gap of Hy has a possibility to be degenerate. Next, let us add a ring to
the basic period cell of Hy. Namely, we consider the metric graph T'' = U, jyez, T, 5,
where J; = {1,2,3}, 21 = Z x J1, and Fl - and its orientation is defined as seen
in Figure 2 for (n,j) € Z1. Let H; = LQ(Fl) = ®(n,j)ez, L*(T}, ;) and consider the
operator H; defined as follows:

(Hifng)(@) = =f3 () + q(@) fnj(x), 2 €(0,1), (n,j) € 21,

Bocz, (—fi +afa) € LX(T),
—fha (1) + f1,200) = f1, 5(1) =0,
Dom(H,) = @ Inj € LQ(Fl) fn 2( )= In, 1( )= fn,3(1)a
(n.4)€21 Ay 1)(0) n2(1) + fr,5(0) =0,

fn2(1 fn+1 1(0) = fr,3(0) for neZ
Fpo1a | T Frnt1a
| P I'no Inti10
Trnoip Tno2 | PRI

Fig. 2. The graph I'!
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Korotyaev and Lobanov [7] proved that o(H1) = op(Hp) U oqc(H1) and oq.(Hy)
has the band structure. Letting [Afjfl,)\ij] be the jth band of o,.(Hy) for j € N,
they obtained the inequality

+ - + - + - + - +
Mo <AL <A <A SA L <A 3 <A3 <A, S A, <

and concluded that every odd-numbered spectral gap is not degenerate, i.e., y1 2p—1 :=
(Alon_1s /\f2n71) # () for any n € N. Furthermore, we call a ring and a line parts of
our graph. For a general potential, we call a spectral gap indecisive if the gap has the
possibility to be degenerate or nondegenerate. On the other hand, we call a spectral
gap is decisive if the gap has no possibility to be degenerate. Then, the arrangement of
parts of graphs is closely related to the decisiveness of spectral gaps of corresponding
quantum graphs. The basic period cell of the real line is consisted of a line and every
spectral gap G is indecisive for n € N. On the other hand, the basic period cell of the
graph I'! consists of a ring and a line. In this case, 1 2, := (M2n> )‘fzn) is indecisive
and 71,251 is decisive for n € N. Moreover, since 73,—1 and 73,_2 are decisive and
Y3r 1s indecisive in the case of our quantum graph H, whose metric graph consists of
two rings and one line, we can say that the arrangement of parts closely relates to the
decisiveness of the spectral gaps. Thus, we are also interested in the quantum graph
whose metric graph has three rings and one line in the basic period cell. As numerical
results, we can see a relationship between the arrangement of parts and decisiveness
of its spectral gaps, although we do not have a mathematical proof of the relationship
now.
Let us see the proof of Theorems 1.1-1.3 below.

2. PROOFS OF THEOREMS 1.1 AND 1.2.

Let us start with the proof of Theorem 1.1.

Proof of Theorem 1.1. We first pick A € op(Hj), arbitrarily. We make eigenfunctions
corresponding to A € op(Hy). Putting

To1(z,A) = p(x,N), Toa(z,A) =—p(x, ),

U, j(x,A) =0 for (n,5) € (Z x J)\ {(0,1),(0,2)}, we define ¥,, = (Vrn—nj)(m,j)c 2>
which belongs to Dom(H). For any n € N, we make sure that ¥,, is an eigenfunction
corresponding to A. Thus, we see that op(Hy) C 00 (H).

We use a direct integral decomposition for H (see [4,13]). For p € [0,27), we
define a fiber operator H,, in the Hilbert space #,, = ®5_; L*(Tq ;) as follows:

(Hufj)(w) = =fi (@) + (@) fi(z), = €(0,1),j €],
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(=f +af) € Hy,
f1(1) —f2( ) = f3(0),
5 —f1(1) = f3(1) + f3(0) = 0,
Dom(H,) = @fj €EHu|  f3(1) = f4(0) = £5(0),
j=1 /(1)+ 2(0) + f5(0) =0,
fa(1) = f5(1) = e™ f1(0) = e f>(0),
—f1(1) = f5(1) +e* f1(0) +e™ f3(0) = 0

Furthermore, we consider the Hilbert space

dp
2 2 el
/ HN ([0? 7T)7H,u7 27T>

[0,27)

and the unitary operator U : L%(T'!) — H defined as

w) = Zem“fm = n)nez = (fni) ez € L*(IT).

ne”Z

Then, we have the direct integral representation of H:
5]
UHU ! = / H(p)—.

Since H(u) acts on the finite graph U5_;T j, the spectrum of H(u) consists of the
discrete spectrum. For p € [0,27), let {E), (1) }nen stand for the increasing sequence
of the eigenvalues of H(u) counted with multiplicities. Let A/ be the set of natural
numbers n such that E, (1) does depend on p € [0,27). Then, we have o(H) =
Oco(H) U 0gc(H), where 0o (H) = {E,, (1) | Er (1) is independent of p € [0,27)} and

Uac(H): U U {En(lu‘)}

neN pef0,2m)

Since we have op(Hp) C 0 (H), we next investigate o(H) \ op(Hp). We pick
A & op(Hy), arbitrarily. We consider the characteristic equation H, f = Af for 0 #
f € Dom(H,), that is, we consider the following system of 7 equations:

—fi (@) +q(x)fi(x) = Mfj(z), =€(0,1),j€T, (2.1)
f1(1) = f2(1) = f3(0), (2.2)
=fi(@) = f5(1) + f3(0) = 0, (2.3)
f5(1) = f4(0) = f5(0), (2.4)
—f3(1) + f1(0) + f5(0) = 0, (2.5)
fa(1) = fs(1) = € f1(0) = €™ f(0), (2.6)
—f4(1) = f35(1) + €™ f1(0) + e f5(0) = (2.7)
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Using the fundamental solutions 6(x, \) and (z, A), any solution y to (1.1) is given

by
Va2 = ule Np0.0) + 2Ty (1),
where
1%%M9@A)ﬁiX¢MA)
Thus, it follows by (2.1), (2.2), (2.4) and (2.6) that
(@) = Xu(e,3) + — 550l ),
fale. ) = Xu(e, ) + el ),
filaN) = Yol ) + —re(e ).
File ) = Zule )+ S5,
(o) = Zule ) + S,

(2.8)
(2.9)
(2.10)
(2.11)

(2.12)

where X = f1(0,A), Y = fi(1,)) and Z = f5(0,\). Substituting (2.8), (2.9) and

(2.10) for (2.3), we obtain

2/ (1, A) + 0(1, \) A

ETDYREERECISy

2w (1, \) X —

We also obtain

it , ¢/(1,0) +20(1,))
2 X —w/(1,\)Y — Z =0,
(1, N) (LA (1, N)
20 (! (1,0) + 6(1,\) . 2 ,
- Y — 20/ (1,\)Z = 0
=iy 20N (1.3

(2.13)

(2.14)

(2.15)

by substituting (2.10)-(2.12) for (2.5) and (2.7). Since A(X) = (0(1,A) + ¢'(1,1))/2,

we obtain the system

X
M, ) ( Y ) =0,
Z

where
2AN)+¢' (1,A
—2w(1,0) 2R i
et 2A(N) (1,1
MO =| 2wy 2GRN
_4de™A(N) 2eH —2’(1)'( A)

(1,2) (1))
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Since f is non-trivial, this system has a non-trivial solution, that is, we have
det M(A\,u) = 0. By virtue of 6(1,\)¢'(1,A) — 6(1,\)¢(1,\) = 1, we have
e(1, \)w'(1, ) = —1. Thus, we obtain
0 =¢*(1,\)det M(\, p)
=4 —4e"AN)(2AN) + ¢ (1, A))(2A(N) + (1, \)) + de*™ + 28e™ A(N),
which implies
0=1-e"AN(BAZN) +0(1, )¢ (1, \)) + €2 + T A(N).
Multiplying e =%, we have

0=ce " e+ AN)(T—8A%(N\) — (1, )¢ (1, \).

So, we derive
2cospp = A(N)(BA%(N) +0(1,\)¢'(1,A\) — 7).

Since the left hand side depends on p, {E,()}nen solves this equation for each
i € [0, 27). Thus, we have

dac(H) \ op(Ho) = {A € R[D(A) € [-1, 1]} \ op(Ho).
Since 04.(H) is a closed set, we obtain g4.(H) = {A € R|D(\) € [-1,1]}. O

We next examine properties of D(\).
As seen in [12], the fundamental solutions 6(z, ), ¢(z,A) and their derivatives
behave as follows:

€|Imﬁlz
0(z, )\)—cosfx—l——/smxfx—i—sm\f(x—%)) ()dt—i—(’)(),

Al
(2.16)
y [Tmv/X|z
o' (z, A =—\F/\sin\f)\x—|—1 cosx[\x—l—cosx[\(x—% q(t)dt + O S ,
2 |A|1/2
0
(2.17)
sinzvV\ elmvAlz

(— cos VAz + cos VA(z — 2t))q(t)dt + O <

1
ez, A) = I\ + 2\ |A[3/2 )
0

2.18)

Al

(

e|Im\/X|:r
o' (z, )\)cosfxqt/sm\f:ﬂJrsm\f(x2t))()dt+0< )
(2.19)
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as |A\| — oo, uniformly on bounded sets of [0,1] x L?(0,1). Because of (2.16) and
(2.19), we obtain

sin eltm VX
A(A )—cosf+q°2ff+§ff)+0< o |>, (2.20)

where
1

S(\) = /sin VA1 = 2t)q(t)dt.
0
We notice that S(A) — 0 as |A\| = oco. It turns out by (2.16), (2.19) and (2.20) that

qosin VA

D(\) = Do(A) + ey

S(\) e3lIm V|
27cos? VA=) + —2(9cos’ VA-T)+O | —— |,
( A ) B

(2.21)
where Do(\) = cos VA(3 cos? VA — I) is the discriminant in the unperturbed case:
qg=0.

Proof of Theorem 1.2 (i). Owing to (2.21), we notice that the statement of Theo-
rem 1.2 (i) is valid. O

In order to capture the behaviors of D()), we first state the information on the

zeroes of D()). Since our discriminant is factorized into A()) and d()\) := 4A2%(\) +

w — %, we describe the statements on zeroes of two functions. For the purpose,

we prepare notations
Qa,r)={AeC|[[VAx—a|<r} and C(a,r)={NeC||VA—a| =71},

where a € C and r > 0.

Lemma 2.1. There exists some ng € N such that A(X\) has exactly ng zeroes, counted
with multiplicities, in the domain Q(0,nom) and for each n > ng, exactly one simple
zero in the domain Q(5 +nm, ). There are no other zeroes.

This might be well-known, but we give a proof of this lemma all over again just to
satisfy ourselves. In order to prove this and ensuing lemmas, we quote the following
lemma from [12].

Lemma 2.2. If |z —nx| > % for all integers n, then
elm 2l < 4|sin z|.

Proof of Lemma 2.1. We put\f)\—a—i—bz and a,b € R, where A € Q(§ + nm, 7).

Because of {a — (§ 4+ nm)}? 4+ b* = ’{6, we have

2

16

VA — ( + ) — m7r|227r2(|m|73)22
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for any m € Z. This combined with Lemma 2.2, we have ™ VAl < 4] cosv/A| on
C(5 +nm, 7). This together with (2.20) implies

IA(N) —cosVA| | gosinVA O(elm VAl
| cos V| 2v/\ ||| cos VA

Since A(A) is entire, we can utilize Rouché’s theorem and conclude that the numbers
of zeroes of A(\) and cos /) are the same for large enough n. Since cos v/ has a
simple zero VA = Z + nr in Q(% + nm, T), A(A) has a simple zero in Q(Z + nm, )
for n > nyg.

On the other hand, it follows by [VA — % —mn| > T for any m € Z and \ €

C(0,n7) and Lemma 2.2 that el'™ VAl < 4| cos V/A|. Thus, we have |A()\) — cos VA| <
o(1)| cos V/A| as |A| = oo. So, Rouché’s theorem again leads us to our goal. O

—0 as |\ — oo

We next give the statements on the zeroes of d(2\).

Lemma 2.3. There exists some ng € N such that d(\) has exactly one simple zero
in Q(nt + 5, §) and Q(nw — 5, ) for n > ng, respectively.

Proof. Putting A_(X) = 2(¢/(1,\)—=6(1, X)), we have 0(1, \)p(1,A) = AZ(A)—AZ (N).
Thus, we see that

7

d(\) = gAQ()\) - %A%(A) -3 (2.22)
Using (2.16) and (2.19), we obtain
A= SN o= ) - | = oo. (2.23)

VA Al
Let do(\) = 2 cos? VA — L. Substituting (2.20) and (2.23) for (2.22), we have
A() = do(N) + O (IA72) as |2 - oo.

We see that there exists some ng € N such that d()\) has exactly one simple zero

in C(nm — %, §) for n > ng. We pick A € C(nm — g, §), arbitrarily. Then, there exists

some 6 € [0, 27) such that VA = nr — Z + Ze'. Since
, 1 ,
cos® VA = cos? (— g + ge’9> = 5{1 + cos ( - Z + %ew)},
we have
T it (T i\ D
do(N) = 4f{cos( )+51n<4e )} 1

= F{COS(B +ia) +isin(8 +ia)} — —

4f

{cosh acos 8 + cosh asin 8 + i(— sinh asin 5 + sinh accos 8) } — §
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where a = 7 sinf) and 3 = 7 cos 6. Thus, we have

|do(N)] = A(0)* + B(9)* =: f(0),

where A(0) = 4\f cosha(cos 8 + sin8) — 2 and B() = sinha(cos B — sinf3). Let
us show that a constant C' > 0 satisfying |d0( ) > C >0on C(nm— g, g). Since
f(0) is 2m-periodic and continuous on [0, 27|, there exists the minimum C of f(6). In

order to show C' > 0, it suffices to show there does not exist § € [0,27) satisfying
A(0) = B(#) = 0. First, let us suppose that sinha = 0. This implies a = 0, which

means 6 = 0, 7. If § = 0, then it turns out by cos 8 = sin 8 = 7 that A(0) =1 # 0.
If 6 = 7, then it follows by cos 5 = % and sin 8 = —% that A(m) = i # 0. Next,

we suppose that cos 8 = sin 8. Since this implies § = 0, we have A(0) =1 # 0. Thus,
it turns out that there exists a constant C' > 0 such that |do(A)| > C.

Therefore, we see that d(A) —do(A) = do(N)O (|)\|*1/2) as \)\| — 00. This combined
Rouché’s theorem means that the number of zeroes in Q(nm — %, &) of d(A) and do()\)
is the same. In a similar way, we also see that the number of zeroes in Q(nm + %, %)
of d(\) and do()\) is the same. Since the zeroes of dy()) are given by

VI =4 + 207, (21 — vy + 20w, y— + 2nm, (21 —y_) + 20w, n=0,1,2,3, ...,

where v = arccosﬂ It follows by % < g that 0 <4 < 7 and %w <7y <.
Thus, we see that Q(2n7r + Z,Z) only includes (v4 + 2nm)?, Q(2n7 — £, %) only

includes {(2m — v1) 4 2n7}?, Q2nm + 7 + E, %) only includes {(27 — v_) + 2nn}?

and Q(2nm + 7 — %, Z) only includes (y— + 2nm)? for every n € NU{0}. This implies

our assertion. O
Let C(n) = C1(n) — Ca(n) — C3(n) + Cy(n), where

Ci(n) ={A e C|VA=nr+innt, -1 <t <1},
Cy ):{)\E(C|\&=n7rt+in7r, -1 <t <1},
Cs(n) = {A e C|VA=—nn +innt, =1 <t <1},
Ci(n) ={A e C|VA=nnat —inm, -1 <t <1}

n

for n € N. Moreover, let Q(n) be the domain surrounded by C(n) for n € N. In order
to get further properties on the zeroes of D(\) and prove the ensuing lemmas, we
need the following inequality on C(n).

Lemma 2.4. For a fized p € (—1,1), there exist some constant M, > 0 and no(p) € N
such that

eltm VA < M| cos VA + p|

on C(n) for any n > no(p). The constant M, and no(p) depend on p, but does not
depend on n.
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Proof. First, we show that our inequality is valid on Ci(n). Let VA = nx + inxt,
where —1 < ¢ < 1. Since cos vV = (—=1)™ cosh nzt, we have

coshmt+p>1+p>0 if n is even,
|cos VA + p| = e
—(—coshnnt +p) >1—p>0 if nisodd.

So, | cos VA + p| > min{1 + p,1 — p} > 0. Furthermore, we have

2/Im VA 2l if i
&2l \ ) e if n is even,
- 2|nmt|
2 e . .
| COSh \/X + p‘ W lf mn 1S Odd

Since f(z) := (coshezi;:tp)? is continuous on R, lim, o f(2) = 0 and lim,_,, f(z) =4,
there exists some Cj, > 0 such that f(x) < C), on R. Thus, we have

el VAl < 4] cos VA +p|

on Cy(n). In a similar way, we have the same inequality on C3(n).
Next, we show our inequality on Co(n). Putting v/A = nnt+inm, where t € [—1, 1],
then we have

| cos VA + p|? = (cosnt coshnr 4 p)? + sin? nart sinh? nar.,

Thus, we have

€2|Im \/X| - 1 -
lcosVA+p2  gnlt)

1
gn(t)

1

—4‘—&-4: ’ —gn(t)’—i—él7 (2.24)
where

coshnm P 2 . 9 sinh? nr
gn(t) = | cosnmt +— ) +sin®nrt—s——.
enm enm 627177

Putting h(z) = (Coshﬁﬁ, we see that h'(z) < 0 for any = > x((p), where
xo(p) > 0 is a constant depending on p and is a large enough number. Moreover,

lim,_,o0 A(x) = 4 holds true. Thus, there exists some constant ng(p) € N such that

|90 (1)]
e 4 g—2nT 1 cos?nnt — sin® nrt coshnm  p?
= Jeanm + T 5 + 2pcos mﬁw ponr
enm 4 g—2nm 1 coshnm  p?
- 4e2nm ©2e2nm |p|W e2nm

~ (coshnm — |p[)? — 1 - (coshng(p)m — |p|)? — 1
- e2nm 62”0(1))7"
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for any n > ng(p). This combined with

1
gn(t) — 1
B cos?nwt 2T 42 4 207 5 coshm
eQnTr ’ 4 + D COs nmt - 62n7r
p? sin?nmt 2T — 2472 ]
+ €2n7r 6277,71' ’ 4 - 1
2+ e 207 ) coshnr  p? | — 2+ e 27|
— 462n7r + |p| €2n7r 6277,7\' 4€2n7r ?

the right hand side of (2.24) is uniformly bounded on ¢ and goes to 4 as n — oo.
Thus, there exists some M, > 0 such that

62\Im V| )
— <M
| cos VA + pl? b

on Co(n) for any n > ng(p). Similarly, we obtain the results stated in this lemma on

Lemma 2.5. There exists some ng > 1 satisfying D(X\) has 3ng zeroes, counted with
multiplicities, in Q(no) and exactly simple zero in Qnw + £, %), Qnw + Z5, Z) and
Q(nm + 5, %) for any n > ng, respectively. There are no other zeroes.

Proof. Tt suffices to show that there exists some ng € N such that D(\) has 3ng zeroes
in C(ng). First, let us show that there exists a constant C' > 0 satisfying | cos vV/A| >
C > 0 on C(n). On Cy(n) U C3(n), we notice that |cos vA| = |(=1)" coshnzt| > 1.
On the other hand, it follows on C3(n) and C4(n) that
| cos? VA| = cos? nrt cosh? nr + sin® nrt sinh® nar

= cos? nrt cosh? nr + (cosh? n — 1)(1 — cos® nrt)

= cosh? nr — sin® nrt

> cosh? 1 — 1.

This is why our desired constant C' exists.
By virtue of Lemma 2.5, it follows by

Dy(N) = gcosxf)\(cos A— g)(cosxf)\—&— g)

that 2
el3m VX §M0MgM_4D0()‘)’

where M), is the constant appearing in Lemma 2.4 for p € (—1,1). Using (2.21) we
have

B e3lm V| S(A)(9cos® VA —T)
|D<A>—DO<A>|—0( S ) = YA



214 Hiroaki Niikuni

These two equations combined with the result of the first paragraph of this proof
gives us

by -pey| O () s |
‘ Do(N\) ‘ - Dy(X) + 2v/X cos VA =0 (|\/X|1/2) 7

because of S(A) — 0 as |\| = co. Thus, the number of Dg(A) and D()) in the domain
Q(ngp) are the same for large enough ng € N, owing to Rouché’s theorem. The zeroes
in Q(1) of Dg(X) are VA = Z,v4,v—, while the zeroes in Q(2) \ (1) of Do()) are
VA = 37,21 — 44,21 — y_. Since Dy()\) is 2m-periodic in VA, we notice that D())
has 3ng zeroes in Q(ng), counted with multiplicities. These results combined with
Lemmas 2.1 and 2.3 imply the other statements of this lemma. O

The following lemma will be a key to find that v3,_1 # 0 and yo,—o # 0.
Lemma 2.6.

(i) If A satisfies A(X) = %, then we have D(X) < —

(i1) If A satisfies A(X) = —%, then we have D(X\) >

(iii) There exists some ng € N such that both A(X) + 3 and A(X) — 3 has a real

simple zero in Q(nw + 5, 7) for any n > ng and 2ng zeroes in 2(2ng), counted
with multiplicities. There are no other zeroes.

T [y Lo
[=2] Nojie)] Ne)

Proof. We prove statement (i). It follows by A(X) = 3 that

1 01,02+ ¢'(1,0)?
O(L NP (1A) = 5 - (1,4 2@( 2
Since w = A2()\) + AZ(\), we have

DY) =AM (4A2(>\) S S — A

Substituting A(X) = § for this, we have

19  AZ(N) 19
= —_— — < _—
b 16 4  — 16
In a similar way, we obtain statement (ii).
Next, we show the third statement. As proved in the first paragraph of Lemma 2.5,
there exists a constant C' > 0 such that | cos v/A| > C on Q(2n). Moreover, it follows

by Lemma 2.4 that /™ V2 < M| cos v/A|. Thus, (2.20) implies that

|A(N) — cos VA| <o< 1 )

| cos V| N VA

Thus, the number of zeroes of A()\) and cos v/ in Q(2n) are the same for large enough
n € N. We notice that cosv/A has 2n zeroes in Q(2n).
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Let us show that there exists some constant C' > 0 such that [A(X) + | > C on

C’(mr—i— Z,5). Put VA — (nm+ %) = Ze', where 6 € [0,27). Putting o = T sin and

B = 7 cost, we have

cos VA = (—1)" " (cosh asin B 4 i sinh o cos 3).

Thus, we obtain

2
cos VA + % = A(0)* + B(0)?,

where L
A(0) = (=1)""* cosh asin B + 3 and B(#) = sinhacos f.

We shall show that there does not exist 6 such that A(f) = B(#) = 0. First, we

suppose that sinha = 0, which implies § = 0, 7. If 6 = 0 (respectively, § = x), then
we have A(0) = = 1}+ + 1 # 0 (respectively A(r) = (7\/15)” + 1 #0). On the other
hand, we notice that cos 3 = 0 does not happen because of |3| < F. Thus, we see that

there exists some constant C' > 0 such that |A()) + 3| > C on C(mr + 3, %)
Therefore, we have

AN +5 —(cosVA+ )| (1
cos A+ ]| _O(ﬁ>

and get our conclusion on A(A)+1. In a similar way, we obtain the one on A(\)—

1O
It follows by Theorem 1.2 (i) that there exist pp := min{A € R|D(\) = 1}. We
recall op(Hop) = {un 52 and put

1
Mam-3=0} =1 .G ¢ G

and .

{MAW +5 =0} =G GG
where (7 < ¢ < ¢ < ¢ < ¢ <...and (< ¢ < ¢ <& < ... We notice
that

po <o < << <G <pe <G <G <ps<{ <
We can roughly grab the behavior of D(A) by the following lemma.
Lemma 2.7. For any n € N, we have D(up) =1 and

(=1)"D(pa) =1, (-1)""'D(¢;) > 1 and (=1)"7'D(G) > 1

Proof. By the definition of pg, we have D(1g) = 1. Owing to Lemma 2.6, it suffices to
show (=1)"D(py) > 1 for any n € N. Since ¢(1, ) = 0, we have 0(1, )¢’ (1, pr) =
1 and hence d(u,) = 4A%(u,) — 3 > 1 because of u, € [\,;,\}], which implies

(—=1)™A(pn) > 1. Thus, we obtained our assertion. O
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_ Next, we prepare notations to get the statements on zeroes of D(\) + 1. Let
C(n) = Ci(n) — Cy(n) — C3(n) + Cy4(n), where
. ™
C1(n) {)\E(C|\f)\ 2n7r+2+z(2n7r+2)t 1<t 1}
. 0 0
_ _ Ty 2) <<
Cs(n) {)\G(C|\F)\ 2mrt+2+z(2n7r+2), 1<t 1},
C’g(n):{)\GC|\F:—(2n7r+g)+i<2mr+g)t, -1<t<

Cy(n) = {)\E(C|\F=—(2nﬁt+g)+i<2nw+g), —-1<t< 1}

for n € N. Then, we obtain the following inequality.
Lemma 2.8. For a fized p = il,i%,i%, there exists some constant Mp > 0 and
no(p) € N such that

eltm VAl M,| cos VA + pl

on C(n) for any n > fig(p). The constant M, and io(p) depends on p, but does not
depend on n.

Proof. We consider A € Cy(n), namely we put VA = 2nm + I + i(2nm + Z)t, where
—1 <t < 1. Since cos VA = —isinh(2mm + Z)t, we have

e2/Im V| e2l2nm+ 5 |It]

|cosVX+p[2  p*+sinh®(2nr + 3)t

is continuous on R and we have lim,_, ., = 0 and
2|Im VX | <

. 2y
The function f(y) := FTemiTy
limyﬁOo f(y) = 4. This implies that there exists some M, »>0 satlsfymg e
Ml,p| cos vV A+p| on Cl( ). In a similar way, we get some constants Mg’p > 0 satisfying
2/m ‘f| < M3p|cosf—|—p| on Cs(n).

The claim on Cy(n) and Cy(n) are shown in a similar way to the proof of the claim
on C3(n) and C4(n) in Lemma 2.4. O

Let (n) be the domain surrounded by C(n) for n € N.
Lemma 2.9.

(i) There exists some ng € N such that D(A\) + 1 has 2 zeroes, counted with mul-
tiplicities, in Q(2nT + 37, %), Q2nm 4+ 5, ) and Q(2n7 + %),fespectively,
for any n > ng and 2 + 6ng zeroes, counted with multiplicities, in Q(ng). There
are no other zeroes.

(ii) There exists some ng € N such that D(A\) — 1 has 2 zeroes, counted with mul-
tiplicities, in Q(2nm + %, 5), Q@2nm, T) and Q(2nm + 11” , 5), respectively, for
any n > ng and 1+ 6ng zeroes, counted with multzplzcztzes, mn Q(no). There are
no other zeroes.
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Proof. We only show the statement (i). We first pick A € C(2nm + 3%, %), arbitrarily.
Let VA = 2nm + 3% 4 Ze' where 6 € [0,2m). We notice that

Do(A) +1= (cosﬁ—i—l)(cos )\—%)(cos A— ;)

We claim that for p =1, — , %, there exists a constant Cp, > 0 satisfying | cos VA +

p| > Cp on C(2nm + %’T, %) where C), depends on p only. Since

3
cos VA = cos (871' + 5) cosh a — isin (gﬂ' + B) sinh «,

we have
|cos VA +p|* = A(6)% + B(0)?,

where o = Zsin6, 8 = Z cos6, A(6) = cos(2m + B) cosha + p and B(f) = sin(37 +
B) sinh av. Tt suffices to show that there does not exist 6 € [0,27) such that A(6) =
B(0) = 0. First, we assume that sinh a = 0, which implies that § = 0, 7. If § = 0, then
we see that p = § and hence A(0) = p # 0. If § = 7, then we have f = —% and hence
A= f +p# O Second, we see that sin(2m + ) # 0 because of T §” +B< 3.
Thus, there exists some constant C,, > 0 satisfying |Do(A)+1]| > C, > 0 So7 it follows

by (2.21) that
(D) +1) = (Do) + 1| _ (9( 1 )
[Do(A) +1 AN
and see that the number of zeroes of D(A) 4+ 1 and DO()\) +1in Q(er + 7, %) are

the same, counted with multiplicities. Since 7 < arccos g < arccos 3 < 5, we see that

Do(A)+1 has 2 zeroes in Q(2nm+ 3, Z). Thus, we conclude that D()\) +1 has 2 zeroes

in Q(2n7 + 37, %), counted with multiplicities. In a similar way, we see that D(\) + 1
has 2 zeroes, counted with multiplicities, in Q(2nm + 1%“, §) and Q(2n7 + 7, 7),

respectively. Similarly, we can make sure that there exists some ny € N such that
D(X) — 1 has 2 zeroes, counted with multiplicities, in Q(2nm + 55, %), Q(2n7, T) and
Q@2nm + 4T, %), respectively.

Fmally, 1t follows by (2.21) that

[(D(A) £1) — (Do(A) + 1)] = o3 VAl

as |A| = oo. Since
9 1 2
Do(\) —1= §(cosxf)\— 1)<cosﬁ+ 3) <cosﬁ+ 3)

and

Do(\) +1= g(cosxf/\Jr 1)<cos A — ;) <cos A — §>

we notice that [(D(\) £ 1) — (Do(\) = 1)| = o(1)|Do(A) = 1| on C(n) as n — oo by
virtue of Lemma 2.8. Thus, it follows by Rouché’s theorem that the number in Q(n)
for enough large n of D(A)+1 and Dg(A)£1 are the same. Since Do(A)—1 has 1+6ng
zeroes and Do(\) 4 1 has 2 + 6ng zeroes in Q(ng), we arrive at our goal. O
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Our next goal is to show that D(\) — ¢ has only simple zeroes for ¢ € (—1,1).
Basically, we rely on Rouché’s theorem like above, but it is a little bit hard to find
the solutions to Dg(A\) — ¢ = 0. To overcome this difficulty, we utilize the method
established by Francois Viéte in the 16th century to find analytic solutions of cubic
equations whose every solution is real. For constants p < 0 and ¢ € R and a cubic
equation 23 + pz + ¢ = 0, we recall that the discriminant of this equation is D =
—(4p® + 27¢%). If D > 0, then the corresponding equation has three different real
solutions. in the case where D > 0, Viéta showed the three real roots of 23 +pz+q =0
are given by

/ 1 3q /-3 2
ap =2 —gcos{garccos(mz p)—;k}, k=0,1,2.

We fix ¢ € (—1,1), arbitrarily. Since our equation Dy(\) —c¢=0is 2® — Tz — 2¢ =0,

where 2 = cos v/, we see that D = f(f%+4 ) > igg > 0 and hence x3f%xf%c =
0 has three different real zeroes

28 28 28
x—cosxf)\—\/??cosal(c), \/2—7005012(6) and \/?7005013(6),

ag(c) = larccos <7ﬁ> 2 m(k—1), k=1,23.

We have the properties among these three solutions as seen in the following lemma.

where

Lemma 2.10. As functions in ¢ € [—1,1], cosay(c) and cosas(c) are strictly in-
creasing and cos az(c) is strictly decreasing. For any ¢ € [—1,1], we have

1< §cos (c) < 1< §cos ()<1< ﬁcos () <1
=\ g7 AT = T S\ gr R S 5 S\ gpereni =+

Moreover, we see that —1 = \/gcos ag(c) (respectively, \/Ecos ay(c) = 1) is valid
if and only if c = —1 (respectively, ¢ = 1).

Proof. We notice that ay(c), as(c) are as(c) strictly decreasing in ¢ € [—1,1] and
0<ai(c) <%, 2m < as(c) <mand 7 < az(c) < 3r because of |(‘;—ﬁc| < 1. This
is why we have cos a1 (c) and cos as(c) are strictly increasing and cos as(c) is strictly
decreasmg Moreover, we have 3 =cos% <cosa(c) <cos0 =1, -1 < cosa(c) <
—1 and —3 < cos a3( ) < . Namely, we obtained

1 1
—1 < cosas(c) < —5 < cosaz(c) < 5 < cosas(c) < 1.

Let us enhance the accuracy of this inequality up to our desired version.
For this purpose, we show the following equality:

COS laI"CCOS% = 2;7
3 7)) V28
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Putting cos (é arccos ??) = p and arccos 3‘\2 = 0, we have cosg = p. Since

9v3
7T

we obtain 4p? — 3p — 23 — (. This implies that (p—\/25)(4p* + 6V3,,1 6 2) =0. The

0 0
= cosf = 4 cos> 3 —3COS§ = p(4p® — 3),

T V7
solutions to the quadratic equation 4p? + 6\fp + 2 =0arep= f%, f% Since
3 < cosai(c) < 1, we notice 3 < p < 1. So, we obtain p = /2.

We also obtain
27

cosag(—1) = — %5

because
1 2 1 2
cos aa(—1) = cos (§ arccos(—k) + 771') = cos <§(7T —arccos k) + 57‘(‘)

3
9v3
T

1
= —cos (§ arccos k), where k=

. 6 1
Moreover, it follows by sin 5 = 75 that

1 1
cosai(—1) = cos (f arccos(fk)> =cosg (7r — arccos k) =

SIS

3
and hence
28 2 1
Uﬁcosal( 1) = 373
In a similar way, we obtain cos ap(1) = ﬁ, cosaz(l) = —2—‘/\/3; and cos az(—1) = 2—‘/\/57
So, our desired inequality is proved.
O

We prepare notations
ual(c) = arccos As(c), u0+’2(c) = arccos Az(c¢) and uéig(c) = arccos 41 (¢),

where

Ai(e) = \/gcos as(c), As(c) = \/?cos as(c), As(c) = \/?cos aq(c),

although these notations might be a little bit confusing because of the different indices.
Putting
+ +

un,i = un,i(c) =nm+ U‘BL,'L'(C)

for i =1,2,3 and n € N, we see that
+ + + - - - + + +
Ugq <Ugg <Uyg <Upg <Upg Uy <Upg <Upop <Upy

- - - + + +
<Ugz <Ugog Uy TUyp TUgg TUgg <o
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The zeroes of Dg(\) — ¢ are given by {(urj;’i(c))Z}i:LZg)neN. We see that (u, 3)* €
QF+ @2n—1)m, 5), (u,2)? € U5+ 2n—)m, %), (u,1)? € QF + (2n — )m, F),
(u;1)2 € Q(g +2nm, %), (u:,Q)2 € Q(5 + 2nm, §) and (u:73)2 € Q(%F + 2nm, %) for
any n € N.

These preparations combined with Rouché’s theorem and Lemma 2.4 lead us to
the following lemma.

Lemma 2.11. For a fized ¢ € (—1,0) U (0, 1), there exists some ng € N such that
D(X) = ¢ has one simple zero in Qnw + %, %), Q(nw + £, %) and Q(nm + 37, %),
respectively, for any n > ng and 3ng zeroes, counted with multiplicities, in Q(ng).

There are no other zeroes.

Proof. First, we show the claim for Q(ng). Let us pick A € C(n), arbitrarily. We notice
that

Do(A) —c= g(cos VA = A1(e))(cos VA — Ay(e))(cos VA — As(c)).

This combined with Lemma 2.4 and 2.10 means that
m 2
elm VAl < §MA1(C>MA2<C)MA3<c)\DO()\) — ¢

on C(n) for large enough n. By virtue of (2.21), we have
e3/Im V|
VA

on C(n) as n — oo. Thus, we conclude that the number of zeroes of D(\) — ¢ is 3ng
for large enough ngy € N.

To prove the statement in Q(ng), we did not need to eliminate ¢ = 0. Let us explain
why we need to eliminate the case of ¢ = 0. Since cosas(c) is strictly decreasing,
cosas(0) = 0 and hence A5(0), it follows by Lemma 2.10 that A;(c) € (—1,—1),
As(c) € (-1,0)U(0,3) and As(c) € (3,1) for ¢ € (—1,0) U (0,1). So, it suffices to
show that for a fixed p € (—1,1)\ {—1,0, 3}, there exists some constant C,, such that

[(D(A) = C) = (Do(A) — ¢ =0< ) = 0o(1)|Do(}) — ¢

|cos VA —p| > Cp >0 (2.25)

on C(nm+ %, %), C(nw + 5, %) and C(nw + 37, £) because (2.25) implies that
9
[Do(A) = el 2 5C4:(6)Caz(e)Cag(e) > 0 (2.26)

on these cycles. In the case where p = £3, (2.25) does not hold true on C(nw+ 5, %).
In the case where p = 0, (2.25) does not hold true on C(n7+%, Z) and C(nw+ 2%, I).
So, in order to prove (2.25), we need to eliminate ¢ = 0, but the assertion of the zeroes
of D()) is in our possession in Lemma 2.5.

Let us show that D(A) — ¢ has a simple zero in Q(n7 + 7, §) for large n € N.
Putting 6 € [0,27) and VA = Z + nm + Zei, we see that

| cos VA —p|* = A(6)° + B(6)*,
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where a = Zcosf, f = Zsinf, A#) = (—1)"*'sinacoshf — p and B(#) =
cosasinh 5. We show that there does not exist 6 such that A(f) = B(d) = 0.
First, we see that cosa # 0 because — %X < a < %. On the other hand, we as-

6
sume that sinh 8 = 0, which implies § = 0, 7. Since A(0) = % —p # 0 and

A(r) = % —p # 0, (2.25) is shown on C(n7+ 7, %). In a similar way, we can make
sure (2.25) on C(nw + %, %) and C(nm + 27, Z) by using p # 0.
Therefore, on C(nm + %, %), C(nm + %, %) and C(nw + 27, %), we obtain
[(D(A) = C) = (Do(A) = ¢)| = o(1)|Do(A) —¢| as n— o0,

owing to (2.21). Since the number of zeroes of Do(\) —cin Q(nm+ %, §), Unr+ 3, &)
and Q(nm + 27, %) is 1, the one of D(\) — ¢ is also 1. O

Owing to Lemma 2.5, 2.7 and 2.11, the proof of Theorem 1.2 (ii) is finished. We
next prove Theorem 1.2 (iii). For this purpose, we utilize Laguerre’s theorem. So, we
quote it from [14].

Definition 2.12. An entire function f(z) is said to be of finite order if there is a
positive number A such that

f(z)=0(") as |z|=r— 0.

The lower bound p of numbers A for which this is true is called the order of the
function f(z).

Theorem 2.13 (Laguerre, see Section 8.52 in [14]). If f(z) is an entire function, is
real for a real z, of order less than 2, with real zeroes, then the zeroes of f'(z) are also
all real and are separated from each other by the zeroes of f(z).

Proof of Theorem 1.2 (iii), (iv), (v) and (vi). Let us make sure that D(\) satisfies the

assumptions of Theorem 2.13. It follows by (2.21) that D(\) = (9(63‘>‘|1/2) and hence
D(\) = O(elM) as |\| = oo.

Let us show that the zeroes of D(\) are composed of only real zeroes. It turns
out by Lemma 2.9 (i) and Lemma 2.5 that D(A) + 1 has 2 zeroes in Q(2n7 + 3, %)
and D(X) has 1 zero in Q(2nm + %, %), counted with multiplicities, for n > ny,
where ng is enough large. Thus, we see that —1 < D((2nm + §)?) < 0. We recall
€hat fio, it - fiany € (—00, (27 + )?), D(g) = 1 and (—1)!D{ys5) > 1 for j =
1,2,3,...,2n0. These combined with —1 < D((2nm 4+ §)?) < 0 and the intermediate
value theorem implies that D(X) has at least 1 + 6ng zeroes in (—oo, (2nm + 7)?),
counted with multiplicities. Since it follows by Lemma 2.5 that D()A) has exactly
1+6ng zeroes in (0, (2n7+7)), we conclude that D(X) has only real zeroes. Therefore,
(1.2) is established. This combined with Lemma 2.7 implies that (—1)"D(X\gn) < 1
for any n € N. Thus, we obtain statement (iii).

We next show (iv), (v) and (vi). We pick ng € N satisfying the statements of
Lemma 2.6, 2.7 and 2.9. Since A()) + 3 (respectively, A(X) — 1) has 2n zeroes in
Q(2n0) and 1 zero in (2nom+ %, Z) by Lemma 2.6, we see that A(\)+3 (respectively,
A(X) — 1) has 2ng + 1 zeroes in the interval I = (—o0, (2nom + 37)?). Furthermore,
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since fono+1 € ((2nom + 3m)2, (2nom + 57)2) holds true for large enough ng € N, we
see that
Ho, C(T’ Cl_v M1 Cf_v CQ_’ H2; C;_7 R <2_n05 H2ng, CQtzoa <2_n0+1
are in I and pop,+1 is not in I.
Since D(A) — 1 has 1 zero in Q(2now + 2, %) and Q(2nom + L, T) respectively,
we see that D((2nom + 37)?) > 1. Thus, we see that there exist 1 zero of D(A) + 1 in
the neighborhood of g and Congr1> 2 zeroes of D(A) + 1 in the neighborhood of

M2, [y o s H2ng, Cfv <1+7 C?Tv C;rv ey C5n0717 <2+n071
and 2 zeroes of D(A) — 1 in the neighborhood of

Hla,u?n-~-,u2n0—17<3_342_a<;_ac4_’<2_"'7C2_n07<.;_n07

respectively and counted with multiplicities. Thus, it follows by the intermediate value
theorem that at least 2+ 6ng zeroes of D(A)+1 and at least 24 6ng zeroes of D(\) —
are in 1.

It turns out by using Lemma 2.9 (i) that there are exactly 2 + 6ng zeroes of
D(M\) + 1 in (0, 2nem + 4)7 counted with multiplicities. Moreover, it turns out by
Lemma 2.9 (ii) that there are exactly 2 + 6ng zeroes of D(A) — 1 in Q(0, 2nom + 37).
Thus, we conclude that both D(A) + 1 and D(\) — 1 have only real zeroes. It follows
by Lemma 2.7 that the inequalities stated in Theorem 1.2 (iv), (v) and (vi) hold
true. O

3. PROOF OF THEOREM 1.3

In order to prove Theorem 1.3, we first prove the followings.

Lemma 3.1. (i) The sequence {zF} satisfies the asymptotics

/ 1
ZBin n3+2 i +o (TL)’ (31)
/ QO 1
21 = “5,2 + L + O(E» (3.2)
n,2
1
NE— uil + 253[ + O(ﬁ) as mn — oo. (3.3)

n,l

(i) The sequence {xt} satisfies the asymptotics

\/xétn—l n2+ i +0(71L) (3.4)

n2

1
V= v+ qu +o(—2) (3.5)

n3

1
\/xétnﬂ n1+2 i —|—0(—2> as m — oo. (3.6)
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Proof. We give the proof of (i). We recall A_(X\) = 5(¢'(1,\) —0(1,)) and (2.23).
Since the equation D(A) — 1 is equivalent to A3(X) = (A% (X) + 7)A(X) + 2, which
is a cubic equation with respect to A(\). By using the method by Francois Viéte, we
see that the solutions to D(A) — 1 are given by A(A) = A1(A), Aa(N), As(A), where

N|=

Aj(A) =2 —gy o8 l3 arccos {W} + ?( 1)]

for j = 1,2, 3. First, we see that

9v3
—>\/> {arccos<m>}:1 as A\ — oo.

Next, we claim that As(A) — —2 and Az(\) — —% as A — oo. Putting a =

3
1 Qf
5 arccos
T’

3 we have

28 2m
Ay(N) — o7 €08 (a + ?)

as A — 00. Since 0 < o < &, we see that sina = 4/ 55 Thus, we see that Ag(A) — —2

as A — oo. In a similar way, we notice that Ag(\) — —3 as A — occ.
We quote the following from [5]:

AN) =cosx(A), x(\)=VA— —=+

as [A| — oo. Putting A = 2, we have

+ n o o(1)
X(23,) = \/Z3, — + =
2\/23in Z3n

Putting x(z3,) = a3, + b3, a5, = \/ 23, — 2\/— + ¥ € R and b3,
have

0(1) € R, we

Sn

Ay (25,) = cos x(23,) = cosaz, coshbE, — isinai, sinhbi,.

Since A1 (zi,) — 1 as n — 0o, we see that

1
cos zginf 1 +Li) —1

as n — o0o. Thus, we see that
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for some integer k. By virtue of Lemma 2.9 (i), we see that (/25 € Q(2nr, s

N = Q7 +2(n—1)m, Z) and 2 € Q(37+2(n—1)m, ) for large enough
n € N. Thus, we see that

™ + s i ™
| Z3n 9 ‘ an 1~ n,2| < 9 | Z?m o — Uy | < B}

for large enough n € N. Thus, we have kK = n and hence

[+ + qo
Z3p — Up3 — —0

2 23n
as n — oco. Putting
+ r 4 g | o(1)
€3, = \/ 23, — Uy 3 — + —
3n 3n n,3 + T2
2un 3 n

we have e?jfn — 0 as n — o00. In a similar way, we have

+ o [x + q , o(1)
€n—1'=\/Zn—1 " Un2 — T ORI 0,

un,2
+ [ = + g , o(1)
€3n—2 ‘= \/%3n—2 —Up1 — E T —0
as n — 00.
It follows by Taylor’s theorem that
1
COS X(Zg’)tn) - COS( Unp, 3 + 6371) =1- 5(6371) (1 + 0(6311)) (37)
as n — 00. On the other hand, we claim that
1
+ _
cosx(z3,) =1+ O(ﬁ) (3.8)

as n — oo. First, it follows by (2.23) that A2 ()\) = 0(%) as |A| = oo and hence
+7 AZ (A 1
VR 2 =o(3)
( )+ 7 +V7)

as |A| = oco. Thus, we see that

as n — oo. We put

9v3 9v/3 1

a(\) = arccos W, ag = arccos ——= and  p(A) = = (a(\) — ag).
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Then, we have

cos & ( ) = cos ? - (sin %)p()\)(l + O(p(N)) (3.10)
Since it follows by (2.23) that
1 _ 1
(AZN)+ 7372 7/
1 1 1 1
= ——-—% 5 + +Z
Ay +7 VT)\AENAT Az ()47 T (3.11)

—/AZ (A 2
= v el x O(1) = A-0Y x O(1) :O<X)
VT JAZ(N) +7 VT+ /A2 (N +7

as |\| = oo, we have

a(\) = arccos <a0 + 0(%)) as |\l — oo,

where ag = g—ﬁ. Utilizing Taylor’s theorem, there exists some 6 € (0, 1) such that

1 0x +a 9
T — x
1—a? {1 — (0z + a)2}3/2

arccos(a + x) = arccos ag —

So, we see that
= s of ) = of})
a(\) = arccosag + 0 y) =@ toly
and hence p(\) = ( ) as |\| = oo. Substituting this for (3.10), we see that cos a()‘) =

cos % + o(5) as |A| = oo and hence

+
alz,) _ 27 (i)
cos 3 =/ 33 +o0 2
as n — co. This combined with (3.9) and cos x(23,) = A;(z3,) implies (3.8). Com-

paring (3.7) and (3.8), we see that £, = o(+) as n — oo and conclude that (3.1) is
valid.

Next, we show (3.2). Since cosu, , = —%, cosu, , = —3, sinu, , = 7? and
sinu) , = —ﬁ, it follows by using Taylor’s theorem for cos x (2%, ;) = cos(u (G

X ) that

1 2v2 1
COSX(Z;n—l) = 75 + 3 Eg—n 1 + 6(652_1)2(1 + O(G;n—l)% (312)
_ 2 V5 1 _
cos X(23,-1) = 3 + 3 Gan-1 + 6(63_7171)2(1 + O(€e3,-1))- (3.13)
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Putting oy = § + %7‘(‘, we have

cos (%a(/\) + 2%) = cos(ag + p(A))
— cosan — (sinar)p(N))(1 + O(p(\))

_ g—;mmu+0@@»

Since we get

A% (25, 4 +7) [T oi)
n2

in a similar way to (3.9), it turns out by cos x(z3,,_;) = Aa(zs,,_;) that

cos X(2z3,_1) = ( % + O((u12)2)) ( - % - %P(A)(l + O(P(Z?,_n—l)))

2 1 /28 , _ _ 1
=377 2—7p(z3n71)(1 + O(p(23,-1))) + 0(?)
as n — oo. Since p(z3,_,) = o(;z), we have cos x(z3,_1) = —2 4+ o(-) as n — oo.
Similarly, we also obtain cos x(z3, ;) = —% + 0(#) as n — o0o. These combined with
(3.12) and (3.13) implies that (3.2) and (3.3) hold true.
In a similar way, we obtain the statements of (ii). O

This lemma is a preparation for Theorem 1.3 (iii). We next make a preparation
for Theorem 1.3 (i) and (ii). For this purpose, we define the monodromy matrix.

Definition 3.2. Let O(z,\) = {O4(x, A }acz and ®(z,\) = {P, (2, \) }aecz be the
solutions to the equations

— 2, \) + q(@) fo(z, ) = Ma(z,N), a€Z, (3.14)
Jn1(1) = fr2(1) = fn3(0), (3.15)
—fra(1) = fr2(1) + f,5(0) = 0, (3.16)
Jn3(1) = fn.a(0) = fn5(0), (3.17)
—fr3(1) + fr,4(0) + f5,5(0) = 0, (3.18)
fra(1) = fr5(1) = fus1,1(0) = fri1,2(0), (3.19)
- 7/1,4(1) — fas(1) + f7’1+1,1(0) + f’r/LJrl,Q(O) =0 (3.20)

for n € Z subject to the initial conditions
@0,1(07 >\) =1, /O,l(ov >\) =0,

and
®01(0,A) =0, @;,(0,)) =1,
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respectively. Then, we define the monodromy matrix with respect to H as follows:

O, 0,\) @ 0(0, )
M= (08 s )-

We recall the monodromy matrix
_( 0N e(LN)
o= (o) Sy
for Hyp. The components of the monodromy matrix are given by the fundamental
solutions as follows, where 6; = 0(1,\), 8] = 6'(1, ), p1 = ¢(1,\) and ¢} = ¢’ (1, \).
Lemma 3.3. We have:

1 0
01.1(0) = 5(80'1 +201){(61 +2¢")01 — 2} — 51,

0191 (614 2¢1)01 —2

!/
01(0) = 21 () +20,){(61 + 26))01 — 2} —

201 2¢1 ®1
@1,1(0) = L& +200)(61 +2¢7) - £,
31,1(0) = £ +200)(01 +260) — 2 — (8 + 261)
and
M(A) = R NT(NRN)M(N),
where
1 0 T (A) Tia(N)
RO = ( 0 (1)) ) - T = ( Tn(\) T ) ’
and

(01 +2¢1)(p1 +20,) 1

Ti(A) = 5 —3~ @1 (1 +261),

Ti2(A) = ¢} + 261,

Tn(N) = %/1(% +201) (61 + 2¢) + ;% — P2 +261) — (01 + 2¢)),
Too(N) = ¢ (0} +261) — 2.

Proof. Since any solution to —f” + qf = A\f is given by

f(L )‘) — 6(1’ )‘)f(ov /\)
e(1,2)

f(.%‘, )‘> = f(O, )\)9((1’5, )‘) + (p(l‘, )‘)

for x € (0, 1), we obtain

fl/)é(o’ )‘) =
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and
1; )‘)fa(lv )‘) — fOt(Ov )‘)

p(1,2)
for a € Z. Substituting these for (3.16), (3.18) and (3.20) and using (3.15), (3.17)
and (3.19), we obtain the following;:

iy = 2

Jo,3(1) — (01 4 2¢1) fo,1(1) 4+ 2f0,1(0) = 0, (3.21)
— (1 +201) fo,3(1) + foa(1) +2f1,1(0) =0, (3.22)
£a0) = 2 11400) - ifo,:a(l)- (3.23)

Substituting f = O for (3.21) and using ©¢ 1(x, ) = 0(x, A), we obtain
©0,3(1) = (61 + 2¢1)01 — 2. (3.24)
Using this after substituting f = © for (3.22), we have

1 0
01:1(0) = 5 (¢ +201){(61 + 201)01 — 2} —

Using this and (3.24) after substituting f = O for (3.23), we obtain

4 0 (p/ (91+2Q0’ )01—2
0 ,(0) = 2L () +200){ (0 +2¢))0; — 2} — LPL 1 .
1,1( ) 201 (¥7 {01 ©1)01 } 201 o1

In a similar way, we see that ®;,(0) and @ ,(0) are expressed as seen in the
statement of this lemma. Moreover, straightforward calculations give us the latter
part of the assertion of this lemma. O

Lemma 3.4. We have
0(Hgyp) ={AeR|D(\) = -1}
and
o(Hy,) ={AeR|D(X\) =1}

Proof. 1t suffices to show that det (M(X\)£1I) = 2(1+D())). It follows by Lemma 3.3
and det M(\) =1 that
det M(X) =det T(\) = 1.

Furthermore, we see that

01 + ¢}
2

0 /
DEA (g +20))

tr M(A) = (1 +201) (01 + 2¢') — (¢ +261) —
= AN (2AN) +01)(2A(N) + ¢1) — A(A) = 6A(N)
_ A(BAZ(N) + b1 — 7) = 2D().

Thus, we obtain det (M(X) £ 1) =2(1 £ D(N)). O
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Recall that
o(Hp) = {A\0: A0 A3 0, Aoy A gs o}
and
o(Hap) = {A51, 231, A23, A0 5, -, 1

Proof of Theorem 1.3. Lemma 3.4 and Theorem 1.2 (iv), (v), (vi) implies (i). The-
orem 1.1 and Theorem 1.3 (i) implies (ii). Lemma 2.6 implies that (iii). Thus, it
suffices to show (iv). It follows by Lemma 3.4 and Theorem 1.2 (vi) that )\;0 =z,
)‘2i2n 1 = )‘§t2n = erf So, we see that )‘2 6n—3 — xgtn 15 )‘;67171 = "Ez)j,tm

_ + _ .+ + + _
A3 6n—1 — x3n7 A2 6n+1 — L3pt1s )‘2,6n = Z3n’ )‘2 6n—2 = “3p—1> )‘2,6n—4 = Z3p—2-

These combined with Lemma 3.1 imply that

>‘2i,6n75 = (vp_ ) +4qo+o (1> (3.25)
/\2i,6n—4 = (Uil)Q +qo+o ( ) (3.26)
Mon_s = (V55)% + qo + of (3.27)
)‘g:,(ian = ( 2+q0+o0 (i) (3.28)
Afen1= (053> +q0+o0 <i> (3.29)

Ason = (uF3)® +qo0 +o0(1) (3.30)

as n — 0o. So, we obtain (1.3), (1.4), (1.6), (1.7). Thus, our final work is to show
(1.5) and (1.8).

Let us prove (1.8). Since 1/)\356” = 2nm + O(+) as n — oo, we consider A such
that VA = 2nm + O(+) as n — co. We see that

1
/ (1 — 2t)q(t) cos VA(1 — 2t)dt
0

and
1

d*S 108 1 N
VN ="5mM o /(1 — 2t)%q(t) sin V(1 — 2t)dt
0
Then, it follows by

1
sin VA(1 — 2t) = — sindtrt + 0(5)

and )
cos V(1 — 2t) = cos dnmt + (9<7)
n
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for t € (0,1) as VA = 2n7 + O(%) that

L 1Ny 95, Geant+OR) 85, G+ OG)
SO = =(dn +0(3)). RO =TI GH 0 =24

as VA = 2nm + O(2), where
1
/ (1 — 2t)q(t) cos 2nmtdt
0

and
1

és,n = /(1 - 2t)2q(t) sin 2nmtdt
0

for n € N. These combined with (2.23) imply that

(jS,Qn + O(%) 607271 + O(%)

A-() = dnm A =- (4nm)2 7
- o) (3.31)
A—(A) = 7q572&nﬂ_)3 =

A =2nm+ O(L), where f()\) implies that the derivative of f with respect to A.
Furthermore, we obtain

AN =140(7), AR =0(y),
, o) 1 (3:32)
AN = (4m)§ » AN =0()
as ﬁ =2nm+O(2).
e O(1, )¢ (1,A) = 0/ (1, (1, A) + 1 = A%(\) — AZ(N),
we see that
D(\) = gA3(/\) - w - gA()\). (3.33)
Let {A\,}52, be the zeroes of A(X) such that A; < Ay < A3 < --- . Then, we have
D(A2n) = —AA2n)A_ (Aan)A_(Nay). (3.34)

Since /A, = nm + O(L1) as n — oo, it follows by substituting (3.31) and (3.32) that

i) =—(r0f 1)) (B0 (B0
_ q;,%; f(,i) _ qc,ga;c)oz(;) vof 1 )

(3.35)

as n — oQ.
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On the other hand, it follows by Taylor’s theorem that
D(A2n) = D(A2.6n)s2n(1 + O(sn)), (3.36)

where Aggpn € [)\2_,6”,)\;6”] be the value satisfying D(}\276n) = 0 and s9, = A9, —
A2.6n, — 0 as n — oo because of VA, = nw + O(%) as n — oo. By virtue of

DO = TANA () + 27(AN)PA() - %‘iu)
~2AN)A- (VA () ~ AWA- ) ~ ANA- WA () - LA,
we obtain
- 10 1

D(Az6n) = “ 2 + O(E)
as n — oo by using (3.31) and (3.32). This combined with (3.34) and (3.35) means
that

_ (st,2n + O(%))(dc@n + O(%))

oo = 40n7

as n — 0o.

Let Ei(m = A;Gn — Aoy and €5, = AL, — Aa,. Then, we have eé%n —+0asn — oo
because of (3.30) and Ay, = 4n%7% + qo + £*(n). On the other hand, we see that and
€2, — 0as n — oo, because \,, = ()2 +qo+O(%) and A = n?72 +qo £(Gn| + O(2)
as n — 0o, which is quoted from [3] and [6]. It turns out by (3.32) and Taylor’s
theorem that

A()‘g:,ﬁn) = A(A2n) + A()\2n)€§t,6n + 5 (fzi,ﬁn)Q e 6 (62 W) (14 0(62 6n))
= A(A2n) + A3,
where ) .
Aty = 20 2 (14 0(25m))

as n — 00. Furthermore, it follows by Taylor’s theorem that
1= A()‘;:n) = A(A2,) + A2n7

where .
o S c)

as n — oo. Thus, we see that

Agign) = 1+ AGy, — Ag,. (3.37)
It follows by (3.33) that

1 2
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Inserting the first equality of (3.31) and (3.37), we obtain

1{ [dson + O\ 2

dnm

(3.38)

as n — oo. It follows by (3.32) that
1+0(3) &,
+ _ n + 6n
A2,2n - 2(477,7‘(‘)2 (62,671) ( + O( n ))
and o 1) N
14+ 0= €
+ _ n +\2 “2n
Agn = 2(4nm)? (€20) (1 + O( n? ))

as n — 0o. Thus, we see that
1
+ + +
A on — A3, = By, + 0(@)

as n — 0o, where
+ +
(6271)2 - (62,671)2
2(4nm)?
Since e, — 0 and 62 6n — 0 as n — 00, we see that A2 oy — AT = o(Z) as n — oco.
This combined with (3.38) means that

2
1 1 (Gs2n+ O(E) 7 1
1+3BM+°@ﬁ)9<4mr +1+ B+ o( )

+ _
B2n_

as n — oo. Thus, we obtain
2

(%mﬂwﬂb>m35+o@§)

Adnm

and hence

(fm + O = 10{(e5)? — (6007} +0( )

1
as n — 00. Since G5, = Im g, and g, = [ q(t)e*"™dt, we have |Gs | = O(d,) as
0
n — 00. So, we have

. O(|g2n
(QS72n)2+ (|qQ |)
n

1
= 10{(c3,)* ~ (Fe)*} () (3.39)
as n — co. We refer AF = n?n2+qo %G|+ O(2) from [11], and A, = 72 +qo+O(3)
from [6]. These imply that £, = +|Gon| + O(%) as n — 0o. Substituting this for
(3.39), we see that

+ 2 A2 (QS,%)Q ( )
= |Gon|? — 200 (),
(€2.6n) |G2n | 10 + "
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and hence

N ((}s,Qn)z 1
eg:-ﬁn =31/|G2n|? — 10 + O(ﬁ)

asn — oo. This is why we get (1.8). The proof of (1.5) is similar to the one of (1.8). O
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