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In the paper issues related to the use of model predictive control (MPC) of the drive 
system with an elastic coupling and an induction motor are presented. After a short 
introduction the mathematical model of the driving motor with a vector control structure 
and the two-mass drive system are described. Then, the idea of the MPC is introduced.  
Next the exact formulation of the MPC for a two-mass drive system is shown. In the MPC 
algorithm the constraints of the inner and control variables are taken into consideration. The 
results obtained in the simulation study confirm the correct work of the investigated 
structure. 
 

1. Introduction 
 

A demand for the minimalization and reducing the total moment of inertia 
which allows to shorten the response time of the whole system is evident in modern 
drives system. However, reducing the size of the mechanical elements may result 
in disclosure of the finite stiffness of the drive shaft, which can lead to the 
occurrence of torsional vibrations. This problem is common in rolling-mill drives, 
belt-conveyors, paper machines, robotic-arm drives including space manipulators, 
servo-drives and throttle systems [1] – [10]. 

Many control structures have been proposed for the torsional vibrations 
damping of the two-mass drive system [1] – [12]. The most popular approach relies 
on the application of additional feedback(s) from selected state variable(s) [1] – 
[2]. Those structures are effective in the case of the system with known and 
constant parameters. A drive system with changeable (or unknown) parameters 
requires more sophisticated control paradigms such as non-linear or adaptive 
control. Sliding mode based structures are proposed in [4] – [9], to achieve good 
level of robustness to plant parameter variations. Examples of the adaptive control 
structure are shown in [10] – [11].  

In the recent years, model predictive control (MPC) has been widely 
investigated for its potential in controlling modern electrical drives and power 
electronics circuits [12] – [14]. Predictive control presents several advantages that 
make it suitable for the control of power converters and drives. The central feature 
of MPC is that it enables the process operating and physical constraints (due to e.g. 
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resource limitations, operational or safety concerns as well as limits arising from 
various economic objectives) to be taken directly into consideration in the control 
problem formulation so that any potential constraint violations are anticipated and 
prevented. Additionally, as the control input is obtained by solving an optimization 
problem at each sampling time, it can ensure truly optimal performance of the 
closed-loop control system. 

The main goal of this paper is to present and discuss simulation  results related 
to the MPC of a two-mass system. Contrary to some previous works [13], [14], the 
DC driving machine has been replaced in this work with an induction motor. 
Although the mechanical part of the drive system remains the same, the change of 
the torque control loop from the simple one (DC motor) to very complicated (field-
oriented controlled induction motor) can influence the properties of the whole 
control structure. Additionally, the frequency of torsional oscillations is more than 
ten times higher than in [13]. The main goal of the paper is to investigate how these 
two factors influence the system performance.  

 
2. The induction motor drive with field oriented control structure 

 
Induction motors (IM) are used more and more widely in different industrial 

installations. IM are durable, they do not need much servicing and are relatively 
cheap, yet they are nonlinear objects and thus require advanced control methods. 
The direct field-oriented control structure (DFOC), presented in Fig. 1, is recently 
commonly used IM control scheme. It needs information about the rotor flux 
vector magnitude and position to perform precise direct flux control and the 
transformation from a-b-c to x-y as well as α-β reference frames and vice versa. 
Field-oriented control [16] makes it possible to separate control of the rotor flux – 
by means of the stator current vector component isx and electromagnetic torque 
control – by means of the second current component isy. It utilises a similar torque 
control method as in the separately excited DC machine. The rotor flux vector of 
IM has to be calculated on the basis of suitable estimator [16] using measured 
stator currents and voltages as well as IM parameters. Errors in all those factors 
influence the computed value of the rotor flux vector and thus accuracy of the 
whole torque control loop in a negative way. They can also reduce the performance 
of the outer (speed) loop. 

Usually the external speed controller for two-mass system with additional 
feedbacks is designed with the assumption, that the internal torque control loop is 
very fast and reacts without any delay [2]. In the case of the DFOC induction motor 
drive the internal torque control loop contains relatively complicated structure, which 
can cause some delay (and nonlinearities) in the torque control (in comparison with 
very simple DC drive case). Thus the effectiveness of the external MPC speed 
controller, designed in the same way as for linear system without internal delay, is 
tested based on the estimated state variables. 
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Fig. 1. The block diagram of DFOC 
 

3. Two-mass drive system 
 

Many industrial drive systems can be modelled as two-mass systems, where the 
first mass represents the moment of inertia of the motor and the second mass refers 
to the moment of inertia of the load machine. In this paper, the commonly used 
inertia-free-shaft dual-mass system model will be employed, which is described by 
the following normalized differential equations [2]: 

1
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dt
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where: 1 ,2 – motor and load speeds, me, ms, mL – electromagnetic, shaft ad load 
torques, T1, T2 – mechanical time constant of the motor and the load machine, Tc – 
stiffness time constant and T  – position time constant. 

The schematic diagram of a dual-mass system is shown in Fig. 2. 
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Fig. 2. The ideal diagram of the two-mass system 
 

In most cases, the internal damping coefficient d is very small and can be neglected 
in the synthesis of the control system. 

The resonant fr and antiresonant far frequencies of the two-mass system are 
defined as follows: 
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The value of the resonant frequency depends on the type of the drive and can 
vary from a few hertz in a paper machine section [17], through dozens of hertz in a 
rolling-mill drive [18], and can exceed hundreds hertz in a modern servo-drives 
[14]. The value of the antiresonant frequency can be even ten times smaller than 
the resonant one in a dryer [2], but usually the difference is much smaller (smaller 
than two). 

The next parameter commonly provided for analysis of the two-mass system is 
inertia ratio defined as: 
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4. MPC-based control structure 

 
In model predictive control, an explicit model of the plant is used to predict the 

effect of future actions of the manipulated variables on the process output. The 
performance of the system (whether predicted or actual) will be assessed through a 
cost function [19], [20]: 


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where Q  0 and R > 0 are the weighting matrices. In (6), yk denotes the value of 
the output vector at a future time k, given an input sequence uk, an initial state x0 of 
the system. At each time step k an MPC algorithm attempts to optimize future plant 
behavior while respecting the system input/output constraints by computing a 
sequence of control actions.  
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 The MPC algorithm based on problem (6) can be implemented in two ways. The 
traditional approach relies on solving the optimization problem on-line for a given 
x(k) in a receding-horizon fashion. This means that, at the current time k, only the 
first element control signal uk of the optimal input sequence is actually implemented 
to the plant and the rest of the control moves  uk+I  are discarded. At the next time 
step, the whole procedure is repeated for the new measured or estimated state x(k+1) 
[20]. This strategy can be computationally demanding for systems requiring fast 
sampling or low-performance computers and hence greatly restricting the scope of 
applicability to systems with relatively slow dynamics. In the second approach, the 
problem (6) is first solved off-line for all state realizations x  Xf with the use of 
multi-parametric programming [20]. Specifically, by treating the state vector x(k) as 
a parameter vector, it can be shown that the parameter space Xf can be subdivided 
into characteristic regions, where the optimizer is given as an explicit function of the 
parameters. This profile is a piecewise affine state feedback law: 

  r,rr PxgxKxU         (7) 
where Pr are polyhedral sets defined as: 

  rrr
n

r N,...1r,dxH|xP        (8) 
Algorithms for the construction of a polyhedral partition of the state space and 

computation of a PWA control law are given in [20] – [24]. In its simplest form, the 
PWA control law (7) – (8) can be evaluated by searching for a region containing 
current state x in its interior and applying the affine control law associated with this 
region. More efficient search strategies which offer a logarithmic-type complexity 
with respect to the total number of regions Nr in the partition have also been 
developed. Nonetheless, the implementation of the explicit MPC control law can 
often be several orders of magnitude more efficient than solving the optimization 
problem (6) directly. This gain in efficiency is crucial for demanding applications 
with fast dynamics or high sampling rates in the milli/micro second range, such as 
the drive system considered in this paper. A more exact description of the MPC 
strategy and its explicit solution is presented [20] – [24]. 

The block diagram of the considered control structure presented in Fig. 3. 
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Fig. 3. The block diagram of the analysed control structure with MPC speed controller 
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It consists of the following blocks:  

− a dual-mass system,  
− a DFOC torque control loop,  
− a predictive speed controller,  
− a Luenberger observer used for estimation of the system state variables (it is 

assumed that only the motor torque and the motor speed are available for 
control purposes).  

The original state vector of the two-mass drive system has been extended by 
three additional variables which describ the dynamic of the load torque, reference 
value and the electromagentic torque. The dynamics of the two variables 
mentioned firstly is unknown so it is assumed: 

0Lm
dt
d

           (9) 

0ref

dt
d            (10) 

The dynamics of the electromagnetic torque transients is described by the 
following equations: 

r
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Taking into account the abovementioned variables, the analyzed state vector has 
the following form: 

 Tref
Lsec mmmX  21       (12) 

The model described by eq. (1), (9) – (11) has been transformed to a discrete 
model with sampling time Ts. The following constraints are imposed for all k: 
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The vector y used in (6) has the following form: 
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The first and the second terms of (14) minimize the difference between the 
motor and load speed and the reference value while the third term minimizes the 
difference between the shaft and the load torque and the last term calculates the 
difference between the two speeds.  

The resulting formulation of (6) can be given in the following form: 
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where: q1 … q4 – weights for the victor y, r – weight for control signal, N – length 
of the horizon window, Nc – control horizon. 
 

5. Results 
 

In order to validate the feasibility and effectiveness of the proposed approach, a 
comprehensive simulation study has been carried out. In this synopsis, only a 
number of selected transients are presented. The study has been done with the help 
of the Matlab-Simulink simulation packet. The used model has different sampling 
times. The fastest sampling period has the induction motor and the two mass system 
model – 2 s. The observer has been calculated with the period 100 s; and the 
predictive controller with 500 s.  
 The parameters of the mechanical part of the drive have been as follows: the 
stiffness time constant Tc = 100 s and the mechanical time constant of the driving 
motor T1 = 100 ms. The mechanical time constant of the load machine has been 
changing between 25 and 200 ms. As mentioned in the previous section, the 
maximal allowed value of the electromagnetic torque has been set to 3, and for 
the shaft torque to 1.5 of its nominal value. The frequency characteristic of the 
analyzed system for different value of R are shown in Fig. 4.  

As can be concluded from Fig. 4, the resonant frequency of the systems exceed 
hundreds of Hertz, contrary to some previous works [13] – [14] where frequency of 
torsional vibration was much smaller.   

First the correctness of the work of the DFOC control structure has been 
examined. In Fig. 5 the electromagnetic torque responses as well as the flux 
responses of the induction motor to the step changes of the reference torque are 
shown.  

As can be concluded from the presented transients, the response time of the 
modulus of the rotor flux is about 10ms (Fig. 5b). Therefore, in the next study the 
induction motor is first excited (the flux is set to the nominal value) and then the 
drive is ready to work. Rapid changes of the electromagnetic torque have almost no 
influence on the transients of the flux. Transients of the electromagnetic torque 
under rapid changes of its reference value is shown in Fig. 5a. The torque follows 
its reference value without oscillations and with the setting time approximately 
800s (for the step changes equal to the nominal value). So, the presented figures 
confirm the correct work of the DFOC control structure. 
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Fig. 4. Frequency characteristic of the analyzed systems 
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Fig. 5. Responses of the electromagnetic torque (a) , and the modulus of the rotor flux  
(b) in DFOC control structure to the step changes of the reference value 

 
Then, the whole control structure including the DFOC scheme and the 

predictive speed controller working with the Luenberger observer has been 
investigated. The two-mass drive system with different inertia ratio R = 2 (ωrez = 
387.3rad/s), R = 1 (ωrez = 447.2/s), and R = 4 (ωrez = 707.1rad/s) has been tested. 
The parameters of the predictive control strategy used for the different inertia ratio 
are shown in Table 1.  

 
Table 1. The utilized parameters of the MPC for different inertia ratio 

 
 diag(Q) r N Nc 

R = 2 [10500 10500 8 1000] 2 10 2 
R = 1 [550 550 8 1000] 2 10 2 

R = 0.25 [430 430 80 10] 8 20 2 
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The explicit MPC controller has been computed using the Multi-Parametric 
Toolbox (MPT). In Fig. 6 two-dimensional cuts through the polyhedral partition 
corresponding to [2, ms ] and [me,1 ] are depicted for illustration.  
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Fig. 6. Closed-loop partitions defined over [ms ω2] (a), [ω1 me] (b) 
 

The tested system has the following operation scheme. At time t1 = 0.05s the 
reference value of the speed is set to 0.75 of its nominal value. As can be seen in 
Fig. 7a, the electromagnetic torque response is very fast. It is clearly visible in the 
some figure that there are no validation in the shaft torque transient. The start-up 
takes approximately 0.16 s. The load torque is applied at the time t2  = 0.2 s, which 
causes the small but visible disruption in the speeds transients. The transients of the 
isx and the isy in DFOC control structure is presented in Fig. 7c and  the active 
controller region in Fig. 7d. The transients of the system with different inertia ratio 
R = 1 and R = 0.25 are presented in Fig. 8 and 9 respectively.  
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Fig. 7. Transients of the system for R = 2: a) torques, b) speeds, c) currents in axis x and y,  

d) actives regions 
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Fig. 8. Transients of the system for R = 1: a) torques, b) speeds, c) currents in axis x and y,  

d) actives regions 
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Fig. 9. Transients of the system for R = 0.25: a) torques, b) speeds, c) currents in axis x and y,  

d) actives regions 
 

As can be concluded from presented transients the proposed control structure 
works in a correctly. The torsional vibrations are effectively damped in both 
examined systems. In the case of the big value of the inertia ratio (R = 2) the 
decrease of the system dynamic is visible. It comes from the fact that the total 
moment of inertia of such system is much bigger than the moment of inertia of the 
system with smaller value of the inertia ratio. The system can become faster by 
suitable increase the values of q1 and q2. 
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6. Conclusion 
 

In the paper issues related to the application of the MPC control structure to the 
drive system with an induction motor and the two-mass system are presented. The 
DFOC control structure has been applied to control the electromagnetic torque. The 
predictive speed controller works with the Luenberger observer which is used to 
estimate the non-measurable state variables of the system. 

As can be concluded from the presented results, the drive system works correctly 
for different configuration of the mechanical part of the drive. The sets of the control 
constraints related to the shaft torque and electromagnetic torque are not validated. It 
means that the control structure based on the MPC can ensure safe work in a drive 
system with elastic transmission. The replace of the simple electromagnetic torque 
control loop (DC motor) by the much more complicated one (DFOC) does not 
influence the properties of the drive.  

The future work will be devoted to designing of an MPC control structure robust to 
parameter variation with respect to the shape of its transients. Also an experimental 
verification of the proposed solution is one of the main point of the future work. 
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