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Abstract. For h : (0,00) — R, the function h* () := th(7) is called (x)-conjugate to
h. This conjugacy is related to the Holder and Minkowski inequalities. Several properties of
(¥)-conjugacy are proved. If ¢ and ¢* are bijections of (0, 00) then (¢™')* = ([(90*)71] *)

Under some natural rate of growth conditions at 0 and oo, if ¢ is increasing, convex, ge-
ometrically convex, then [(@_1)*]_1 has the same properties. We show that the Young
conjugate functions do not have this property. For a measure space (2,%,u) denote by

S = S(2,%, u) the space of all pu-integrable simple functions z :  — R. Given a bijection
¢ :(0,00) = (0,00), define P, : S — [0,00) by

Pow)i= o ([ woleldn).

where Q(z) is the support of z. Applying some properties of the (x) operation, we prove that
if [y <Py (z)Py(y) where @t and ¢! are conjugate, then ¢ and 1) are conjugate power
Q

functions. The existence of nonpower bijections ¢ and v with conjugate inverse functions
v = [(¢")] ~! such that P, and Py are subadditive and subhomogeneous is considered.

Keywords: LP-norm like functional, homogeneity, subhomogeneity, subadditivity, the con-
verses of Minkowski and Holder inequalities, generalization of the Minkowski and Hélder
inequalities, conjugate (complementary) functions, Young conjugate functions, convex func-
tion, geometrically convex function, Wright convex function, functional equation.
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1. INTRODUCTION

For a measure space (§2,%, 1) denote by S = S(Q, 3, u) the linear real space of all
p-integrable simple functions = : © — R and put Sy := {# € S:2 > 0}. For an
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arbitrary bijection ¢ : (0,00) — (0,00) define the functional P, : S — [0,00) by the
formula
(] wondn) itn@w) >0
0 if 1 () = 0,
where Q(x) is the support of © € S. If p(t) = ¢(1)t? for some p > 1, this functional
becomes the LP-norm.
If (2,%, u) is nontrivial then, under a weak regularity condition on ¢, the func-
tional P, is (positively) homogeneous, that is,

P,(tz) =tP,(z), t>0, €54,

if and only if ¢ is a power function, i.e. ¢ (t) = ¢ (1) t* for some real p # 0 (cf. [7]).
In [17] (ct. also [18]), under the assumption of the existence of two sets A, B € ¥
such that
0<p(lA)<l<p(B) < oo, (1.1)
and a weak regularity condition on ¢ (that is, sometime removable [11,15]), it has
been proved that if P is subadditive, that is, if

Pcp(33+y) < Psa (x) +P<p (y)v x,y €S,

then ¢ (t) = ¢ (1)t? for some p > 1, so P, is the LP-norm (cf. also [8] where it is
assumed that ¢ (0) = 0 and ¢! is continuous at 0). This is a type of converse of the
Minkowski inequality theorem.

In [14], under the same assumption (1.1) on the measure space, we proved that if
© and v are any bijections of (0, 00) such that

[avau<Po@Py ). e s, (1.2)
Q

then ¢ and v are the conjugate power functions, that is, there are p,q > 1 such that
o) =) tP, ¥ (t) =4 (1)t? and % + % =1 (cf. also [19]). This is a converse of the
Holder inequality theorem.

In a recent paper [23] we proved that if the measure space satisfies (1.1) for some
A, B € ¥ and ¢ is monotonic, then P, is subhomogeneous, i.e.

P,(tz) <tP,(z), t>1, €54,

if and only if ¢ is a power function, so if and only if P, is homogeneous.
A measure space (€, %, ) does not satisfy condition (1.1) iff either

A€, p(A)#0=p(4) =21,
(i.e. (2,5, 1) is a generalized counting measure space) or
AeX p(Ad)<oco=pu(4)<1

(ie. (2,%, ) is a “defected” probability space).
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It turns out that in each of these two cases there exist nonpower bijections ¢ such
that P, is subadditive or subhomogeneous in S, and there are nonpower bijections
¢ and 9 satisfying inequality (1.2). Moreover, in the just quoted papers, under some
natural regularity assumptions, these bijections have been characterized.

In Section 4 of the present paper we focus our attention on the Holder type in-
equality where two arbitrary bijections ¢ and 1 have appeared. We show that the
converse of the Holder inequality theorem remains true if the assumption (1.1) on the
underlying measure space is replaced by the equality

Y= (7

where, for an arbitrary function h : (0,00) — R, the function h* : (0,00) — R is
defined by the formula

e (t) = th(%).

Since (h*)* = h, and for h(t) := t'/? we have h*(t) = t'/9, where % —|—% = 1, the
functions h and h* are said to be conjugate (or complementary). Some important
properties of the conjugate functions are presented in Section 3. We give a simple
argument showing that h is convex iff h* is. The convexity of h is equivalent to
the subadditivity of the two variable function (s,t) — th(%). This subadditivity
generalizes elementary Minkowski and Hoélder inequalities. Moreover, the conjugate
function h* appears here in a genuine way. We prove, what is important in the sequel,
that if a function ¢ is increasing, convex, geometrically convex and such that

lim M =0, lim M =

t—0+ t t—oo t ’

then the function [(4,0_1)*} ~! has the same properties. In Section 6 we show that the
Young conjugate functions do not have this property. (For the classical properties
of conjugate functions in the Young-sense see [28,29].) If ¢ and ¢* are bijections of

(0,00) then
e = ([en])

Some connections between the involutory operations T (¢) := ¢~ ! and U (p) = ¢*
are considered. We show that there is a homeomorphism of (0, c0) such that

—1y\* ) —1
@) =),
i.e. that UoT () = T o U (). The existence of a bijection ¢ satisfying this equation
is an open question.
The main result of Section 4 reads as follows. Suppose that the underlying measure
space is not trivial, that is, there are at least two measurable disjoint sets A, B of

finite positive measure such that izi Z Eﬁ; is irrational. If the functions ¢ ~! and !

-1

are conjugate and inequality (1.2) holds true, then ¢ ~! and ¢~! are conjugate power
functions. A suitable result in the case when inequality (1.2) is a reversed inequality
is also given.
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If o (t) = p(1)t? and ¥ (t) = ¢ (1), where p > 1 and %—i— % = 1, that is, if ¢
and 1 are conjugate power functions then, of course,

Po(r+y) <Py (2) +P,(y), Pylz+y) <Py(x)+Py(y), =y,

that is, P, and Py, satisfy the Minkowski inequality. In this connection the following
question arises. Assume that a measure space (€2, X, i) does not satisfy condition (1.1).
Do there exist nonpower conjugate bijections ¢! and 1~ (that is, =1 = (p71)*)
satisfying simultaneously this system of Minkowski inequalities?

In Section 5 we show that the answer is affirmative. In the case when (2,3, p) is a
generalized counting measure space, we give sufficient conditions for the existence of a
broad class of pairs of nonpower functions ¢ and v such that P, and P, are subhomo-
geneous and subadditive (Theorem 5.2). Assuming additionally that (1,0) C clp (%)
for some & > 1, we prove that these conditions are also necessary (Theorem 5.3).

In the case when the measure space is a defected probability space, we construct
a pair of nonpower bijections ¢ and v of (0,00) satisfying the condition =1 =
(4,0_1)* and such that P, and P, are subadditive and subhomogeneous. It is an open
problem wether this construction gives a general criterion for the subhomogeneity and
subadditivity of the functionals P, and Py, with conjugate inverses ¢! and ¢~'. The
simultaneous subadditivity of P, and P, with conjugate ¢! and ¢~! considered at
the end of Section 5 leads to the following open problem.

Let ¢ and 1 be bijections of (0,00) such that ¥y~ = (p~!)*. Suppose that the
function @ : (0,00)? — (0,00) defined by

D (s,t) == (30_1 () + ¢t (t)) , 8, t>0,

is concave. Is then the function ¥ : (0,00)? — (0, 00) defined by

U(s,t) =0 (" (s)+¢7 (1), s,t>0,

concave?

In Section 6 we recall some basic properties of conjugate (complementary) func-
tions in the sense of Young. Assuming that ¢ : (0,00) — (0, 00) is differentiable with
strictly increasing derivative and suitable rank of growth at 0 and oo, we prove that
if ¢ is geometrically convex then, contrary to the case of (x)-conjugacy, its Young
conjugate function is geometrically concave. It follows that, independently on the
type of the measure space, if ¢ and its Young conjugate function are geometrically
convex, then they are conjugate power functions. Moreover, we prove that if (2,3, u)
is (or contains) a nontrivial probability measure space and ¢ and ¢ are conjugate in
the sense of Young, then the simultaneous subhomogeneity of the functionals P, and
P, implies that ¢ and 1 are the conjugate power functions. The same holds true for
the generalized counting measure if, for some ¢ > 1, the closure of the range of the
measure contains an interval (1,0).
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2. PRELIMINARIES AND AUXILIARY RESULTS

Let (£2,%, 1) be a measure space. Denote by S = S(€Q, X, u) the linear real space of
all p-integrable simple functions z : Q@ — R. Let Sy =: {x € S: 2 > 0}. For x € S
put

Qz) ={weQ:z(w)#0}.

For a bijection ¢ : (0,00) — (0, 00) the functional P, : S — R by
w‘l( [ wo xdu) if pu (Q(x)) > 0,
P,(z) := Q(z) (2.1)
0 if 4 (Qx)) =0
is correctly defined.

Denote by x¢ the characteristic function of a set C.
If x € S and p (Q(x)) > 0 then, clearly,

n
T = E TiXA,
Jj=1

for some n € N, pairwise disjoint sets A; € ¥ such that 0 < p (4;) < 00, and z; € R,
x; #0for j =1,...,n. Moreover,

Hz) = (Zso ) (4) ).

Definition 2.1 ([12]). Let I C (0,00) be an interval. A function f : I — (0,00) is
said to be Jensen geometrically convex (Jensen geometrically concave) if

F (Vo) < VFw)f (), wwel,

(the reversed inequality holds), and Jensen geometrically affine if the case of the
equality is satisfied.

We say that f: I — (0,00) is geometrically convex (geometrically concave) if it is
Jensen geometrically convex (Jensen geometrically concave) and continuous.

The above definition is a special case of the following more general one due to
G. Aumann [1]. Let J C R be an interval and M : J? — J a mean, that is,

min (u,v) < M (u,v) < max (u,v), wu,veEJ

A function f : I — J, where I is a subinterval of J, is said to be convex with respect
to the mean M (briefly, M-convex) if

F (M (u,0)) < M (f(u), f (), wvel

Thus f : I — R is Jensen convex in the interval I C R iff it is convex with
respect to the arithmetic mean M(u,v) = *£% (u,v € R); f : I — (0,00) is Jensen
geometrically convex in the interval I C (0,00) iff it is convex with respect to the
geometric mean M (u,v) = y/uv (u,v € (0,00)).
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Remark 2.2. A function f : I — (0, 00) is Jensen geometrically convex iff log o f oexp
is Jensen convex on the interval log (I) .
A function f: I — (0,00) is geometrically convex if and only if

f@o' ) < f@) f@) T we el Ae (0,1).

If f is Jensen geometrically convex and continuous at least at one point, then f is
continuous (cf. Kuczma [6]). If f is differentiable, then it is geometrically convex
(concave) iff the function

/' (w)
f(w)

Note also that [5] if f : (0,00) — (0, 00) is differentiable, f’ is positive, geometrically
convex, and lim,_,q f(z) = 0, then f is geometrically convex.

Assume that f is continuous at least at one point. Then f : I — (0, 00) is geomet-
rically affine iff f(u) = au? for some a > 0 and p € R.

I>u+—

u is increasing (decreasing).

Example 2.3. Let p,q € R, p < q. Then the function

(1) = t, 0<t<1,
P Ve >

is geometrically convex on (0, 00). If moreover p > 1, then ¢ is convex.

This example shows that convex and geometrically convex functions need not be
differentiable everywhere.
One can easily verify the following remark.

Remark 2.4. For p,q,c € R, ¢ > 0, put
et)=(t+c)"t", t>0.
If ¢ > 0 (¢ <0), then ¢ is geometrically convex (geometrically concave).
Ifp+qg>1and pg <0,orp>1andq >0, then ¢ is convex.

Remark 2.5. Let ¢ be an increasing homeomorphism of (0, co). It is obvious that
and log o1 o exp are convex if and only if the function ¢ :=1~! and log oy o exp are
concave.

Lemma 2.6. Assume that ¢ : (0,00) — (0, 00).
(i) For every t > 1, the function

o(tr)
@ (r)

(0,00) 51 —

is increasing (decreasing) if and only if the function f: R — R,

f:=logopoexp,
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is Wright-convez, i.e. for all u;,us € R and X € (0,1),
fQui+ (1 =Auz) + f (1= N ur + dug) < f (ur) + fluz),  (22)

( Wright-concave, i.e. the reversed inequality is satisfied).
(ii) Let ¢ : (0,00) — (0,00) be strictly increasing and onto. Then, for every t > 1,

the function
¢ (tp™'(r)

0
(0,00) 7 — "

is increasing (decreasing) if and only if ¢ is geometrically convexr (geometrically

concave).

Proof. (i) Note that for every ¢ > 1 the function under consideration is increasing if
and only if for every v > 0, the function R 5 u —— log ¢ (exp“t?) — log ¢ (exp") is
increasing.

Thus, putting f := log oy o exp, we have for all u,w € R and all v > 0,

w<w=s f(utv)— flu) < f (w+0) = fw).

Assume that a function f : R — R satisfies this implication. Taking arbitrary
up,us € R, ug < ug, A € (0,1), and putting
u=uy, w=1—=Nus+Au, v=(1—-A)(uz—u1),
we hence get (2.2), that is, f is convex in the sense of Wright.

Conversely, taking arbitrary u,w,v € R, u < w, v > 0, and setting

w—u
U =u, U:i=w+v, Ai=——7¥—
w—+v—u

in (2.2), we obtain f(u+wv) — f(u) < f(w+v) — f(w). This completes the proof
of (i).
Part (ii) follows from (i), the continuity of f ([26]) and Remark 2.2. O

Let us quote the following well known criterion of subadditivity (cf. [4, p. 239],
also [30]).

Lemma 2.7. Let f: (0,00) — (0,00). If the function

f(r)

(0,00)97”—>T

is increasing (decreasing), then f is superadditive, i.e.
fr+s) = f(r)+f(s),  7rs>0,

(subadditive).

A linear functional inequality generalizing both convexity as well as subadditivity
is considered in [27]. Note that subadditive periodic functions were considered in [20].
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We shall need the following (cf. [13,23]).

Lemma 2.8. Let (Q,%, 1) be a measure space with at least two disjoint sets of finite
and positive measure and ¢ : (0,00) — (0,00) be a monotonic bijection.

(i) If Py is subadditive, that is, if
Ptp(x+y) SP«/D (m)"’Pcp (y)7 z,y €S, (2'3)

then ¢ is increasing.
(ii) If P, is subadditive and there are A,B € ¥, AN B =0, such that either

p(A)=1 and 0< p(B) < oo,
or u(A) and p(B) are positive and
p(A) +p(B) =1,

then ¢ is convez.

Proof. Ad (i). By the assumptions, there are A, B € ¥ such that AN B = ) and
a:=p(A), b:= u(B) are positive reals. Taking  := x1 x4 +22XB, ¥ := Y1XA +Y2XB
in (2.3) and making use of (2.1) we get

o ! (ap (@1 + 1) + b (w2 + 42)) <
< @7 (ap (1) + by (22)) + 97" (ap (y1) + by (32))
for all z1,x2,y1,y2 > 0. By assumptions, ¢ is strictly monotonic and, being bijective,

it is continuous. To show that ¢ is increasing, assume for the contrary, that ¢ is
decreasing. It follows that

(2.4)

lim p(t) = co and tlggo () = 0.

t—0

1is decreasing, letting y» tend to 0 in inequality (2.4), we get

Since ¢~
o1 (ap (z1 + 1) +bp (22)) < 07" (ap (1) + b (22)),  @1,51,22 > 0.
Hence, letting here x5 tend to oo, we get
v ap (z1+ 1)) < ¢ (ap(21)), 21,41 >0,
whence, letting z; tend to 0, we obtain

e ' (ap (1)) <0, y1 > 0.

This contradiction completes the proof of (i).
Ad (ii). Assume that there are disjoint A, B € ¥ such that ¢ := p(A) = 1, and
b := p (B) is positive. From (2.4) we get the inequality
7 (@ (x1+y1) +bp (22 +92)) <
<7 (e (@) + b (22)) + 07" (¢ (11) + 09 (32))
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for all 1, x2,y1,y2 > 0. To show the convexity of ¢ take arbitrary r,s > 0, r > s. In
view of part (i), the function ¢ is increasing. Thus ¢! is increasing and, consequently,
the numbers

_ _ r—=s _ r+s _
z1 =9 '(s), mpi=¢ 1( 5 > y1i=¢ 1( 5 )so " (s)

are positive. Substituting them into the above inequality and letting y- tend to 0 we

get
so—l(s);so—l(r) <o (r;s) ,

which means that ¢!

that ¢ is convex.
Now assume that there are disjoint A, B € ¥ such that a := p (A4), b:= u(B) are
positive and a 4+ b = 1. Take arbitrary s,t > 0. Setting

is Jensen concave. The increasing monotonicity of ¢ implies

Ti=yri=¢ ' (s), ma=y1:=¢ (1)
in (2.4), we get
e )+ (M) < as+(1—a)t)+ ¢ (at+ (1 —a)s), s,t>0,

which proves that ¢~! is a-Wright concave. Since, by the first part of this result, ¢ is

increasing, it is convex ([26]). O
Lemma 2.9. Let (Q,X%, 1) be a measure space such that
AcY = pu(A) <1 or u(A)=o0,
and suppose that there are two sets B,C € ¥ such that
0 < pu(B) <ulC) =1
Let ¢ : (0,00) — (0,00) be one-to-one, onto and increasing.
(i) The functional P, is subhomegeneous, that is,
P (tx) < tP,(x), xe Sy, t>1,

if and only if ¢ is differentiable and ¢’ is geometrically concave.
(i) The functional P, is superhomegeneous, that is,

P (tx) > tP,(x), x €Sy, t>1,

if and only if ¢ is differentiable and ¢’ is geometrically conver.

Proof. (1) Suppose that ¢ is geometrically concave. Clearly, for every ¢ > 1, the
function ¢ o (tp~!) is differentiable and

oo )Y () = S W),
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Consequently, for every ¢t > 1,

(po(te™) op(u) = t,  we(0,00).

Hence, taking into account Lemma 2.6 (i) and the geometrical concavity of ¢, we

conclude that for every ¢ > 1 the function (go o (tapfl))l o ¢ is decreasing. Since ¢ is
increasing, it follows that, for every ¢ > 1, the function ¢ o (t¢~!) is concave.

Take an arbitrary x € Sy such that pu (2(z)) > 0. Then there exists n € N, the
pairwise disjoint sets Aj,..., A, € X of positive measure and x1,...,2, > 0 such

that
n
$::§:3UXAf
j=1

Put

According to the assumptions,

0< Xn:aj <1,
j=1

whence a > 0. If a > 0 then, for every ¢ > 0, by the concavity of p o (tp~1), we have
n-t—l- o™t < t—ln--
ajp(te ™ (z5)) +ap (to ™" (v) < o ty a;jz; + au
j=1 j=1

for all z1,...,z, > 0 and uw > 0. Since lim,_,o1 ¢ (tgp’l (u)) =0, letting u tend to 0,
we hence obtain

n n
Zajgo (te™ (z;)) < go(tgo_l (Zaﬂy)), Ti,...,Tp >0, t>1
j=1 j=1

Of course, this inequality holds true also if Z;lzl a; = 1. Replacing x; by ¢(z;),
j=1,...,n, and making use of the strict monotonicity of ¢ we hence get, for all ¢ > 1
and z1,...,x, >0,

o (il aj@(“’j)) <tp! (il aj@(l’j)) ;

which means that P, (tz) < tP,(z) for all ¢ > 1.
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Now we prove the converse implication. Note that u(B U C) = 1. Putting D :=
(BUC)\B we have b := u(B) € (0,1) and (D) =1—b. For x = z1xp + T2x D, with
arbitrary x1,x2 > 0, by the subhomogeneity of P, we have, for all ¢ > 1,

e~ (bp(tan) + (1= b)p(tas)) <t~ (bp(x1) + (1= b)e(x2)).

Replacing 1 by ¢~ !(z1) and 23 by ¢~ !(x2) and making use of the increasing mono-
tonicity of ¢, we hence get

bp(te™ (21)) + (1 = b)p(te ™ (x2)) < ¢t~ (bry + (1 — b)z2))

for all t > 1 and x1, 25 > 0, which proves that for every ¢ > 1 the function ¢ o (tp~1)
is b-concave. The Daro6czy-Pales identity ([2]):

r+y Tr+vy

b<b$2+y+(1b)x>+(1b)<by+(1b)2> 5~ TyER,

implies that o o (t¢~1) is %—concave, that is, Jensen concave. Since ¢ o (tp~1!) is

continuous, it follows that for every ¢ > 1 this function is concave and, consequently,

ap(te™(z1)) + (1 — a)p(t (z2)) < @(to" (az1 + (1 — a)z2)),
t>1, a€(0,1), 1,22 > 0.

Letting z2 tend to 0, we hence get
ap(te™(r) < o(te~ ' (ar)), t>1, ac(0,1), r>0,
or, equivalently,

p(te~(r)) < p(t~ ! (ar)) 151, ac(0,1), r>0.

Thus the function (0,00) 3 r — M is decreasing and, by Lemma 2.6 (ii), the
function ¢ is geometrically concave. It follows that the one-sided derivatives ¢’ , ¢/,
of ¢ exist, they are monotonic, equal up to at most a countable set.

On the other hand the concavity of the function o (tp~1) for ¢ > 1 implies that,
for every t > 1, its one sided derivatives (¢ o (tgpfl))/_ (o (t¢*1)); exist and are
decreasing. Since ¢ is increasing we have, for every ¢ > 1,

roy Pty ()

(po(ty™), (r) = o o ()" r >0,

and the function

(0,00) 37— £xF (1)

¢ (7))
is decreasing. It follows that, for every ¢ > 1, the function
¢l (tr)

(0,00) D1 — 200




534 Janusz Matkowski

is decreasing. By Lemma 2.6 (i), the function log oy’ o exp is Wright-concave. Since
this function is measurable, applying the result of [26], we conclude that ¢/, is con-
tinuous. Consequently, ¢ is differentiable in (0,00), and ¢' = ¢/, is geometrically
concave. This completes the proof of result (i).

Since the proof of (ii) is analogous, we omit it. O

In the first part of the proof we have shown that, for every ¢ > 1, the function
¢ o (te™!) is concave and lim, o+ ¢ (¢! (u)) = 0. It follows that, for every ¢ > 1,

the function )
@ (to ' (u))
U

is decreasing. Composing this function with the increasing function ¢ we conclude
that, for every t > 1, the function

(0,00) > u —

o (tr)

@ (r)

is decreasing. In view of Lemma 2.6, the function ¢ is geometrically concave. This
proves the following remark.

(0,00) 31 —

Remark 2.10. Let ¢ : (0,00) — (0,00) be one-to-one, increasing and onto. If ¢ is
differentiable and ¢’ is geometrically concave (convex), the function ¢ is geometrically
concave (convex) (see also [5,23]).

From Theorem 5 and Theorem 6 in [23] we immediately get the following lemma.

Lemma 2.11. Let (2,3, 1) be a measure space such that
Ae¥ = pu(4A)=0 or pu(4)>1. (2.5)
Suppose that ¢ : (0,00) — (0,00) is strictly increasing and onto.
(i) If ¢ is geometrically convex then P, is subhomegeneous, that is,
P, (tx) < tP,(z), reSy, t>1.
(ii) If ¢ is geometrically concave then P, is superhomegeneous, that is,
P (tx) > tP,(x), reSy, t>1.

Moreover, if for some § > 1,
(1,0) C el (u(X)),

then the converses of the implications of (i) and (ii) hold true.

We shall need also the following generalization of Mulholland’s inequality ([25],
see also [21]).

Theorem 2.12 ([13]). Let (Q, X, 1) be a measure space such that condition (2.5) is
satisfied. If ¢ : (0,00) — (0,00) is strictly increasing, onto, convex and geometrically
convez, then

P¢($+y) S]')tf’ (I)+P§0 (y)a x,y€S+.
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3. CONJUGATE FUNCTIONS

Definition 3.1. Let h : (0,00) — R be an arbitrary function. The function
h*:(0,00) = R,

h*(t) == th(%) >0,

is said to be (x)-conjugate of h (briefly, conjugate of h). If h* = h, then h is called
(x)-selfconjugate (briefly, selfconjugate).

Remark 3.2. Let R(%) denote the real linear space of all functions & : (0,00) — R.
Obviously, the operator * : R(0:>) — R(0:0) " given by R(:>) 5 h — h*, is homoge-
neous, additive (so linear) and bijective.

Moreover, this operator is strictly related to two variable homogeneous functions.

Properties of conjugate functions. Let h : (0,00) — R be an arbitrary function.
Then:

. (h*)" =h; h(1) =h*(1).

 IfpeR, p#0, and A(t) = h(1)t"/7, then h* (t) = h (1) ¢/9, where § + 1 = 1.

. ([9,10]) h is convex (concave) iff so is h*.

. Let g(t) := @ for t > 0. Then h is convex iff the function (0,00) > t — g(3) is
convex. If follows that either g is monotonic or unimodal ([22]). If h* is increasing,
then g is decreasing; if moreover h is convex and h (0+) = 0, then h(t) = h(1)¢ for
all ¢ > 0.

5. a) If h is a concave bijection of (0,00), then h and h* are increasing, h* is concave

and maps (0, 00) onto the interval (a, 8), where

= W N =

. h@ty .., . h@) . /
o= lim Tt i ®), B:= t1—1>%1+ Tt t1—1>%1+ ha @),
where A’ (t) and h!_(t) denote, respectively, the left and right derivative of h
at t.
b) If h is a convex and increasing bijection of (0, 00), then h* is decreasing and
maps (0,00) onto the interval (o, 8), where

o = lim M: lim A/ (t), B:= limM: lim h" (t).

t—0+ ¢ t—0+ t—oo t— 00

c) If h is a decreasing and convex bijection of (0,00), then h* is an increasing,
convex bijection of (0, 00);
(of course, h cannot be a decreasing and concave bijection of (0, 0)).

6. If h is convex and
M =0 and lim h ()

lim —2Z =00,
t—0 t t— 00

or
fim P oo and 1w MY,
t—0 t —oo t



536 Janusz Matkowski

10.

11.
12.

then, respectively,
lim h* (t) = oo and lim A" (t) =0,

t—0 t—00

or
limh*(t) =0 and lim A" (t) = co.
t—0 t—00

A function h is self-conjugate, that is, h = h*, if and only if the function of two
variables

(0,00)% > (5,) —> th (;)

is symmetric.
Let H : (0,00)? — R be positively homogeneous, i.e.

H (rs,7t) =7H (s,t), 7,8,t>0.
Then H is subadditive if and only if the functions hy, hs : (0,00) — R given by
hi(s):=H(s,1), §>0; and ho(t):=H(1,t), t>0,

are convex. 1\/[OI'GOV€Y7

t
H (s, t) =thy (;) = shy (5) , s t>0,

and
hy = (h1)".

([9,10]) (a generalization of the Minkowski and Holder inequalities for sums) The
function h is convex (concave) iff the function H : (0,00)? — R,

H (s,t) :=th (g), s,t >0,

is subadditive (superadditive), i.e.

1+ x X
(y1 +y2)h (12> <wyh <1> + y2h <2> , T1,%2,Y1,Y2 > 0,
Y1+ Y2 Y1 Y2

(the reversed inequality is satisfied).

([9,10]) (a generalization of the Minkowski and Hélder inequalities for integrals)
Let (2,%, 1) be a measure space such that w(£2) > 0. If a function h is convex
(concave), then

[ xdp

xr
/yduh (LI S/yho()d,u
d
/ S{yu J y

for all positive z,y € L1 (2,3, i) (the reversed inequality is satisfied).

The function h is geometrically convex (geometrically concave) iff so is h*.

If h: (0,00) — (0,00) is geometrically convex and «, S : (0,00) — (0,00) are
geometrically affine, then « - h o 8 is geometrically convex.
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We shall prove, for instance Property 3, applying a simpler argument than that
in [9] and [10]. Suppose that h* is convex. Hence, by the definition of h*, we have

1 1 1
t 1—-t)s)h| —————— ) <trh| - 1—-¢t)sh|{ -], te(0,1), r,s >0,
(tr =+ ) (tr+(1—t)s) " (T)+( )s <8) (0,1), 7
and, of course, it follows that A is continuous. Taking here
1 1 U
. t.

U T T ou+4w

for arbitrary u,v € (0,00), we obtain

h<u+v> _h@+h()

> < > ,  u,v > 0.

The continuity of h implies its convexity (cf. [6]). Since, by Property 1, h = (h*)", to
prove the converse implication, it is enough to replace in the above inequalities the
function h by h*.

Now we prove the following result.

Theorem 3.3. Suppose that v : (0,00) — (0,00) is bijective, increasing, concave,
geometrically concave and

lim w =00 lim ()

= 00, — =0.

t—0+ ¢ t—oo ¢

Then v* : (0,00) — (0,00) , the conjugate of v,
N 1
Y (t) = tv(;), t>0,

has the same properties, i.e. v* is bijective, increasing, concave, geometrically concave
and " .t

lim ():oo, lime(>—O.

t—0+ ¢ t—oo ¢

Proof. By the Properties 3 and 11, the function ~* is concave and geometrically
concave. Since vy is an increasing homeomorphism of (0, c0), we have
= 1 = = 1i = o0.
7(0+) := lim 7 (1) =0, (o) := lim v (f) = oo
The first of these relations and the concavity of v imply that the function
(0,00) >t — ~(t)/t is strictly decreasing. Now, for arbitrary s,¢ > 0 such that s < ¢

we have
Vﬂﬂzv@ )<7@ ):f@%

S—l t—l
which shows that ~* is increasing. Since
t! t
lim ~*(¢) = lim M: lim m:0

t—0+ t—0+ t—1 t—oo ¢
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and

lim v* (¢) = lim () — lim (@)

t—00 tooo ¢ 1 >0+ ¢ ’

the function v* is a bijection of (0,00). Since v is an increasing bijection of (0, 00),
we have

() —1y g _
t£%1+ t tlal%i,y () = tll>rro10’y (£) = oo,
and “(t)
. Y T 1\ 1 _
tlggo t tlggofy () = t£r51+7 (t) =0.
This completes the proof. O

Theorem 3.4. Suppose that ¢ : (0,00) — (0,00) is bijective, increasing, convex,
geometrically convexr and

lim 0} =0, lim 0} = 00. (3.1)

t—0+ ¢ t—oo t

Then the function
sl
Y= [(¢7)]
has the same properties, i.e. ¥ : (0,00) — (0,00) is bijective, increasing, convez,
geometrically convexr and

lim L(t)—

lim L(t) =0,

t—0+ ¢ t—oo

1

Proof. Tt is easy to verify that the function v := ¢! maps (0,00) onto itself, is

bijective, increasing, concave, such that

t t
lim L():oo lim L()
t—0+ t—oo ¢

=0.

In view of Theorem 2, the function 1)~ = 4* inherits the same properties. It follows
that ¢ has the same properties as ¢. This completes the proof. O

Remark 3.5. Let ¢ : (0,00) — (0, 00). Note that:

(i) ¢* is one-to-one iff the function t — @ is one-to-one,
(i)
(i) ¢

It is natural to ask what is the relation between ¢* and (¢~1)*. The answer is
given by the following theorem.

* is onto iff the function t — @ is onto,

*

is bijective iff the function ¢t — @ is bijective.

Theorem 3.6. Suppose that ¢ : (0,00) = (0,00) and ¢* are bijective. Then

e =([en])
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Proof. Since
o0 =t (3): w0 =ty (3) (32

and 1 (¢ (t)) = t, we have

t@*(%) {(wl)* (tso*l(i))] =t t>0,
e (m) - o
(

By the first of the formulas (3.2), this equality can be written in the form

w@er )= e

() (e ()] =1 o

Replacing t by 1/t we hence get

¢ (am) e @l =1 >0

that is,

o~ | =

whence

that, by (3.2), is equivalent to the equality

* # —1y\* _
’ <(<p—1)*(t)>[(‘p ) ()] =1, t>0.

Writing this equation in the form

and taking ((p*)_l of both sides gives

whence

(e 1) (0) [«o*)l (M)} _i t>0.

Since ¢ and ¢* are bijective, Remark 3.5 implies that (¢ ~!)* is a bijection of (0, c0) .
Now the last equality says that (o~!)* and the function

(0,00) 3 £ —> £ (")) (%)

are inverses of one another. This completes the proof. O
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Denote by W(0, 00), briefly W, the set of all bijective functions ¢ : (0,00) — (0, 00)
such that ¢* is bijective. Let T, U : W — W be the operators defined by
T(p)=¢", Ulp)=09", peW

(Thus U is the restriction of the operator * to the set W.)
For a selfmapping F of a set, by F™ denote the n-th iterate of F.
From Theorem 3.6 we obtain the following corollary.

Corollary 3.7. T and U are involutions, i.e.
T?=ToT =id|lyy =UoU =U?,
and
(UoT) =idlw = (ToU)*,
ToUoToUoT=U, UoToUoToU=T,
(ToUP=UoT, (UoT)>’=Tol,
UoToU=ToUoT, (UoToU)’=id|y = (ToUoT)?,

(i.e. UoT oU and T oU oT are the involutions of W). Moreover U and T do not
commute, i.e. UoT # T oU.

Remark 3.8. Taking ¢ € W, ¢(t) = t? (¢t > 0) for some real p # 0, by the definitions
of U and T, we have

Ulp)(t)=t'"7, ToU(p)(t)=t"U"P, UoTol (p)(t)=t""",
ToUoToU(p)(t)=tP"V/P  UoTolUoTolU/ (p)(t)=t?,

ToUoToUoToU (p)(t) =1t~

For p € R\{-1,0, %, 1,2}, all functions in these sequence are different. This shows

that n = 3 is the smallest positive integer such that (7o U)" =id |y .

In view of Corollary 3.7, the operators U and T do not commute. We prove even
more.

Proposition 3.9. There is no a continuous function ¢ € W such that

() = (") (3-3)

Proof. Assume that there is ¢ € W such that (3.3) is satisfied. Taking first the
(*)-complementary functions, and then the inverse functions of both sides we get

o= ([e7])

Hence, applying Theorem 3.6, we obtain ¢ = (cp_l)* , whence

-1
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Thus ¢ o ¢* =id |(,0) » 1-€-

o(io(D)) =t >0

Replacing here t by 1/t we conclude that ¢ satisfies the functional equation

@ ((pit)) = %, t>0. (3.4)

Now the following lemma concludes the proof. O

Lemma 3.10. There is no a continuous function ¢ : (0,00) — (0,00) satisfying
equation (3.4).

Proof. Tt is easy to verify that a = 0 is the only fixed point of any function

1
i

¢ : (0,00) = (0,00) satisfying equation ((3.4). Suppose that ¢ is continuous. Since ¢
composed with the continuous function (0,00) > t — ¢(t)/t is a strictly decreasing
reciprocal function, ¢ must be strictly increasing and (0,00) 3 t — ¢(t)/t strictly
decreasing.

Setting ¢t = a into (3.4) gives (1) = L. Setting ¢t = 1 into (3.4) we get
¢ (ap(1/a)) = a. Since ¢ (a) = a and ¢ is one-to-one, it follows that ap (1/a) = a,
whence ¢ (1/a) = 1. Now the relations ¢(1) = 1, ¢ (1/a) = 1 and the increasing
monotonicity of ¢ imply that a = 1.

Since ¢ is strictly increasing and (0,00) 3 ¢t — ¢(t)/t is strictly decreasing, we
have

p(t) >t forall te (0,1), o)<t forall ¢t>1.
Hence

@ >1 forall te(0,1).

Since ¢(t) <t for all ¢t > 1, applying equation (3.4), we obtain

1:¢(5"(t)> <ﬂ, t€(0,1),

t t t

whence ¢(t) > 1 for all ¢ € (0,1). This contradiction completes the proof. O
Problem 3.11. Does there exists a (discontinuous) solution of (3.4)?

Remark 3.12. If ¢ : (0,00) — (0,00) satisfies equation (3.4) then, obviously, the
number ﬁ is the only fixed point of ¢. It is an open question if it is necessary that
¢ (1) = 1. We show that there is no function ¢ : (0,00) — (0,00) satisfying (3.4),
differentiable at 1 such that ¢ (1) = 1.

Proof. Assume, for the contrary, that ¢ is such a solution. Differentiating both sides
of (3.4) at point 1 leads to [¢/ (1)]* — ¢’ (1) +1 = 0. O
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Remark 3.13. In the first part of the proof of Proposition 3.9 we have applied
Theorem 3.6 to show the implication

) =) ==, (peW).

A direct argument reads as follows:
If a function ¢ € W satisfies (3.3), then
e ™) @] =t t>0,

and, by the definition of ¢*,

ey o L) =
(™) ()] w<(¢_1)*(t)) t, t>0.

Applying again the definition of the operator *, we obtain

[tcp1<1)] i (M) =t, t>0.

Dividing both sides by ¢ and then replacing ¢ by 1/t we obtain
00 (i) =1 >0
e~ (1)
Replacing ¢ by ¢ (t) yields

Replacing here t by 1/t gives

that is,

1

Thus we have shown that =" = ¢*.

Remark 3.14. For a set I C (0,00) and a function h : I — (0,00) put I* :=
{1 :t €I} and define a conjugate function h* ([22]) by

T

h*(z) = zh (1> . wel.

It is an open question if Theorem 4 remains true on replacing W by the set of all
one-to-one functions ¢ : (0,00) — (0,00) such that ¢* is one-to-one.



Conjugate functions, LP-norm like functionals, the generalized Hélder inequality. . . 543

Remark 3.15. Define V: W — W by V (p) := é. Then, for all p € W and ¢t > 0,
we have

_q1/1 1 1
ToV (@)= (5) VoToV () (0) = =y ToVeToV (o)) = .
1 1
VoToVoToV(gp)(t):gp(;), TOVOTOVOTOV(QO)(t): (p_l(ty

and
VOTOVOTOVOTOV(@):go_l, ToVoToVoToVoToV(p)=ep.

This shows that n = 4 is the smallest possible positive integer such that
(ToV)" =id | .

A substitute of the concept of (x)-conjugacy defined on an arbitrary interval I C
(0,00) allows us to give a simple analytical proof that if f : I — R is convex, then
the function I 3 # — £ is either monotonic or unimodal (122]).

x
Let us mention that the converse of the Holder inequality theorem remains true

(cf. [14,16]) if the assumption (1.1) is replaced by the following one: the functions ¢~
and 1 are multiplicatively conjugate, i.e. there exists a constant ¢ > 0 such that

et ()Y () =ct, t>0.

These facts raise some questions concerning a characterization of the concept of
conjugacy.

4. CONJUGATE FUNCTIONS AND A GENERALIZED HOLDER INEQUALITY

In this section we prove the following result.

Theorem 4.1. Let (2,%, 1) be a measure space with at least two disjoint sets
A, B € ¥ of finite and positive measures such that

log yu (B)
log pu (A)

Suppose that ¢, : (0,00) — (0,00) are bijective, ¢ is continuous, and the functions
o1 and ¥~ are conjugate, i.e.

is irrational number.

v = (7 (4.1)
Then
(i) the inequality (1.2)

/xydu <P,(2)Py (y), =xy€Sy,
Q
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holds true if and only if there is p > 1 such that

et)=e@)t?, P (t)=v(1)t?, where % + 2 =1;

(i) the inequality
/xyd,u >P,(2)Py (y), z,y€Sy,
Q
holds true if and only if there is p < 1, p # 0, such that

)= Q)t?, P ()=¢ 1)t where%—kézl.

Proof. Put a := ju(A) and b := p (B) . By assumption we have a,b € R\ {0} and {222

loga
is irrational. Taking arbitrary z;,y; > 0 and setting z := z1x4 and y := y1x4 In

(1.2), we get

ariyi < 30_1 (a<p (xl))w_l (aw (yl))7 T1,Y1 > 07
whence, replacing x; and y; by ¢! (z1) and ¢! (y;), respectively,

ap” (z1) v (1) <@ am) Y (agn) . @1,m > 0.

Hence, from (4.1) and the definition of the conjugate function, we get

_ _ 1 _ _ 1
ap™ (z1) 1! <> < ¢ ! (az1) ayrp! () , T1,y1 >0,
Y1 ayi
that is,
~1 (1 -1 .
e () | — ) <o (ar) e | — ), x1,51 >0.
U1 ayi
Putting

f=¢

and replacing here y; byﬁ we obtain

f(x1) fayr) < flaxr) f(y1), x1,51 >0,

or, equivalently,

flayr) _ f(az1)
< , x1,y1 > 0.
fly) = fl)® 707
Obviously it follows that there is a constant a > 0 such that
[ (az1)
=a, x>0,
f(@1) '

which can be written in the following form

flat)y=af(t), t>0.
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By obvious induction, we hence get
f@™t)y=amf(t), meN, t>0.
Replacing here t by t/a™ we get
f@™)=a""f(), meN, t>0.

It follows that
f@™t)y=a™ft), meZ, t>0,

where Z denotes the set of all integer numbers.
In the same way we get, for some constant 5 > 0,

f"t)y=p"ft), nez, t>0.
From the last two equations we get

f@m"t)y=amp"f(t), mnez, t>0. (4.2)

logb
loga

Since is irrational, by the Kronecker theorem, the set

D :={a™b" : m,n € Z}

is dense in (0, 00). It follows that there exist two sequences (my) and (ny) of integers
such that
lim a™*b" =1, (4.3)

k—o0

logb
loga?’

and, by the irrationality of
lim |mg| = lim |ng| = oc.
k—o0 k—o0
The continuity of the function log at 1 and (4.3) imply that
lim (my loga + nilogb) = 0.
k—o0

If follows that

1 log b
lim (Wloga—i—logb) — lim % ogat+ n 08 =0,
k—oo \ Nk k—o0 ng
whence loh
lim % = %8 (4.4)
k—00 N loga

Applying (4.2), (4.3), and the continuity of f at point 1, we get

@)= klim f (@™ ™) = f(1) lim o™ 3",

k—o0
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and

lim o™*3™ = 1.
k—o0

The same reasoning as in the case of (4.4) shows that

1
lim Tk _ 185 (4.5)
k—oo Mg log
From (4.4) and (4.5) we get
logs  logb
loga  loga’
whence
loga logf3
loga  logh’
Putting

1 loga logf

p  loga logb’

we have, of course, p # 0, and
a=a’?, B=0pP
Hence, applying (4.2) with ¢t = 1, we get
F @™y = f(1) (@™™)Y?, m,ne .
The continuity of f and the density of the set D imply that
F@&)y=fr@er, t>o,

that is,
e () =T ()P, t>0.

From (4.1) and the definition of conjugate functions we obtain

1/p
60 = 1t (1) (1) N e R}

Since ¢ and v are bijective, we have 1 — % #£0,1. Thus

1 1
Ot =T (1) ¢, where —:=1-— =,
q p
which shows that ¢ =1 and ¢)~! are the conjugate power functions.

Hence, as for arbitrary 1,2, y1,y2 > 0, the functions

1

T:=Ti1XA+ TaXB, Y:=Yi1XA+ Y2XB
belong to S, setting them into (1.2) gives

p)l/p(

1
T1y1 + Taye < (o] + 2 ) /4

ycll—i_yg ) m171“2ay17y2>07
where £ + 1 = 1, that is, the simplest version of the Holder inequality. This implies
that p > 1 and ¢ > 1.

Since in the case of the reversed inequality the proof is analogous, we omit it. [
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5. CONJUGATE FUNCTIONS, SUBADDITIVITY AND SUBHOMOGENEITY

Let (9,3, 1) be a measure space. Suppose that ¢, 1 : (0,00) — (0,00) are bijective,
one of them is continuous, and the functions ¢! and ¥~! are conjugate, i.e.

= ()"

(Clearly, this equality and the continuity of ¢ or ¢ imply that both these functions
are continuous.) Is it then true that, for all 2,y € S,

Po(r+y) <Py (2) + Py (y), Pylz+y) <Py(z)+Py(y)?

Note that in the case when the measure space satisfies the following condition:
there are A, B € ¥ such that (1.1) holds, the answer is affirmative. Indeed, in this
case, according to the converse theorem for the Minkowski inequality (depending
on the measure space, without any regularity conditions on ¢ and 1 [15]) applied
separately for P, and Py, there are p > 1 and ¢ > 1 such that ¢ (t) = ¢ (1)?,
Y (t) = ¢ (1)t9. The conjugacy condition implies that ¢ and ¢ are the conjugate
power functions. Moreover, in this case, we have

P, (tx) =tP,(z), Py(tz) =tPy(z), t>0,z€5;,

that is, the functionals P, and P, are positively homogeneous.
Therefore to answer the question we have to consider the following two cases:

— the measure space (2, X, ) is such that condition (2.5) is satisfied, that is, (2, X, u)
is a generalized counting measure space;
— the measure space (2, X, 1) is such that

AeY = p(A)=occor u(4) <1
Remark 5.1. The Minkowski type inequality
Po(z+y) <Py (2) +Py(y), zy€eSy,
that is, the subadditivity of P, implies that
P,(x1+...42,) <Py, (z1)+...+P,(z,), neN zq,...,2, €54,

whence
P, (nxz) <nP,(z), neN zel,,

which shows that P, is n-subhomogeneous for every positive integer n. In the sequel
we shall be interested in the functionals P, that satisfy (2.3) and are subhomogeneous,
that is, such that

P, (tz) <tP,(z), x,yeSy, t>1. (5.1)
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In the case of a generalized counting measure space we have the following result.

Theorem 5.2. Let the measure space (Q, %, i) be such that condition (2.5) is satisfied.
Suppose that ¢ : (0,00) — (0,00) is bijective, increasing, convez, geometrically convex
and satisfies (3.1). Then P, satisfies (2.3) and (5.1).

Proof. Since ¢ : (0,00) — (0,00) is bijective, increasing, convex and geometrically
convex, by Theorem 1 of [13], the functional P, satisfies (2.3).

To show the subhomogeneity of P, take an arbitrary x € Sy, such that
i (2(z)) > 0. Then there exists an n € N, the pairwise disjoint sets A;,..., 4, € ¥
of positive measure and x1,...,x, > 0 such that

n
r = E ijAj'
j=1

Put
a; = p(4;), j=1,...,n
According to the assumption on the measure space,

aj > 1, 7=1,...,n.

By Lemmas 2.6 and 2.7, for every ¢ > 1, the function ¢ o (tp~!) is superadditive.
Therefore, for all ¢ > 1,

n

n
p(te ajz)) <@ [t | D ajm;
J j=1

1

Since, by Lemma 2.6, the function

to~1(r
(0,00)9r»—>7w(<p ( ))
,
is increasing and a; > 1,7 =1,...,n, we have, for all ¢ > 1,
tp~t(z; to~(ajz;
‘P(S" (%))S‘P(S" (%%))7 j=1,....n,
Lj a; Ty

whence

a;ep (tap_l(xj)) < gp(tap_l(aja:j)) , j=1,...,n.

Adding these inequalities by sides we get

n

Zajcp (to'(z))) < Z ¢ (to~Hajz;))

j=1

and, consequently, for all ¢ > 1,

i ajeo (b~ (x))) < sa<t<p1(éajxj>),
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Since for all positive reals 1, . . ., ¥, the function 2?21 YjXxa, isin 4, we may replace

here x; by ¢(x;) and making use of the increasing monotonicity of ot

wl(iaw (tffj)> <ty (Zi:laﬂ? () ),

which, by the definition of the functional P, means that P (tx) < tP,(x) for all
t > 1 and x € S. This completes the proof. O

, we hence get

Taking
pt)=(t+c)'th, t>0,

where ¢ > 0, p > 1 and ¢ > 1 are arbitrarily fixed (cf. Remark 2.4), and applying this
result, we obtain a broad class of pairs of nonpower functions ¢ and % such that P,
and P, are subhomogeneous and subadditive.

Theorem 5.3. Let a measure space (2, %, u) be such that (1,6) C clu (X) for some
d > 1 and condition (2.5) is satisfied. Suppose that a bijective function ¢ : (0,00) —
(0,00) satisfies (3.1), ¢! (0+) = 0. Then Py, is subadditive and subhomogeneous in
Sy if and only if ¢ is increasing, convex and geometrically conver.

Proof. Assume that P, is subadditive. Take arbitrary A, B € 3, ANB = () of positive
and finite measure. Setting z = ! <ﬁ), y=p ! (ﬁ) in (2.3) we get

e s+t <@t (s) (), s, t>0.

Since ¢! (04) = 0, applying the main result of [24], we infer that ¢ is an increasing
homeomorphism of (0, 00).

The assumption (1,d) C clp () implies the existence of sets A, € ¥, n € N, and
BeXsuch A,NnB=0forallneN, lim, o u(A4,) =1and 0 < p(B) < co. Put
an = p(Ay,) forn € Nand b := p(B). Setting © := x1x4, +T2XB, ¥ = Y1XA, +Y2XB
in (2.3) we get

0 (anp (21 +y1) +bp (22 +1y2)) <
<o (anp (21) 4+ bp (22)) + ¢~ (an (1) + bp (2))
for all 1, x2,y1,y2 > 0.

Making use of the just proved continuity of ¢ and ¢~
hence get, for all x1, x2,y1,y2 > 0,

L and letting n — oo, we

o~ (@ (z1 4+ 11) + b (22 + 2)) <
<o (@ (@1) + b (z2)) + ¢ (@ (Y1) + b (12))

and, to get convexity of ¢, we can argue as in the proof of the second part of Lemma 2.8
(or apply Lemma 2.8 (ii) to a simple measure space). Now the “only if” part is a
consequence of Lemma 2.11.

The “if” part follows from the previous Theorem 5.2. O



550 Janusz Matkowski

In connection with this result we propose the following problem.

Problem 5.4. Suppose that ¢ : (0,00) — (0,00) is bijective, ¢! and (p~1)* are
subadditive and condition (3.1) is satisfied. Is it then true that

“H0+) =07

Now we consider the problem in the case when (2, %, 1) is a defected probability
space.
We shall need the following theorem.

Theorem 5.5. Let (2,3, 1) be a measure space such that u(2) = 1 and there is
A € X such that 0 < u(A) < 1. Suppose that ¢ : (0,00) — (0,00) is bijective and
monotonic. Then inequality (2.3) holds true if and only if ¢ is increasing and the
function @ : (0,00)% — (0,00) defined by

B(s,t) = (7' () ¢ '(1), st>0, (5.2)
1S concave.

Proof. Suppose that ¢ satisfies (2.3). By Lemma 2.8, the function ¢ is increasing and,
consequently, ¢ is an increasing homeomorphism of (0, 00). Now the result follows from
the result in [3, p. 85-88] (see also [8]). O

Remark 5.6. If the measure space (2, X, 1) is such that for every A € X, we have
#(A) < 1or p(A) =00, and ¢ : (0,00) — (0,00) is increasing, bijective such that the
function ® defined by (5.2) is concave, then inequality (2.3) is satisfied.

Indeed, from the concavity of function (5.2),

Za]sa )+ yy) < < <Zajz])+<p (éajyj)>

for all n € N, aj,z5,y; >0, j=1,...,n, such that Z?Zl a; = 1. Obviously, this
inequality remains true if Z?Zl a; < 1. Replacing here z; by ¢(z;), y; by ¢(y;),

7 =1,...,n, and making use of the monotonicity of ¢, we obtain
<Zag<p (x5 + ) > (Zagcp (z5) )+¢1<Zaj<p(yj)>
Jj=1 j=1

for all n € N, aj,z;,y; >0, j=1,...,n, such that Z?zl a; <1
Take x,y € Sy. Then there exist n € N, the pairwise disjoint sets A; € 3 of
positive measure and z;,y; >0, j =1,...,n, such that

n n
33:2%‘)(,4]»7 yzzijAj~
j=1 j=1

Putting a; := p(A4;) for j = 1,...,n, we have 2?21 a; < 1, and the last inequality
says that Py, (z +y) < P,(z) + Py, (y).
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The following lemma will be helpful in establishing a criterion for the concavity
of the function ® defined by (5.2).

Lemma 5.7. Let ¢ : (0,00) — (0,00) is bijective, twice differentiable, ¢’ > 0 and
"> 0 in (0,00). Then the function ® : (0,00)% — (O o0) defined by (5.2) is concave,

if and only if the function ‘2/, is decreasing, and £ o s superadditive, i.e.

Prlstt)  #ls) )

' (s+1t) ~ "(s)  @(t)
Proof. For arbitrarily fixed s,¢ > 0 and all admissible u,v € R define the function of
a single variable

s,t> 0. (5.3)

F(r) =@ (s+urt+vr) = (o H(s+ur)+¢ ' (t+v7)).

The function ® is concave if and only if for all s,¢ > 0 and all admissible u,v € R we
have F”(0) < 0 (cf. [3, p. 79-81]). Put f := 1. From the definition of F' we have

FOE(T) = f(s +ur) + f(t +v7)

for 7 in a neighborhood of 0. Hence we obtain

fH(F(0) F'(0) = f'(s)u+ f'(t)v
and
£ (F(0) [F'(O)) + £/ (F (0) F"(0) = f"(s)u? + f"(t)v?

Eliminating F’(0) from these two equalities, we get

[f' (F (0)]> F"(0) = Au? — 2Buv + Cv?, (5.4)
where

A= ()1 (F ) = 1" (F () [f (),

B = f"(F(0) f (s) ' (1),
C = () [f (F(0))° = £ (F (0)) [f (1))

Since ¢’ is positive, we have f’ (F (0)) > 0. From (5.4) we conclude that F”(0) < 0 if
and only if
A<0, C<0, AC> B~

Note that

FO)=¢ (e (s)+¢7 (1), floo=—, ffop=—

It follows that, for all s,t > 0,

FEWO)= fele M (s)+e (1)) =
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" (o71(s) + ¢7(t))
[ (p=1(s) + =1 (1))
S S i i O) I
et TS T e P

Hence, by the definitions of the functions A, B, C, and replacing, for the simplicity of
notations, s by ¢(s), t by ¢ (t), we obtain

Ps+t) _ ) g P4
’ — /

o (s+1t) = ¢(s) ¢ (s+1)

FrEO) =" (ee7 () +e7'1) =-

fr)=

A<«

that is, A <0 and C <0 if and only if %,,, is decreasing, and

' (s+1) ¢"(s) ¢"(t) (90’ (s+t)  #s) w’(@)
[ (s +8)° [ (s))° [ @)

AC > B2
C2b = St (s P

for all s, > 0. O
From this lemma we obtain the following proposition (cf. [8]).

Proposition 5.8. Let ¢ : (0,00) — (0,00) be bijective, twice differentiable with

positive first and second derivatives in (0,00). If % is superdadditive, i.e. inequality

(5.3) is satisfied, then ® defined by (5.2) is concave.

Example 5.9. Assume that a measure space (2,3, i) is such that p(2) = 1 and

there is A € ¥ such that 0 < p(A) < 1. Consider the function ¢ : (0,00) — (0, 00)
defined by

t3
t) i = —— t> 0.
o(t) T

It is easy to see that ¢ is bijective and satisfies (3.1). Making simple calculations we

have

20 (12 +3t+3) (1)  t(t+1)(2t+3)
t+1)° 7 o@"(t) 2(2+3t+3)

(2t +3)

tr? 0 PO

¥ (t)
for ¢ > 0. Thus ¢’ and ¢ are positive and, as the function

(1) (t+1) (2t +3)

0 ¢ -
(0.00) 38— = 2 (2 + 3t + 3)

is increasing, by Lemma 2.7, the function (:%l, is superadditive (that is, inequality
(5.3) is satisfied). Thus, in view of Proposition 2 and Theorem 8, the functional P,
is subadditive. Since

@ (1) t+3

t=14+—5——
@' (t) +2t2+5t+3’

t>0,
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the function ¢’ is geometrically concave (cf. Remark 2.2). In view of Lemma 2.9, the
functional P, is also subhomogeneous.
From the definition of ¢ we have

-1 ]
t= [‘fl OF s,
et () +1
whence 5
L )
T =T , >0,
t e (3)+1
or, equivalently,
1 At (D)
a0

that is,
—te ™ H*(t)—t2=0, t>0.

Putting here 1) := ((4,0_1)*)_1 we get
[t (1) =t () =2 =0, t>0,
whence, replacing ¢ by ¢ (t), we obtain
=) t—[®)]>=0, t>0.

It follows that, for every ¢ > 0, either ¥(t) = 3t(VAt+1—1) or (t) =
f%t (\/4t + 1+ 1) . Since 1 is continuous and increasing, we conclude that

w(t):%t(\/élt—&—l—l), t>0.

Of course, ¢ : (0,00) — (0,00) is bijective, twice differentiable and, it is easy to see
that, ¢" and )" are positive (the bijectivity, increasing monotonicity and convexity
of ¢ follow from Property 5.a). Moreover, we have

P(t)  (4t+1)(6t+1— V4t +1) te 0
O 131+ 1) P20

Since

= >0, t>0, (5.5)

L0\ VEFT(662 44+ 1) — 662 — 6t — 1
412 (3t 4+ 1)*
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the function

L) (At41) (6t +1— VAT 1)
(0,00) 5t — == = AL (3t+ 1)

is increasing. Hence, by Lemma 2.7, the function 1/’—,,, is superadditive. Thus, in view
of Proposition 5.8 and Theorem 5.5, the functional P, is subadditive.
Since according to (5.5)

(20 <o iz

it follows from Remark 2.2 that the derivative v’ is geometrically concave. In view of
Lemma 2.9, the functional Py, is subhomogeneous.

This example proves the following proposition.

Proposition 5.10. If the measure space (2,3, ) is such that p () =1 and 0 <
wu(A) <1 for some A € X, then there are conjugate nonpower bijections o=, 19~1 of
(0,00) such that P, and Py, are subadditive and subhomogeneous.

This proposition and, first of all, our consideration related to Example 5.9 raise
the following problem.

Problem 5.11. Let ¢ : (0,00) — (0, 00) be bijective, twice differentiable with positive
first and second derivatives such that conditions (3.1) are satisfied. Then, in view of
Property 5a and Remark 5.13, the function ¢ = ((90_1)*)_1 has the same properties.
Suppose that :%l, is superdadditive. Is then f—,l, superdadditive?

In connection with this problem we prove the following remark.

Remark 5.12. Let a bijection ¢ : (0,00) — (0, c0) satisfying (3.1) be twice differen-
tiable with ¢’ > 0, ¢” > 0. Putting ¢ = ((4,0*1)*)71 we have (¢=1)* ((0,00)) = (0, 00)
and

o ()  wer v

= , t>0.
o (5 ) O — @) ¥
Proof. We have =1 = (¢~1)*, that is,
_ Al
v =t (5). >0
Since
( ! )—1 150
) " e ’
differentiating the both sides gives
) () — ' (2) Y'(t)
= - ) t Oa
¢ (5w) T o
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that is,
/ t ’ . /
¢ (5) WO - @) =@, >0 (5:6)

o’ (@) () =Y’ (t) (tga’ (1/)&)) — 1) , t>0. (5.7)

Differentiating both sides of (5.6) we get

IR (O ) RN A T W
7 (w(t)> ()] ke (w(t)>¢ (t)=—¢"(t), t>0,

) S o () ). oo

Dividing the respective sides of (5.7) and this equation we get

whence

whence

o ()  wer v

o (o) WO - @] ~ 9@

t>0.

Remark 5.13. From the equality ¥ =1 = (¢~ 1)* we easily get

1 1 1 1
B TE) I e m———

¢ (=1 () t) oty (e7(9)
and
V@) 1 e G)
[ @t @) [ (ot (1))
Since
Y
? <¢<t>) w Y
replacing here ¢ by ¥ (), we get
vo 1 el
t

Problem 5.14. Let ¢ : (0,00) — (0,00) be bijective, increasing and such that (3.1)
is fulfilled. Suppose that the function @ : (0, 00)” — (0, 00) defined by (5.2) is concave.
For ¢ := ((90*1)*)71 define ¥ : (0,0)? — (0,00) by

U (s,t) = (0~ (s) +071 (1), st >0

Is the function ¥ concave?
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6. YOUNG CONJUGATE FUNCTIONS

Let us quote (cf. [28,29]) some well known properties of Young conjugate functions:

Lemma 6.1. Suppose that ¢ : (0,00) — (0,00) is continuously differentiable with
strictly increasing derivative and conditions (3.1) are fulfilled. Then:

(i) ¢ and @' are strictly increasing mapping (0,00) onto (0, 00);
(ii) the function v : (0,00) — (0,00), Young conjugate (complementary) function to
p, defined by
t
o) = ()7 ()ds. >0,

0

(where (gp’)fl is the inverse function of ¢') is continuously differentiable, ¥’ is
strictly increasing and

lim M =0,
t—0+ ¢ t—oo t

lim M—

W,
P(t) =sup{st —p(s) : 5 >0}, p(t) =sup{st —(s) : s > 0};
(v) (the Young inequality) for all u,v > 0,
uo < (u) +¢ (v);

(vi) if ¢ and ¢ are Young conjugate and one of them is a power function, then there
is p > 1 such that

pt)=eM)t, Y@E)=vp @)t t>0, (6.1)
where L1
§+§:L (6.2)

We shall prove the following theorem.

Theorem 6.2. Suppose that ¢ : (0,00) — (0, 00) is differentiable with strictly increas-
ing deriwative and conditions (3.1) are fulfilled. If ¢ is geometrically convex (resp. ge-
ometrically concave), then its Young complementary function is geometrically concave
(resp. geometrical convet).

Proof. The Darboux property of the derivative implies that ¢ is continuously dif-
ferentiable. Let ¢ : (0,00) — (0,00) be the Young complementary function for ¢,
ie.

P (t) = sup{st —¢(s) : s >0}, t>0.
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Hence, by the differentiability and convexity of ¢, we get

Y ®) =t () —e(t), t>0. (6.3)

By Lemma 6.1 (iii), we have

V(P (1) =t te(0,00).

Hence, making use of (6.3), we get

VW) gy 12

) T ¢ 0. (6.4)

v () ¥

Now suppose that ¢ is geometrically convex. Then (cf. Remark 2.2) the function

te' ()
e (t)

(0,00) >t —> is increasing.
It follows that

(0,00) 3t —

is increasing,

and, consequently, the function

te' (1)
te' (t) — @ (1)

Since ¢’ is increasing, from (6.4) we conclude that the function

' ()
¥ (t)

which proves that 1 is geometrically concave. O

(0,00) Dt —> is decreasing.

(0,00) >t +— is decreasing,

Corollary 6.3. Suppose that ¢ : (0,00) — (0,00) is bijective, increasing, differen-
tiable, strictly convex and conditions (3.1) are fulfilled. If ¢ and its Young comple-
mentary function ¥ are geometrically convez, then there exists p > 1 such that (6.1)
and (6.2) hold true.

Proof. By assumption, the function 1 is geometrically convex and, by Theorem 6.2,
it is geometrically concave. Thus 1 is geometrically affine and, in view of Remark 2.2,
it is a power function. Now the result follows from Lemma 6.1. O

Theorem 6.4. Suppose that ¢ : (0,00) — (0, 00) is twice differentiable, strictly con-
vex and conditions (3.1) are fulfilled. If ¢’ is geometrically convex (resp. geometrically
concave), and i is the Young complementary function for ¢, then V' is geometrically
concave (resp. geometrically convex).
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Proof. Assume that ¢’ is geometrically convex. As in the proof of Theorem 6.2, we
have ¢’ (¢’ (t)) =t for t € (0, 00), whence

P )" (1) =1, t>0.
These relations imply that
-1
VW) (200 isa
W (¢ (1)) ¢ (t) ’
Since ¢’ is strictly increasing and, by geometrical convexity of ¢, the function

" (t)
¢ (1)

(0,00) >t —> t is increasing,

we infer that the function

P (1)
P (t)

and, consequently, ¢’ is geometrically concave. This completes the proof. O

(0,00) 5t +—> t is decreasing,

Theorem 6.5. Let (0,3, ) be a measure space such that
AeY = u(A) <1 or u(A) = oo,
and suppose that there are two sets B,C € X such that
0 < u(B) <ulC) =1

Suppose that ¢ : (0,00) — (0, 00) is twice differentiable with strictly increasing deriva-
tive, conditions (3.1) are fulfilled, and ¢ is the Young conjugate function to ¢. If P,
and Py, are subhomogeneous, then ¢ and 1 are the conjugate power functions.

Proof. In view of Lemma 2.9, Lemma 6.1, the subhomogeneity of P, and P implies
that ¢’ and ¢’ are geometrically concave. By Theorem 10 the function v’ is geometri-
cally convex. Thus ¢’ is geometrically affine and, by Remark 2.2 it is a power function.
Now Lemma 6.1 implies that both ¢ and ¥ are conjugate power functions. O

Similarly, applying Lemma 2.11 and Theorem 6.2, we obtain the following result.
Theorem 6.6. Let (2, X, 1) be a measure space such that (2.5) holds and, for some
o>1,

(1,8) € el (u(®))
Suppose that ¢ : (0,00) — (0,00) is strictly increasing, differentiable, ¢’ is strictly
increasing, (3.1) holds and v is the Young conjugate to . If P, and P, are subho-
mogeneous, then ¢ and ¥ are the conjugate power functions.

/
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