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Abstract. We deal with a functional equation of the form

flx+y)=F(f(z), f(y)

(the so called addition formula) assuming that the given binary operation F' is asso-
ciative but its domain of definition is not necessarily connected. In the present paper
we shall restrict our consideration to the case when

u—+ v+ 2uv

F(u,v) = T

These considerations may be viewed as counterparts of Losonczi’s [7] and Domariska’s
[3] results on local solutions of the functional equation

f(F(z,y)) = f(x) + f(y)
with the same behaviour of the given associative operation F. In this paper we admit
fairly general structure in the domain of the unknown function.

1. Introduction

If (G,*) is a group or a semigroup and F' stands for an arbitrary binary
operation in some set H, then a solution of the functional equation

flxxy)=F(f(z), f(y))

is called a homomorphism of structures (G, ) and (H, F'). We consider here
a rational function F': {(xz,y) € R: zy # 1} — R of the form
_u+v+2uw

Flu,v) = 1—uv
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This is a rational two-place real-valued function defined on a disconnected
subset of the real plane IR?, that satisfies the equation

F(F(x,y),z) - F(x,F(y,z))

for all (z,y, z) € IR3 such that products zy, yz, F(z,y)z, F(y, z) are not equal
to 1. Rational functions with such or similar properties are termed associative
operations. The class of the associative operations was described by Chéritat
[2], and his work was followed by the author.

A homografic function ¢ : IR\ {1} — IR given by the formula

pla) ==, z#1
satisfies the functional equation
_ @)+ fly) +2f(=)f(y)
Tet 0 =" wrw)

for every pair (z,y) € R?\ D, where
D={(z,1-2z): zeR}U{(z,1): zeR}U{(l,z): =zelR}

We shall determine all functions f : G — IR, where (G, *) is a group, that
satisfy the functional equation

flx)+ fly) +2f(x)f(y)
1—f(x)f(y) '

A neutral element of a group (G, ) will be written as 0.

By a solution of the functional equation (1) we understand any function
f : G — TR that satisfies the equality (1) for every pair (x,3) € G? such
that f(z)f(y) # 1. Thus we deal with the following conditional functional
equation:

flzxy) = (1)

fl@) + fy) +2f(2)f(y) E
— (E)
1= f(x)f(y)
for all z,y € G. Some results on addition formulas can be found for example
in Aczél’s monography [1] and in the work of Domarska and Ger [4].
The following lemma will be useful in the sequel (see Ger [6]).

f@)f(y) #1 implies f(zxy) =

Lemma (on a characterization on subgroups). Let (G,+) be a group. Then
(H,+) is a subgroup of group (G,+) if and only if G D H # () and

H+H Cc H,
where H' := G\ H.
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2. Main result
We proceed with a description of solutions of (E).

Theorem. Let (G,*) be a group. A function f: G — IR yields a noncon-
stant solution to the functional equation

fl@) + fly) +2f(2)f(y)
1 — f(x)f(y)

f(@)f(y) #1 implies f(xxy)= (E)

for all x,y € G if and only if either

. 1 forxeH,
flw) = {—1 forx e G\ H
714(90) or x
fa)={ T-a@ Joreet
-1 forz e G\T
or

1 forzel\Z
flx):= 0 forzeZ
-1 forzeG\T,

where (H, %), (', %) are subgroups of the group (G,*), (Z,*) is a subgroup of
the group (I',x), and A:T' — R is a homomorphism such that 1 ¢ A(T").

Proof. Assume that f is a nonconstant solution of equation (E). First we
show that f(0) € {—1,0,1}. Indeed, setting z =y = 0 in (E), we obtain

2
AO)=1 or f(0)= %%)(m
Put ¢ := f(0). By equality
=9 1+C
C = ZC - CQ

we have c =0 or 2(1+c¢)=1—c%, whence ¢ € {0, —1} which jointly with
the equality ¢* = 1 implies f(0) € {—1,0,1}, which was to be shown.
If f(0) = —1, then setting y = 0 in (E) we obtain

fle) 1 -2f() _
1+ f(x)

for all z € GG, whence f = —1, a contradiction because we were assuming f to
be nonconstant.

f@)=—1 or f(z)=
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Now assume that f(0) = 1. We show that f(G) C {—1, 1}. Indeed, putting
y =0 in (E), we obtain

3f(z) +1
flx)=1 or f(z)=—"—
® (@) =
for all x € G and by the equality
Je+1
CcC =
1—-c¢

we have ¢ = —1, whence

f@) =1 or f(@)=-1
for all x € G. By setting

H={eeG: f(z)=1}

we have

H={zeG: f(z)=-1}

and we show that H x H' C H’, which implies that H is a subgroup of the
group G (see Lemma). Fix arbitrarily elements x € H and y € H'. Since
f(x)f(y) = —1, we get by (E) f(xxy) = —1, i.e. zxy € H', which was to be
shown. So, in this case we have

F(2) 1 forx € H,
T =1 forzeG\H.

Let now f(0) = 0. Put
F'={zedG: f(x)#-1}.

We are going to show that the complement I of the set I" enjoys the property
I'xI" C TV, which implies (see Lemma) that I" is a subgroup of the group G.
Fix arbitrarily z € T and a y € I". Since f(z)f(y) = —f(x) # 1, we obtain

s f@) =1 +27@)(=]) _ 1 f()
z)—1+ z)(— —1—-f(z
f TxyY)= = = _17
N [ N S (0
i.e. xxy € IV, which was to be shown. Since —1 & f(T') and f|r satisfies (E),
a straightforward verification shows that

flzxy) f(z) N f(y)

1+ flzxy) 1+ f(@@) 1+ f(y)

F@)f(y) #1  implies
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for all x,y € I, which jointly with
f(z) f(y) L S@) 2/ @) f(y) + [ ()

YT 1w T @)+ fw)
1 f@)fw)
A+ @)1+ fy)
f@rw) =1 = 1 Ty

L+ f(x) 1+ fy)
states that the function A : I' — IR of the form

Ay o 1@

yields a solution of equation

Alx)+ A(y) #1 implies A(z +y) = A(z) + A(y)

(2)

for all z,y € T'. We show that 1 ¢ A(I"). To prove this, assume that
A(zg) = 1 for some z¢p € I'. Then we conclude that f(zg) = 1+ f(zo),
which is immposible. Since f(0) = 0, evidently A(0) = 0. From the theorem
proved by Ger [5] (since A(0) = 0) we conclude that A yields a homomorphism
of groups I' and IR or there exist a subgroup Z of a group I' such that A is of

the form

for x € Z,
forxel'\ Z,

=

o)

I
—N—
= O

whence
A(z)

f(z):= 1— A(x)
-1 forz e G\T

forx € T,

or

0 forxe Z,
flx):= 1 forzel)\Z,
-1 forze G\T.

It is easy to check that each of the functions above yields a solution to the

equation (E). Thus the proof has been completed.

The following remark gives the form of a constant solutions of equation (E).
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Remark.  Let (G, %) be a group. The only constant solutions of (E) are
f=-1,f=0,and f = 1.

To check this, assume that f = ¢ fulfils (E). Then

1
62751:>C:2Ci,
1—¢2
ie. 1+
c
c{-1,1 =0 ) Rl
ced } oor ¢ or c=27——s5
whence
ce{-1,0,1},

which was to be shown.
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