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Abstract. In this paper, we study a linear-quadratic optimal control problem with a fractional
control system containing a Caputo derivative of unknown function. First, we derive the
formulas for the differential and gradient of the cost functional under given constraints. Next,
we prove an existence result and derive a maximum principle. Finally, we describe the gradient
and projection of the gradient methods for the problem under consideration.
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1. INTRODUCTION
In this paper, we consider the following fractional linear control system

{CDg+m(t) = Ax(t) + Bu(t), tE€ [a,b]a.e., (1.1)

z(a) =0

with a quadratic performance index

J(U) = Jl(u) + JQ(U) -+ Jg(u) (1 2)
= 2 lu®) = o+ 5 N ()~ y O+ 5 IO ey

where a € (1,1) is a fixed number, 4 € R™*", B€ R™™ n,meN, [a,b] CR, cis a
fixed vector in R™, ¥ : [a,b] — R™ — a fixed function belonging to L? = L?([a, b], R"),
I,7%(L?) — a space of controls defined below. By “ D2, z we denote the left Caputo
derivative of a function z : [a,b] — R™ and by z, : [a,b] - R"™ — a solution of
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problem (1.1), corresponding to a control  : [a, b] — R™. We shall consider the above
optimal control problem in the set

AC? = AC*([a,b],R™) = {x : [a,b] — R™;x is absolutely continuous and 2’ € L?}

of trajectories.

Problems of such a type can be used in the examination of the pointwise and func-
tional controllabilities of systems (1.1) with taking an energy cost into consideration.

The paper is organized as follows. First, we calculate the differential and the
gradient of the functional J. Next, we prove existence of a unique optimal control and
derive a maximum principle for problem (1.1)—(1.2). Finally, we use the formula for
the gradient of J to describe the gradient and projection of the gradient methods
for the approximative solving of this problem.

Results of such a type for systems containing the classical derivative of the first
order can be found in [22] (cf. also [11] for the comprehensive study of the classical
linear-quadratic problems). The case of the fractional Riemann-Liouville derivative is
studied in [10] for J containing only the pointwise term, in the space AC'gf (defined
below) of trajectories and in the space L? of controls. The presence of the Caputo
derivative means that the problem has to be investigated in quite different (given
above) spaces of trajectories and controls.

Optimal control problems for systems of fractional order are studied for over ten
years. For the first time, fractional optimal control problems of type

{D3+w(t) = G(t,a(t),u(t)),

z(a) = o,

where Dg, x denotes the left Riemann-Liouville derivative, with cost functional of
integral type

I(u) = / F(t, 2(t), u(t))dt
0

and without control constraints, were investigated in [2]. The author formulated the
necessary optimality conditions for such a problem and described a numerical scheme
for finding an approximative solution to such systems in the case of linear control
systems and quadratic cost functionals

I(u) =

N[ =

1
/ (q(t)2>(t) + r(t)u?(t))dt.
0

Necessary optimality conditions are given in the form of a system of equations contain-
ing the Lagrange multipliers and do not contain any minimum condition. Unconstrained
problems are considered also in [5] where second order optimality conditions are derived
and in [19] where the final time is not fixed. A numerical scheme presented in [2]
is adopted from the case of positive integer order problems, given in [1]. Numerical
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schemes for fractional optimal control problems, consisting in an approximation of a
fractional derivative can be found in [3,17,19,21]. These schemes lead to problems
of positive integer order. In paper [15], system (1.1) with a non-zero initial condition

and cost functional .

1) = [ (oal®) + (e, u(®))d,
0
where v € R", is considered. Authors obtained existence of an optimal solution and
necessary optimality conditions in the form of a maximum principle.
To the best of our knowledge results presented in our paper has not been obtained
by other authors.

2. PRELIMINARIES

In all the paper we consider linear spaces over R.

Let o € (0,1). By the left Caputo derivative of order o of an absolutely continuous
function z : [a,b] — R™ we mean the left Riemann-Liouville derivative of the function
z(+) — z(a). Of course,

1 z(a)
rl—a)(t—a)®’

“De a(t) = Dy, x(t) — t € [a,b] ae.,
where D¢, x is the left Riemann-Liouville derivative of order «a of z. It is easy to see
that

‘D2 x(t) =10 (t), t€a,b]ae.,

where 117 is the left Riemann-Liouville integral operator of order 1 — a defined on the
space L' = L1([a, b], R™) of integrable functions. Indeed, if z is absolutely continuous
on [a,b], then

CDgya(t) = Dl (r() — #(a)) (1) = (15 (@) — al@)(1)
d d

— SN = S UL ) () = [ (1)

for ¢ € [a,b] a.e. (we used here the fact that I,;*(I},2") = I}, (I,7“2’) everywhere
on [a,b] (cf. [20, formula (2.21) and the subsequent comments])). More properties of
the fractional integrals and derivatives can be found in [20] and [16].
By ACS? = ACS([a,b], R™) we denote the set of all functions  : [a,b] — R™ of
the form
t) — L#
" T a
with ¢ € R™, p € L2. One can show ([4]) that = € AC’aaf if and only if = possesses the
left Riemann-Liouville derivative D¢, x € L?. In such a case

+ 17, o(t), tela,bae.,

I7%(a) =c and DY x=.
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It is easy to show that ACS ot % with natural operations and the scalar product

(z,y) = (@) I y(a (/Dﬁx YD, y(t)dt

is the Hilbert space.
Similarly, by AC? = AC*([a,b],R") we mean the set of all functions
x : [a,b] = R™ of the form

Lood
Lla) (b—t)t—

with d € R", ¢ € L?, where I, g is the right Riemann-Liouville integral operator of

order 1 — o defined on the space L'. As in the “left” case = € AC;;‘_’Q if and only if
possesses the right Riemann-Liouville derivative D} x € L? and, in such a case,

x(t) = + It (t), tE€a,b]ae,

II"®z(b)=d and Dy x=1p.

AC?;Q with the scalar product

b
%w:G?MWK“@+/D$WWﬁWMt

a

is complete.

Of course, AC? = ACy? = AC?.

By I, (L?) we denote the set {I&, (¢); ¢ € L?} which is contained in AC’ff. It is
clear that ¢, (L?) with the scalar product

@ww:/mememww

is the Hilbert space.
In what follows, we shall use the following variant of a fractional theorem on
integration by parts.

Theorem 2.1. Let o € (0,1). If f € AC3 = {z € AC?; z(a) =0}, g € AC;"* N L2,

then
b
[50Di g0t = g1 /D

Proof. Since f € ACZ, therefore (cf. [9, Theorem 6]) f € AC;T and

Dy f(t) = 17 (f").
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So,
b b b
[Pz st = [reewata = [1wn- g
and
b b d
[ 1003 g = [ 50~ G1i="9) war
a a b
——fOL=0) + [ oL gl

and the proof is complete. O

Using the method applied in [7] one can obtain (cf. [12]) the following result.
Theorem 2.2. Ifa € (%7 1), ¢ € R", v € L2, then the problem

{D3+x(t) = Az(t) +v(t), t€[ab]ae.,
I %x(a) =c

has a unique solution ., in ACgf. It is given by

t
2o(t) :d)ﬁ’a(t—a)c—l—/q)g,a(t—s)v(s)ds, telab ae.,

N B 0o AkpkFDa-1
where (I)a,g(t) = 2.k=0 " T(ka+B)

Remark 2.3. If ¢ # 0, then condition a > % can not be omitted. Indeed, let us
consider problem

{Dgﬁr:r(t) =z(t), te€]la,b]ae.,
I %(a) = ¢

If
1 c

z(t) = @m + Iﬁg@(t), t € [a,b] a.e.,

where ¢ € L2, is a solution to the above system, belonging to AC’;"f, then
x=D¢ xeL? I¥ ¢ € L? and, consequently, Taj== € L2, Tt means that o > 3.

Similarly, we have the following theorem.

Theorem 2.4. If a € (1,1), c € R", v € L, then problem

{Db“y(t) = Ay(t) +v(t), t€a,b]ae.,
I~ y(b) =c
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has a unique solution y, € AC’?;Q and it is given by
b
yo(t) = A (b~ t)e + / B4 (s — yu(s)ds, te [ab] ae. (2.2)
t
In particular, a unique solution yo corresponding to control v(-) = 0 is given by
yo(t) = @ﬁya(b —t)e, telab]ae
Remark 2.5. If ¢ = 0, then the assumption « € (%, 1) in Theorems 2.2, 2.4 can be
replaced by a € (0,1).
Theorem 2.4 implies the following corollary.

Corollary 2.6. Ifa € (%, 1), then the function
[a,b] >t — 4 ,(b—t) € R™*"

belongs to L*([a, b], R™*™).

3. REMARKS ON SYSTEM (1.1)

Let @ € (0,1). From the results contained in [8, Theorem 4] it follows that if
u € I,7%(L?), then there exists a unique in

AC' = AC*([a,b],R™) = {z : [a,b] — R";z is absolutely continuous and z’ € L'}
solution z,, of problem (1.1). Moreover (cf. [8, Theorem 6]), the following result holds.

Lemma 3.1. Ifu; — ug in Io;*(L?), then x; = xo uniformly on [a,b] (here x; is
a unique solution to problem (1.1), corresponding to control u;).

Of course, a solution z,, of problem (1.1) , corresponding to u € I;;O‘(L2), is a
solution of system

Dy, x(t) = Ax(t) + Bu(t), t¢€ [a,b] a.e. (3.1)

Since Az(-) + Bu(-) belongs to L?, D¢, x,, € L?, too. Using this fact and [8, Proof of
Theorem 4, formula (16)] we deduce that x,, € AC?. Consequently, z,, € AC3. Thus,
if u € I7%(L?) and z, € AC? satisfies (1.1), then z, belongs to AC? and satisfies
(3.1). Conversely, if u € I,7%(L?) and z,, € AC? satisfies (3.1), then z,, belongs to
AC? and satisfies (1.1).
Now, let us consider the operator

F:ACE — I..*(L?),

F(z) =D x — Ax.
The above operator is well defined because

DY x =17 € I,7%(L?)

and
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r=1I0 2 =112 € I7*(12 (L?)) C I.;*(L?)

for any x € ACZ. Of course, it is linear. Moreover, since

HDrozé+IHI;"(L2) = HI;:X“T,HI;Q(B) = [l2ll > = ”I”AC@’ ’
oo quay = 1oy = 10 e < a2 = el ac
for any x € ACZ and some d > 0, where Hx||1;a(L2) = ||D;;az||L2, ||x||ACg = ||z’ 2,

therefore F' is bounded. From its bijectivity and from the Banach inverse mapping
theorem it follows that F' is a homeomorphism.

4. GRADIENT OF THE POINTWISE TERM
Let us assume that o € (%, 1) and consider the pointwise term

1 -«
Ji(w) = 5 wu(b) — el w € LT(L?),

of functional (1.2). J; can be written as the following superposition

2 eR (41)

1
u € I;_T_O‘(LQ) — X, € ACg — 2y (b) —c € R" — 3 |2 (D) — ¢

The interior mapping
Aiu€ IL7*(L?) — z, € ACG

is linear and continuous. It follows from the fact that A is the following superposition
u€ I,7%(L%) — Bu € I.;*(L*) — F~'(Bu) € AC}.
So, the differential \'(u) of A at a point u € I, *(L?) is the following mapping
N(u) v eI *(L*) — h, € ACS,
where h, € AC? is such that
Dg hy(t) = Ah,(t) + Bu(t), t€ [a,b] a.e.
Consequently, the differential J{(u) of J; at a point u € I,;*(L?) is the mapping
Ji(u) v € I *(L?) — (24(b) — c)hy(b) € R.
Now (cf. Theorem 2.4), let WL € AC;"* be a unique solution of problem

{ngf(t) = ATU(t), te€lab]ae.,
II7U(b) = 2, (b) — c.
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We have (cf. Theorem 2.1 and Corollary 2.6)

(24(D) — ¢)hy (D) = I,}_—a\iﬂ (b)h. (D)
b

/Dﬁh L(t)dt — /hv(t)D;,{\Il}L(t)dt

and

b
/ UL (1) Bo(t)dt — / [0 DL (Bo)(6) UL (1)dt
a ab
= [ Dm0
b

— [l L BT W
l-arl—« Ta,1
= (v,[,7*1,~*(B fou)>I;1a(L2).

So,
b

J{(u)v:/%(t)Bv(t)dt (v, 1);*(B"I}~ “\Ifl)>1;a(L2)

a

for v € 1,7*(L?) and, consequently,
ViJi(u) = L7 (BT =0,

where -
Uy (1) = @4 o (b — 1) (zu(b) — €)
for t € [a,b] a.e.

(4.4)

(4.5)

(4.6)

Now, we shall show that the gradient VJ; of Jj is Lipschitzian. In the proof of

this fact we shall use the integrability of the function

t—s dsERar,

proved in [10].

(4.7)
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We have the following result.
Theorem 4.1. Gradient VJy satisfies the Lipschitz condition, i.e.

(b—a)t=>L
IV I () = VI (W)l jioe g2y < Te—a) lw = wll 12

for u, w € I'"*(L?), where
a+

e (f(foneretal

+2|B* (b —a)? B | ,2° |94 (b~ )|
Proof. Let us fix u, w € I.7*(L?). We have
IV J1(u) = VI (W)l o2y = |[BTLZOW, = BTLZOW, ||, .
In [10] it has been shown that
| BT I, =W, — BT, W, ||, < Lju—wl|

with L given by (4.8). But (cf. [20, formula (2.72)])

lu —w| ;. = ||I1 O‘Dl_‘_ u— Il_O‘Dl_O‘wHL2
I i) (b—a)—
T2 a) || ot U +awHL2 = T2 a) l[u— w”li;“(ﬂ)
and the proof is complete. O

5. GRADIENT OF THE FUNCTIONAL TERM

Let a € (%, 1) and consider the functional term

o) = () ~ v, we I (L),

of the functional (1.2). J; can be written as the following superposition
o 1 2
we IE(I?) — vy € ACE — 5 o) — 40l € R

It is easy to see that

b
— [ att) - s®)h ()
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for u, v € I,7*(L?), where h, € AC? is such that
D2, ho(t) = Ahy(t) + Bu(t), € [a,8] ac.

Denoting by ¥2 a unique in AC?_’2 solution of problem

D¢ W(t) = ATU(t) + (zu(t) — y(t)), t € [a,b] ae., (5.1)
I 7W(b) =0 '
we obtain (cf. Theorem 2.1 and Corollary 2.6)
b b b
/(acu(t) —y(t))hy(t)dt = /D{,{\Ifi(t)hv(t)dt — /AT\I/i(t)hv(t)dt (5.2)
b b

:/\I/i(t)Dg‘Jrhv(t)dtf/AT\IffL(t)hv(t)dt

a

S|

b b

= / U2 (t)(Ahy(t) + Bo(t))dt — / AT (1)) hy (t)dt

a

b

- / W2 (1) Bo(t)dt.

a
In the same way as in the previous section

b
2 1— 1— T 1,2
/ W20 Bo(t)d = (11" (BT02),0) 1y

a

and, consequently, for u, v € I, *(L?),

b
T (u)o = / V(O Bo(O)dt = (5L (BT, 0) 1 o (5.3)
a+
Vdo(u) = I,7°1~*(BTU2), (5.4)
where U2 € AC{"? is a unique solution of problem (5.1), given by
b
W2 (1) = / B4 (s — 1) (ruls) — y(s))ds, ¢ € [a}] ae. (5.5)

t

We also have the following result (to calculate D3 we use integrability of func-
tion (4.7)).
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Theorem 5.1. Gradient VJy satisfies the Lipschitz condition:

IV J2(u) — VJ?(U})HI;;“([?) < Dlju— w”I;;Q(LZ)

foru, w € I,7%(L?) and some D > 0.
Proof. We have

b
o 2
IV T2(0) = VIa(w) e gy = [ B (BT (02— 3))(0)

a

b

b /b
< D1/ | BT (W2 — W2)(t lzdt < D2/ /‘@AT (s —t)(xu(s) —xw(s))|ds | dt

ng/b /b‘fb s—t sdt/|xu — zu(s))| ds
fpg/m — () ds

SDg/ /\<I>§’a t1)| dt1/|B (t1) —w(t,))|* dty | ds

<D4/|B (t1) — w(t1))]* dty <D5/| (t1) — w(t1)))* dty = Ds |lu — wl|3.
= D3| R D= 1D < D | Diu - Diwl,

2
=D ||u_w||[i4:a(l’2)

for u, w € I,;*(L?), where

b

B (b_a)l—a 2 B 9 _ / / B 2

Dl‘(m_a) - Da=Dijf Dy=Duf | [|@2i(s— )] ds |
a t

b s
D4:D3/ |®2 (s — t1)|"dtrds, Ds = Dy|B[?,

a a

Dg = Ds (W)Q D = +/D.

r2-a)

The proof is complete. O
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6. GRADIENT OF THE CONTROL TERM

Let o € (0,1) and consider the control term

1

J3(u) = 3

2 —
HU(‘)HI;Q(Lz)a u € L7*(L?),

of the functional (1.2). It is clear that

b
Ji(u)v = <“’”>I§;"(L2) = /D}l;au(t)Dij_o‘v(t)dt (6.1)

for u, v € 1,7*(L?). Consequently,
VJs(u) = u. (6.2)

Of course,
IV J3(u) - VJB(U’)HI;;“(LZ) = lu— w”]};“(L?)

for u, w € I.;*(L?). So, V.J3 satisfies the Lipschitz condition with the constant 1.

7. EXISTENCE OF A SOLUTION TO (1.1)-(1.2)

Let us recall that a function J : U — R where U is a convex subset of a Hilbert space
H, is called strongly convex, if

Ty + (1= 9)v) < 4T (u) + (1= 3)J(0) = 1(L = ) — v

for some £ > 0 and all v € [0, 1], u, v € U. One can show (cf. [23, Lemma 4.3.1] for
the method of the proof) that J is strongly convex on U with a constant x if and
only if function g(u) = J(u) — & ||ul|* is convex on U. So, for example, functional
H > u > |Jul|® € R is strongly convex with constant x = 1.

In [22, Theorem 1.3.8] the following theorem is proved.

Theorem 7.1. If U is a convex closed subset of a Hilbert space H and a functional
J : U — R is strongly convex with a constant k and lower semicontinuous on U, then
Je = infycpy J(u) > —oo and there exists a unique point u. such that J(u.) = Ji.
Moreover, any minimizing sequence (uy) (i.e. such that J(ux) — Ji) converges to u,
and

1
ke = wll < = (T (ur) = J), k=1,2,...

Now, let o € (0,1) and M C R™ be a fixed set. Consider problem (1.1)—(1.2) in
the set 1.7 *(L2,), where

L3, ={uc L? u(t) € M for t € [a,b] a.e.}.
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Of course,

L7%(L3)) = {u e I,;*(L?); Dyi%u(t) € M fort € [a,b] ae.}.
We have the following theorem.
Theorem 7.2. If M C R™ is a convex closed set, then there exists a unique point
u, € I,7%(L3,) such that J(u.) = J, = infuelil‘”(wa) J(u) and any minimizing
sequence (uy) converges to u, and

||uk—u*||1i1a(L2) <2(J(ug) — Jy), k=1,2,...

Proof. The set I,7*(L3,) is convex and closed in I.;*(L?). Convexity is obvious.
To prove its closedness let us consider a sequence (ug) C 1, ;IQ(L?W) converging in
I.7%(L?) to some ug. Thus, the sequence (Di“uy) converges in L? to Dy “ug. So,
there exists a subsequence of (D, “uy,) that is converging pointwise a.e. on [a, b] to
Di;o‘uo. Since elements of this subsequence take their values a.e. on [a, b] in the closed
set M, therefore D, “ug has the same property. It means that ug € I3 *(L3,).

Lemma 3.1 implies continuity of J on I, *(L?) (and, in consequence, on I, *(L2,)).
So, since J is strongly convex on I1;*(L?) (and, in consequence, on I, *(L%,)) with
the constant x = %, therefore from Theorem 7.1 the assertion follows.

8. MAXIMUM PRINCIPLE

Let us start with the following classical result ([22, Theorem 1.2.5]).

Lemma 8.1. Let U be a convex subset of a Banach space X, J — a functional of class
C' on U. If u, is a global minimum point of J on U, then

J (s )u > T () (8.1)

for any uw € U. If, additionally, J is conver on U, then condition (8.1) is sufficient
for uy to be the global minimum point of J on U.

Now, let us consider problem (1.1)—(1.2) in the set I, *(L%,) with a convex set
M C R™, in the case of a € (%, 1). We have the following theorem.

Theorem 8.2. Control u, is a solution to problem (1.1)~(1.2) in the set I17*(L3,)

if and only if ,

min (5= (@ (b — (. (b) — ) + / Ol (s =) (@, (5) ~ y(s))ds)B) (1)

+ DY u (1))
b

= (T (AT (b — ) (@ () — ) + / 47 (5 — (. (3) — y(s))ds)B) (1)

+ Do} “us () (D} “us) (1)
fort € [a,b] a.e.
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Proof. Let u, be a solution of problem (1.1)-(1.2) in the set L3,. From Lemma 8.1,
formulas (4.4), (5.3), (6.1) and convexity of functional (1.2) it follows that optimality
of u, € I,7*(L3,) is equivalent to the functional condition of the form

b b
win [ (WL (0 + W (0)BLE (D )0+ [ Do, (D u(t)ds
u(-)el 7 *(L3))
a a
b b
— @i+ ¥ 0)BLE (D w)Wd+ [ Dl u (0D u. (b,

a a

where WL € AC{? is a unique solution of problem (4.2) and ¥2 ¢ AC{” is a
unique solution to problem (5.1). Both solutions are given by (2.2). Using the classical
fractional theorem on the integration by parts, in the integral form (cf. [20]), we can
write the above equality in the following form

b
om0+ 2 0)B) 0+ D 0) (Dl wio
b a
= / (L2 (W3 () + W2 (-)B) () + Dy *ua(t)) (Do %) (t)dt.

a
This condition is equivalent to

b

min, [ (7 (W00 W2, ()B) () + Dl 1) (o)

b
=/(15i“ (W%, () + B2 (-))B) () + DAy us(t)) (Dayus ) (t)dt.

a

From [6, Lemma 6] it follows that the above condition is equivalent to the pointwise
minimum condition given the theorem. O

9. GRADIENT METHOD

We have the following result concerning the convergence of the gradient method
([22, Theorem 1.4.1]).

Lemma 9.1. Let a functional J : H — R be of class C*, bounded below and with the
gradient satisfying the Lipschitz condition. If (ux) C H is a sequence described by the
formula

U1 :uk_ﬂkv'](uk)? k:0717"'7 (91)
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with any fived ug € H, where parameter By is a minimum point of the function
fr:]0,00) 3 B— J(up — BVJ(u)) €R, k=0,1,...,
then the sequence (J(uy)) is nonincreasing and

lim [|V.J(uy,)] = 0. (9.2)
k—oc0

If, additionally, J is strongly convex with a constant k > 0, then the sequence (uy)
converges to u, — a unique minimum point of J and

0 < J(ug) — Ju < (J(uo) — J.)g, (9.3)
Juk = ol < (T uo) = o), (9.4

fork=0,1,..., where J, = irg’{(](u), qg=1- %—’: € [0,1) (Ly is a Lipschitz constant
for V.J).
Remark 9.2. One can show that 2k < Ly (cf. [10]).

Now, let us consider problem (1.1)-(1.2) in the set U = I,7*(L?) with a € (3,1).
Using the above lemma we obtain

Theorem 9.3. A sequence (uy) given by (9.1) with B described in Lemma 9.1
converges to u, — a unique minimum point of J on I,7*(L?), the sequence (J(uy,)) is
nonincreasing and conditions (9.2), (9.3), (9.4) are satified with

b—a)l=L

(
L, = D+1
! INCEY) e

where L is given by (4.8) and D is described in the proof of Theorem 5.1.
Remark 9.4. Let us observe that

Fu(B) = Tk~ BYT(0)) = 2 [y 5.100 (0) — el + 5 a5 70000() 50
5 k() = BT 2y = 3 70 0) = € = 291000 ()2
5 w0 =50 = Bresun Ol + 5 () = B7I @) Ol i
= T1(k) ~ B (0) ~ )29 00 B) + 567 |55 O) 2
(s) — B (0 () =50 295000 s + 58 55000 Ol
() = B (s (), V)0 e gy + 587 VT @) Ol g

So, if

|$VJ(uk)(b) re T ||33VJ(uk)(')||Lz + ||VJ(Uk)(')||1i;a(L2) =0
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for some k, then one can put 8; = 0 and, consequently, VJ(ug) = 0. This means that
ug is a unique minimum point of J. If

|=’CVJ(uk)(b)|Rn + ||93VJ(uk)(')||Lz + HVJ(Uk)(')HI;;a(L?) #0,
then

5 (T, (b) - C)$VJ(uk)(b) + <xuk() - y(), C17V<I(u,€)(')>L2 + <uk(')v VJ(uk)('»]i;a(L?)
. =

(290600 ) g + 12950000 O[30 + 1V T @) Ol 12

is the unique minimum point of fi. It is worth observing (cf. (4.3), (4.5), (5.4), (6.2))
that

b
o 2
(@ 8) = sy = [ |BTLZw, (0 ai

b b
+ / (BT L=, (6) (BT I3, ()dt + / (BT LWL, () (DA us(t))dt,

a

where ¥}, is given by (4.6) and U2 — by (5.5) (with u replaced by uy). Similarly
(cf. (5.2), (4.5), (5.4), (6.2)),

b
(e () = () 2950 () 0 = / (BT ) (1) dt

b b
4 [BTR )BT R, @)+ (BT ()DL (o)
and

b
(), VI (k) () oo g2y = / (BTIL= WL, () (DA ux (1)) dt

b b
+ [T D5 w@)d + [ (DL ®) (D ®)d.
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So,

b
/ (BTL=WL, (1) + (BTLZ°W2, (1)) + (Da5u(®))]” dt

Br =~ 3 2
|xVJ(uk)(b)|Rn + HCCVJ(uk)(‘)HLa + ||VJ(Uk)(')H§;;a(L2)
2
B IV T (i) e 2y
- 2 2 :
|xVJ(uk)(b) Rn + HIVJ(uk)(')HLz + ||VJ(Uk)(')HZ;a(L2)

10. PROJECTION OF THE GRADIENT METHOD

By Py (u) we denote the projection of a point w € H on a convex closed subset U of a
Hilbert space H. We shall use the following result on the convergence of the projection
of the gradient method ([22, Theorem 1.4.4]).

Lemma 10.1. Let U be a convex closed subset of a Hilbert space H and J : U — R
— a functional of class C', bounded below and with the gradient VJ satisfying the
Lipschitz condition with a constant L. If (ug) C H is a sequence described by the
formula

Uk+1 :PU(uk—BkVJ(uk)), k=071,...7 (10.1)

with any fived ug € H, where B, k =0,1,..., is such that

< <
=P s 5

(10.2)

(here €9, € are fized positive parameters such that g9 < ﬁ), then the sequence
(J(ug)) is nonincreasing and

lim |lup — ug41]] = 0. (10.3)
k—o0

If, additionally, J is strongly convex on U, then the sequence (uy) converges to a
unique minimum point u. of J on U and there exists a constant ¢ > 0 such that

s, — ] |* < (10.4)

i
k
fork=1,2,...

Remark 10.2. The constant ¢ can be calulated (cf. [22, Theorem 1.4.4] and
[23, Theorem V.2.2] for the method of calculation).

Now, let us consider problem (1.1)-(1.2) with o € (3,1) in the set I7*(L3)) C
I;;O‘(Lz), where M is a convex closed subset of R™. In the proof of Theorem 7.2 it

has been shown that I, *(L3,) is a convex closed set in I, *(L?). So, from the above
lemma and Theorem 7.2 we obtain the following result.
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Theorem 10.3. If g9, € > 0 are such that ey < L+2 , where L > 0 is a Lipschitz
constant for VJ, then the sequence (uy) given by (10.1)—(10.2) converges to u. —
a unique minimum point of J on I.7*(L3,) and condition (10.4) is satisfied. Moreover,
the sequence (J(uy)) is nonincreasing.

Remark 10.4. Let M = [ny, N1] X ... X [0y, Npp] € R™. In [22, Part 1.4] one can
find the form of the projection P L? — L3, of the space L? on the set L3,. This
allows us to describe the projection PIiIQ(LfM) ILTO(L2) — IXT%(L3,) of the space
I}7%(L?) on the set I} “(L2%,). Indeed, for any u € I}7*(L?), we have

min U — || 1-a = 1’I111’1 %y — DT
verl = (12, )” ||I;+ (L2) = e, H at a+ HLz
. 1— 1 1—
T jers, | Pau =1 = HD‘” u= Pz, (D‘”au)’ L2

= | Pizeu— DI (P, (D w)|

L2
= = 1252 (Pea, (Dlow)|

ey’
So,
Pﬂ "(Li,)( u) = I;IQ(PLQ(DHQU))

for u € I.7*(L?).
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