
DOI 10.2478/ama-2018-0014                                                                                                                                                          acta mechanica et automatica, vol.12 no.2 (2018) 

91 
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Abstract: Stress-strain state of isotropic plate with rectilinear through-crack at combined action of bending and tension, realized by apply-
ing distributed forces and bending moments at infinity, the vectors of which are parallel and perpendicular to the crack, is investigated.  
Under the influence of the internal stress the crack faces contacts on area of constant width near the upper base of plate, and plastic 
zones forms in its tips. Using methods of the theory of complex variables, complex potentials plane problem of elasticity theory and the 
classical theory of plates bending, solving of the problem is reduced to the set of linear conjugation problems and their analytical solution 
is built in a class of functions of limited plastic zones in the crack tips. The conditions of existence of the solution of the problem in these 
terms are determined. Using Treska plasticity conditions in the form of surface layer or the plastic hinge, the length of plastic zone and 
crack opening displacement are found analytically. Their numerical analysis for various parameters of the problem is conducted. 
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1. INTRODUCTION 

The problems of bending and tension of plates with cracks are 
very common. In the article of Chen et al. (2005) the problems of 
periodic system of cracks in an infinite plate are investigated. For 
solving of the problems singular integral equation is used. In the 
article of Shi (2015) a high-accurate solving procedure that de-
scribes the effect of interacting of double-periodic rectangular 
systems of cracks is proposed. The bending of a thin infinite plate 
with a linear crack and a rigid inclusion of random shape is ana-
lyzed in the work of Wang et al. (2000). The solution is obtained in 
integral form by using the Green function of a singular dislocation. 
In the work of Boukellif et al. (2014) the method for cracks detec-
tion in plates is presented. This method allows determining pa-
rameters of crack, such as length, location and angles relatively to 
a reference coordinate system as so as calculation of stress 
intensity factors (SIF). 

In the article of Prawoto (2012) classical fracture mechanics 
approach is used for calculation of the plastic zones that appears 
near cracks in heterogeneous or composite materials. In research 
of Unger D.J. (2007) instead of Tresca plasticity theory the Dug-
dale model of plasticity is used for a static crack. In the work of 
García-Collado et al. (2017) a numerical analysis of influence of 
plasticity, caused by crack closure, that uses the method of crack 
propagation in combination with cyclic plasticity in the crack tip. 
The Reissner’s problems of bend of plates with cracks are given 
in the works of Guimaraes et al. (2009), Samaan et al. (2015), 
Sulym et al. (2011). 

Research of stress-strain state at biaxial bending or combined 

bending and tension of isotropic plate with through-crack consid-
ering crack faces contact both on the crack line and in the region 
of constant width near one of the basis of the plate, without con-
sidering the plastic zones in the crack tip are represented in the 
works of Shackyj et al. (1989, 1995, 2004a, 2004b), Slepyan et al. 
(1995), Papargyri-Pegiou et al. (1995), Opanasovych (2007, 
2008), excluding papers of Alfavicka (2015) and Opanasovych 
et al. (2015), where such consideration is done. In this article is 
studied the case of combined bending and tension of isotropic 
plate with through crack, faces of which are in contact on the area 
of constant width under the action of distributed forces and bend-
ing moments, applied at infinity, the vectors of which, are parallel 
and perpendicular to the crack faces, and considering plastic 
zones in the crack tip, where Treska plasticity conditions in the 
form of surface layer or the plastic hinge are satisfied. Using the 
method of complex potentials the solving of the problem is re-
duced to linear conjugation problems and the explicit expressions 
for complex potentials of plane problem of elasticity theory and the 
classical theory of bending of plates in the class of functions 
of limited plastic zones at the crack tips are found. The length 
of the plastic zone and crack opening displacement is found ana-
lytically and its numerical analysis with various parameters 
is done. In the particular case the known results are obtained. 

2. FORMULATION OF THE PROBLEM 

Let us consider an infinite isotropic plate of thickness2ℎ, 

weakened by rectilinear through-crack of length 2𝑙. Crack faces 
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and the front surface are free from external loads. At infinity the 

plate is subjected to bending moments 𝑀𝑥
∞, 𝑀𝑦

∞ and tension 

forces 𝑝 and 𝑞, applied symmetrically to the crack (see Fig. 1). 
The crack faces under the action of external loads are in smooth 

contact on area of constant width ℎ1 near the upper base of the 
plate (Opanasovych et al., 2008) and in the tips of crack strip-like 
plastic zones are forming, where Treska plasticity conditions are 
satisfied in the form of surface layer or the plastic hinge (Kushnir 
et al., 2003, Kyrjan et al. 2007). 

We now introduce a Cartesian coordinate system 𝑂𝑥𝑦�̃� with the 
origin in the center of crack, so the middle surface of the plate 

coincides with 𝑂𝑥𝑦 coordinate plane and 𝑂𝑥 axis coincides with 
the crack line. We denote the crack length with plastic zones 
of length 𝑏 as 2𝑑, the crack contour as 𝐿, and plastic zones as 

𝐿1, so �̃� = 𝐿 + 𝐿1. 

 
Fig. 1. Loading scheme of a plate and location of a crack  
           with plastic zones 

Since the crack faces are in contact, the solution of the prob-
lem can be divided into two: the plane problem of elasticity theory 
with unknown normal stresses, applied to crack faces, and the 
problem of bend with unknown bending moments applied to crack 

faces. In case of plane problem the constant normal stress σ0 
is acting in the plastic zones and in case of the problem of bend 
bending moment M0 is acting. To describe bend we use 
the technical theory of bend of plates. For the crack faces in the 
plastic zones we have following boundary conditions: 

𝜎𝑦𝑦
± = 𝜎𝑦𝑦, 𝜎𝑥𝑦

± = 0, 𝑥 ∈ 𝐿,                                                     (1) 

𝑀𝑦
± = 𝑀у, Р𝑦𝑦

± = 0, 𝑥 ∈ 𝐿,                                                      (2) 

𝑀у = 𝛽𝑁, ∂𝑥[𝜈] + 𝛼[∂𝑥𝑦
2 𝑤] = 0, 𝑥 ∈ 𝐿,                              (3) 

𝜎𝑦𝑦
± = 𝜎0,  𝜎𝑥𝑦

± = 0, 𝑥 ∈ 𝐿1,                                                    (4) 

𝑀𝑦
± = 𝑀0, 𝑃𝑦

± = 0, 𝑥 ∈ 𝐿1,                                                     (5) 

where: N = −2hσyy, N − crack faces contact force (N > 0); 

σуу, σху − stress tensor components; u,v − displacement vector 

components at the plane problem (Musheviashvili, 1966);  

Ру − generalized Kirchhoff cross-force; Mу − bending moment; 

w− deflection of the plate (Prusov, 1975); in the second formula 

(3) we introduce the notation [ρ(x)] = ρ+(x) − ρ−(x), "+" 

and "−" signs correspond to limit value of an appropriate value 
at y → ±0; [f] = f+ − f−; α and β − constant, which 
are determined by the formula (Opanasovych, 2007): 

𝛽 = 1 − 𝛾/3, 𝛼 = 0.5[1 + (1 − 𝛾)2], 𝛾 = ℎ1/ℎ.              (6) 

3. CONSTRUCTION OF THE SOLUTION OF THE PROBLEM 

Let us introduce the complex potentials Φ(𝑧) and Ω(𝑧) 

(Musheviashvili, 1966) for plane problem and Φ∗(𝑧) and Ω∗(𝑧) 
(Prusov, 1975) – for bend, and then use the dependencies 

              
yy xy

i z z z z z , 

                   2
x
u i z z z z z ,                          (7) 

        
     
*x

g z z z z z , 

       
  

     f z z z z z ,                                        (8) 

where: μ = E[2(1 + υ)]−1 − shear module, E − Young's 
module, υ − Poisson's ratio of the material of the plate, i =

√−1, κ = (3 − υ)/(1 + υ), κ̃ = (3 + υ)/(1 − υ), z = x +

iy, g = ∂xw+ i ∂yw, f = (My + ic′ + i ∫ P(ε)dε
x

0
)/m, 

m = −D(1 − υ), с′ − unknown real constant, D =
2Eh3

3(1−υ2)
− 

cylindrical rigidity of plate. 

Complex potential for large |𝑧| can be represented 
as (Musheviashvili, 1966, Prusov, 1975): 

Φ(𝑧) = Г + 𝑂(1/𝑧2), Ω(𝑧) = Г + Г′ + 𝑂(1/𝑧2), 

Φ∗(𝑧) = Γ̃ + 𝑂(1/𝑧2), Ω∗(𝑧) = −Γ̃ − Γ′̃ + 𝑂(1/𝑧2),       (9) 

where: Г =
1

4
(𝑞 + 𝑝), Г′ =

1

2
(𝑞 − 𝑝), Γ̃ = −

𝑀𝑥
∞+𝑀𝑦

∞

4𝐷(1+𝜐)
, 

Γ′̃ = −
𝑀у
∞−𝑀х

∞

2𝑚
. 

From boundary conditions (1), (2), (4), (5) and the first equa-
tion (7) and the second (8), we will get: 

(𝜎уу − і𝜎ху)
+
− (𝜎уу − і𝜎ху)

−
== (Φ(𝑥) − Ω(𝑥))

+
−

(Φ(𝑥) − Ω(𝑥))
−
= 0, 𝑥 ∈ �̃�,                                              (10) 

𝑓+(𝑥) − 𝑓−(𝑥) = (к̃Φ∗(𝑥) − Ω∗(𝑥))
+

− (к̃Φ∗(𝑥) − Ω∗(𝑥))
−
= 0. 

By solving the linear conjugation (10) and considering the ex-
pression (9), we will have: 

Ω(𝑧) = Φ(𝑧) + Г′, Ω∗(𝑧) = к̃Φ∗(𝑧) − (к̃ + 1)Γ̃ − Γ′̃,   (11) 

If we introduce the function:  

𝐹(𝑧) = −2𝛽ℎ2Ф(𝑧) − 𝑚к̃Φ∗(𝑧) − 𝛽ℎ2Г′ + +
1

2
{𝑖𝑐′ +

𝑚[(�̃� + 1)Γ̃ − Γ′̃]},                                                                 (12) 

then, as can be seen from the first condition (3) and (5), consider-
ing the first expressions (7) and (8), and (11), it will satisfy 
the boundary conditions:  

𝐹+(𝑥) + 𝐹−(𝑥) = {
𝜎1, 𝑥 ∈ 𝐿1,
0, 𝑥 ∈ 𝐿,

                                             (13) 

where: 

𝜎1 = −2ℎ2𝛽𝜎0 − М0.                                                           (14) 

Solution of the problem of linear conjugation (13) in the class 
of functions of limited plastic zones in the crack tips has the form: 
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𝐹(𝑧) =
𝜎1𝑋1(𝑧)

2𝜋𝑖
∫

𝑑𝑡

𝑋
1

+ (𝑡)(𝑡 − 𝑧)
𝐿1

= 

=
𝜎1

𝜋𝑖
ln

𝑑√𝑙2−𝑧2

𝑧√𝑑2−𝑙2+𝑙√𝑑2−𝑧2
                                                          (15) 

where: 

𝑋1(𝑧) = √𝑧2 − 𝑑2. 

Taking into account (9), for a function 𝐹(𝑧) (12) at large |𝑧| 
we will have the expansion: 

𝐹(𝑧) =
1

2
(𝑖𝑐′ − Му

∞) − 𝛽ℎ2𝑞 + 𝑂 (
1

𝑧2
).                             (16) 

Having converted the right part of (15) into a series at large 

|𝑧| and taking into account (16), we will get:  

с′ = 0,                                                                                       (17) 

−
(Му

∞+2𝛽ℎ2𝑞)

2𝜎1
= arccos

𝑙

𝑑
.                                                     (18) 

From dependence (18) we determine length of the plastic 
zone 𝑏. 

From boundary conditions: 

𝜎𝑥𝑦
+ + 𝜎𝑥𝑦

− = 0, 𝑃+ + 𝑃− = 0, 𝑥 ∈ �̃�, 

considering (7), (8), (11), (17), we obtain a problem of linear con-
jugation: 

(Φ(𝑥) − Φ̅(𝑥))
+
+ (Φ(𝑥) − Φ̅(𝑥))

−
= 0, 𝑥 ∈ �̃�, 

(Φ∗(𝑥) − Φ̅∗(𝑥))
+
+ (Φ∗(𝑥) − Φ̅∗(𝑥))

−
= 0, 𝑥 ∈ �̃�, 

solving which in the class of functions of limited plastic zones 
at the crack tips, we will get: 

Φ̅(𝑧) = Φ(𝑧), Φ∗(𝑧) = Φ̅∗(𝑧),                                          (19) 

Considering (8), (11), (17), (19), the second condition (3) and 
the first condition (4) and (5), will have 

(𝛿Φ(𝑥) + 2Φ∗(𝑥) −
Α

2
)
+

− (𝛿Φ(𝑥) + 2Φ∗(𝑥) −
Α

2
)
−

= 0, 𝑥 ∈ 𝐿, (𝛿Φ(𝑥) + 2Φ∗(𝑥) −
Α

2
)
+

+ 

+(𝛿Φ(𝑥) + 2Φ∗(𝑥) −
Α

2
)
−

= 0, 𝑥 ∈ 𝐿1,                           (20) 

where: 

Α = 𝛿𝜎0 − 𝛿Γ′ + 2к̃−1(Μ0𝑚
−1 + (к̃ + 1)Γ̃ + Γ′̃), 𝛿 =

2(1−𝜈)

Ε𝛼ℎ
,                                                                                        (21) 

Having solved the problem of linear conjugation (20) in the 
class of functions limited plastic zones at the crack tips, we get:  

𝛿Φ(𝑧) + 2Φ∗(𝑧) −
Α

2
= 0.                                                    (22) 

Taking into account the expansion (9), based on (22) we will 
have: 

Α = 2(𝛿Γ + 2Γ̃),                                                                    (23) 

or 

−
ℎ2

3
�̃�𝜎0 + 2Μ0 = 2Μ𝑦

∞ −
ℎ2

3
�̃�𝑞,                                        (24) 

where: �̃� = 4𝛾
1
, 𝛾

1
= 3 + 𝜈/(𝛼(1 + 𝜈)), 

To find 𝜎0 and 𝑀0 firstly let us use Treska plasticity condition 

in the form of surface layer on the bottom base of the plate  
(Kushnir et al., 2003, Kyrjan et al. 2007): 

𝜎0 + 3Μ0/(2ℎ
2) = 𝜎𝑦,                                                         (25) 

where 𝜎𝑦 − yield stress of the material of the plate. 

Having solved the system of equations (24) and (25) for 𝜎0 

and 𝑀0, we will get: 

�̃�0 = 𝜎0/𝜎у = 4(1 + 0.25�̃��̃� − �̃�)/(4 + �̃�),                   (26) 

Μ̃0 = 3Μ0/(2ℎ
2𝜎у) = (4�̃� + �̃�(1 − �̃�))/(4 + �̃�), 

where: 

�̃� = 𝜎∞/𝜎у, 𝜎∞ = 3Μу
∞/(2ℎ2), �̃� = 𝑞/𝜎у.                        (27) 

If we use plastic hinge condition (Kushnir et al., 2003, Kyrjan 
et al. 2007): 

(
𝜎0

𝜎у
) +

Μ0

ℎ2𝜎у
= 1,                                                                     (28) 

and solve the system of equations (24) and (28) for the same 
variables, we will get: 

�̃�0 = √(�̃� 12⁄ )
2

+ 1 − 2�̃�/3 + �̃�/6 −
�̃�
12⁄ , 

Μ̃0 = �̃� + 0.25(�̃��̃�0 − �̃�).                                                    (29) 

If we solve the system of equations (12) and (22) for Φ(𝑧) 

and Φ∗(𝑧), then we will get:  

Φ(𝑧) = 𝐶5 + 𝐶6𝐹(𝑧), Φ∗(𝑧) = 𝐶7 + 𝐶8𝐹(𝑧),                    (30) 

where: 

𝐶5 = 𝐶6(Α𝑚к̃ − 4Β), 𝐶6 = 2(𝛿𝑚к̃ − 4𝛽ℎ2)−1, 𝐶7 =
0.5𝐶6(Β𝛿 − Α𝛽ℎ2), 𝐶8 = −0.5𝛿𝐶6, В = −𝛽ℎ2Г′ +

𝑚((к̃ + 1)Г̃ + Г′̃)/2. 

To determine the contact force 𝑁 between the crack banks 
we take into account formulas (6), (7), (11) and (30). After the 
appropriate transformations we will get: 

𝑁 =
Μу
∞−2ℎ2𝑞𝛾1/3

ℎ(𝛽+𝛾1/3)
.                                                                   (31) 

As so as 𝑁 > 0, such formulation of the problem exists when 
the following inequality is satisfied: 

𝑞 ≤ 𝜎∞/𝛾1,                                                                              (32) 

which takes place, as shown in publications of Opanasovych et al. 
(2008, 2015) in a case, when there are no plastic zones in the 
crack tips. 

Crack opening displacement 𝛿 in the crack tips on the lower 
base of the plate we will find by the formula: 

𝛿 = ∫ ∂х
𝑙

𝑑
([𝜐] − ℎ[∂у𝑤]) ∂𝑥.                                               (33) 

If we take into account (7), (8), (11), (19), (30), then after 
transformations from (33) we will get: 

𝛿∗ =
𝛿𝐸

𝜎𝑦𝑙
= 𝑅ln

𝑙

𝑑
,                                                                     (34) 
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where:  

𝑅 = 32𝑅1(1 + 𝛼)/(𝜋𝛼(�̃� + 12𝛽)) 𝑅1 = �̃�0 + 3𝛽�̃�0. 

If we introduce the relative length of plastic zone as 휀 = 𝑏/𝑙, 
then formulas (18) and (34) will take forms 

휀 = sec(𝜋(�̃� + 3𝛽�̃�)/(2𝑅1)) − 1, 𝛿∗ = 𝑅ln(1 + 휀). 

Let us assume that parameter 𝛾 linearly depends on 𝑞, that 
means it changes according to the law 

𝛾 = �̃�1(1 − 𝛼𝛾1�̃�/�̃�), 

where �̃�
1
 is the width of crack banks contact area at 𝑝 = 𝑞 = 0 

(Slepyan, 1995; Opanasovych, 2015). 
It should be noted that for the case when we have only biaxial 

bending, i.e. 𝑝 = 𝑞 = 0, we will get the results obtained in the 
article (Opanasovych, 2015). 

4. NUMERICAL ANALYSIS OF THE PROBLEM 

Numerical analysis of the problem was conducted for υ = 0.3 

and γ̃1 = 0.13, and is presented in Fig. 2 and Fig. 3, where the 
solid lines represent the results obtained at Treska plasticity con-
ditions in the form of surface layer, and dash lines – obtained with 
the use of plastic hinge conditions. 

 
Fig. 2. Graphical dependences of relative length of plastic zone 휀 = 𝑏/𝑙  
           and dimensionless crack opening displacement 𝛿∗ = 𝐸𝛿/(𝜎𝑌𝑙)  
           on �̃� = 𝑞/𝜎𝑌 

 
Fig. 3. Graphical dependences of relative length of plastic zone 휀 = 𝑏/𝑙 
           and dimensionless crack opening displacement 𝛿∗ = 𝐸𝛿/(𝜎𝑌𝑙) 
           on �̃� = 𝜎∞/𝜎𝑌 

On Fig. 2 the graphical dependences of relative length of plas-

tic zone ε = b/l (Fig. 2a) and dimensionless crack opening 

displacement δ∗ = Eδ/(σYl) (Fig. 2 b) on q̃ = q/σY are built. 

Curve 1 is built at σ̃ = σ∞/σY = 0.1 (0 ≤ q̃ ≤ 0.0394), curve 

2 – at σ̃ = 0.3 (0 ≤ q̃ ≤ 0.1182), curve 3 – at σ̃ = 0.5 

(0 ≤ q̃ ≤ 0.197), curve 4 – at σ̃ = 0.7 (0 ≤ q̃ ≤ 0.2758). 
On Fig. 3 the graphical dependences of relative length of plas-

tic zone ε = b/l (Fig.3a) and dimensionless crack opening dis-

placement δ∗ = Eδ/(σYl) (Fig.3 b) on σ̃ = σ∞/σY are repre-

sented. Curve 1 is built at q̃ = q/σY = 0 (0 ≤ σ̃ ≤ 1), curve 2 
– at q̃ = 0.05 (0.1269 ≤ σ̃ ≤ 1), curve 3 – at q̃ = 0.1 

(0.2538 ≤ σ̃ ≤ 1), curve 4 – at q̃ = 0.2 (0.5077 ≤ σ̃ ≤ 1).  

5. CONCLUSIONS 

From the figures we can see, that with the increase of the ex-

ternal loads q̃ = q/σY and σ̃ = σ∞/σY length of plastic zone in 
the crack tips and crack opening displacement increases. Also, 
this parameters, determined with the use of plasticity conditions in 
the form of surface layer, are higher than obtained by using plas-

ticity condition in the form of plastic hinge. At σ̃ → 1 a significant 

increase ε and δ∗ regardless on q̃, is observed in case of using 
Treska plasticity condition in the form of surface layer, and it is not 
observed in the case of plastic hinge conditions. Our research 
shows, that the distributed bending moment at infinity when its 
vector is perpendicular to the crack, as well as the distributed 
force at infinity, does not affect length of the plastic zones and 
crack opening displacement. 
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