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INTRODUCTION

The critical buckling pressure of a spherical 
shell under uniform external pressure was first 
derived by Zoelly [1] based on linear shell theory:

 

1 
 

 

 p0=
2E

√3(1 − υ2)
( t
R

)
2

, (1) 

 

 ρ = [6(1−υ2)]
1
2 (β

2R
t ), (2) 

 

 fc = aρb+c (3) 

 

 

pcr
p0

(fref , ρref) = a1 + a2 ρref + a3 fref  

+ a4ρref
 2  + a5ρref fref + a6 fref

 2  + a7ρref
2  f

ref
  

+ a8ρref fref
 2  + a9ρref

 3  + a10ρref
2 fref

 2  + a11ρref fref
 3   

+ a12 fref
 4  + a13ρref

2 fref
 3  + a14ρref fref

 4  + a15 fref
 5 , 

(4) 

 

 

 fref = 
f −  0.794

0.615
 (5) 

 

 

 ρref = 
ρ −  580.7

1527
, 

(6) 
 
 
 
 
 

 { f  < fc
8.6 ≤ ρ ≤ 8866.0 (7) 

 
 

 

pcr
p0

(ρref) = b1+ b2ρref + b3ρref
2  + b4ρref

3  + b5ρref
4   

+ b6ρref
5  + b7ρref

6  + b8ρref
7  + b9ρref

8  + b10ρref
9  

(8) 

 

 ρref = 
ρ −  132.2

122.8
, (9) 

 (1)

where: t – the thickness, R – the radius, E and υ – 
represent Young’s modulus and Poisson’s 
ratio, respectively. 

Equation 1 is applicable to a perfectly spheri-
cal shell. Extensive reviews and explanations of 
both experimental and theoretical results concern-
ing the buckling behavior of complete spherical 
shells and spherical caps have been provided [2]. 
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More recently, Pan et al. [3] proposed a novel em-
pirical formula to determine the ultimate strength 
of titanium alloy spherical pressure hulls, which 
was subsequently validated through experimental 
testing [4]. The presented experimental, analyti-
cal, and numerical results on the buckling behav-
iors of spherical shells under uniform external 
pressure show excellent agreement [5]. Wagner et 
al. [6] carried out an exhaustive literature review 
and compiled approximately 700 experimental 
results of critical pressure in spherical shells to 
propose new shell-design approaches that are 
both time-efficient and cost-effective.

The buckling behavior of shallow spheri-
cal shells under uniform external pressure has 
received significant attention [7-28]. Buckling 
results are often presented in relation to a non-
dimensional parameter known as the geometric 
parameter ρ, defined as
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where: β – the semi-angle of the shell opening. 

One factor influencing the buckling response 
of shallow spherical shells is the end-edge bound-
ary condition. The two most common boundary 
conditions studied are clamped and hinged ends, 
both of which play a crucial role in determining 
the buckling characteristics of the shells. Experi-
ments on the buckling pressures of deep spheri-
cal shells subjected to uniform external pressure 
with clamped ends were conducted by Kloppel 
and Jungbluth [29]. These results revealed signifi-
cantly lower values compared to the linear criti-
cal pressure represented in Eq. (1). Krenzke and 
Kiernan [19, 30, 31] derived an empirical curve 
for the elastic buckling strength of nearly perfect 
deep spherical shells based on experimental col-
lapse pressures of both shallow and deep shells. 
Additionally, Huang [32] used the Rayleigh–Ritz 
method in conjunction with a variational princi-
ple to numerically determine the buckling pres-
sure of thin spherical shells across a wide range 
of geometric parameters; these results could also 
be extrapolated to deep spherical shells. Numeri-
cal analyses [33, 34] were also employed to as-
certain the buckling pressure of deep spherical 
shells with clamped ends under uniform external 
pressure, aligning well with existing literature. In 
summary, key highlights from the studies on the 
buckling behavior of deep spherical shells under 
uniform external pressure are as follows:

 • Most studies have primarily focused on the buck-
ling pressure of spherical shells with a clamped 
end as the boundary condition for the end edge.

 • Buckling strength is influenced by the bound-
ary condition of the end edge. As this bound-
ary condition approaches that of an ideal fixed 
end, the buckling pressure of the spherical 
shells increases.

 • Numerical methods can be effective in solving 
the end-edge boundary conditions related to 
the nonlinear buckling response of deep spher-
ical shells under uniform external pressure.

The popular method to obtain the buckling re-
sponse of spherical shells is through experiments. 
Testing has been conducted on complete spherical 
shells [4-6], shallow spherical shells [23, 24, 28], 
and deep spherical shells [29-31], with detailed 
test procedures provided in these literatures. In 
addition to the experimental method, theoretical 
buckling results for these types of spherical shells 
have been thoroughly examined [2, 7, 12, 21, 33]. 
With advancements in computer technology and 
the refinement of finite element methods, numeri-
cal analyses have become increasingly reliable in 
investigating the buckling behavior of spherical 
shells [3, 5, 21, 27, 33, 34].

In our previous study [35], we examined the 
impact of friction at the end edge in contact with 
rigid walls on the buckling behavior of shallow 
spherical shells. The results revealed a substantial 
influence of friction on both the critical buckling 
pressure and buckling deformation. Building on 
these findings, the current study extends its focus 
to more complex scenarios involving deep spheri-
cal shells, aiming to provide a comprehensive un-
derstanding of the effects of friction on buckling 
performance. Given the widespread applications 
of spherical shells, and deep spherical shells in 
particular, it is crucial to account for the effects of 
friction on their buckling strength to ensure safety 
and reliability. The objective of this study is to 
provide a whole picture of the effect of friction 
on the buckling behavior of spherical shells. With 
this aim, the study predicts the critical buckling 
pressure and determines the buckling deforma-
tion for every given pair of values of friction co-
efficient and geometric parameter. 

The current results demonstrate a significant 
impact of friction at the end edge on the buck-
ling behavior of deep spherical shells. This ef-
fect is categorized into three distinct regions, and 
specific equations are provided for each region, 
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outlining the parameters and their boundaries to 
illustrate how friction influences the critical buck-
ling pressure. Additionally, the influence of fric-
tion on buckling deformation is also indicated. 
An equation depicting the relationship between 
the friction coefficient and buckling mode transi-
tion has been derived. As a continuation of the 
previous study, the geometric parameter in this 
investigation starts with the maximum value used 
in the prior study and progresses until reaching 
a value corresponding to a hemisphere. Conse-
quently, the estimating equations for critical pres-
sure developed in this study are applicable across 
all geometric parameters and friction coefficients. 
Additionally, this study extends the analysis of 
buckling mode transitions to higher modes.

METHODOLOGY

In this study, we have performed a nonlinear 
buckling analysis using the finite element method 
to investigate the impact of friction at the end 
edge of spherical shells on buckling behavior un-
der uniform external pressure.

Geometry and material properties

Figure 1 illustrates the schematic of the 
spherical shell. The shell has a thickness t of 0.05 
mm and a radius of curvature R of 77.70 mm. 
To prevent concentrated stresses at the contact 
regions between the end edge and rigid walls, 
a rounded edge with a radius Re of 1×10−3 mm 
is created at the shell’s end edge. Figure 1 also 
outlines the boundary conditions for this simula-
tion. The spherical shell is subjected to a uniform 
external pressure p acting on its outer surface. 
The end edge of the shell has three distinct types 
of boundary conditions, as shown in Figures 1a, 
1b, and 1c, which are referred to as the frictional, 
clamped, and hinged ends, respectively. Under 
the frictional end condition, the end edge of the 
shell is supported by rigid walls. To explore the 
effect of friction on the shell’s buckling behavior, 
a variable friction coefficient f is introduced in the 
contact regions. This friction coefficient ranges 
from f = 0.0 (representing a frictionless end) to f 
= 2.0 for each geometric parameter. The penalty 
formulation method is employed to incorporate 
this friction coefficient. The buckling behavior 
of shallow spherical shells within the geometric 
parameter range of 8.6–71.8 under the frictional 

end condition has been examined in our previous 
study [35]. The current study extends the param-
eter range to 71.8–8866.0, corresponding to a 
hemisphere. Figure 2 shows configurations of the 
spherical shell for three different geometric pa-
rameters. The shells used in this study are made 
of aluminum alloy AA6061-T6, and its mechani-
cal properties are listed in Table 1. The buckling 
behavior of spherical shells can be influenced by 
different materials. However, in this case study, 
the shell is assumed to be an isotropic, homoge-
neous, and elastic material.

Numerical model and analysis

An axisymmetric model is created due to 
the symmetry of the structure. A four-node axi-
symmetric quadrilateral element (CAX4R) with 
reduced integration and hourglass control is em-
ployed to decrease computational time and im-
prove convergence [36]. This type of element is 

Fig. 1. Schematic of the spherical shell; (a) 
frictional end; (b) clamped end; (c) hinged end

Table 1. Mechanical properties of AA6061-T6
Young’s modulus, E (MPa) Poisson’s ratio, ν

68900 0.33
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suitable for analyzing structures with axisymmet-
ric geometry subjected to axisymmetric loading. 
Furthermore, it can be used for complex nonlin-
ear analyses involving contact and large defor-
mations. Throughout the simulation, the spheri-
cal shell is considered to have a constant radius 
and uniform thickness, and initial imperfections 
are not accounted for. In the frictional-end condi-
tion, rigid walls are treated as fixed components. 
Under the clamped-end condition, all degrees of 
freedom at the shell’s end edge are restrained. In 
the hinged-end condition, only the central point 
of the end edge is prevented from displacement, 
allowing the end edge to rotate freely.

The accuracy of the numerical simulation is 
significantly influenced by mesh size. However, 
an excessively fine mesh can result in increased 
computational time and cost [36, 37]. Therefore, 
a mesh convergence study is initially conducted 
to determine an appropriate mesh size. The com-
mon method for determining the suitable mesh 
size involves gradually increasing the number of 

elements or decreasing the size of the elements 
and then examining the results. Once the results 
stabilize, that mesh size can be regarded as suit-
able. In other words, the convergence of the re-
sults serves as a threshold for determining the 
suitable mesh size. Both the number of elements 
along the thickness Nt and the total number of ele-
ments N are examined across 

Twelve different mesh sizes, detailed in Ta-
ble 2, for the highest geometric parameter value 
of 8866.0. The objective is to compare based on 
the critical buckling pressure. A finer mesh den-
sity near the contact regions between the shell 
and rigid walls is necessary for the frictional end 
[38-40]. Thus, a mesh of size 0.08×10−3 mm sur-
rounds the contact zone with a radius Rc of 0.01 
mm, as shown in Figure 3. Mesh density increas-
es gradually, ensuring finer mesh sizes are as-
signed closer to the contact regions. To maintain 
element continuity, intersection curves between 
coarse and fine mesh regions are meshed using 
an equal number of elements. This meshing ap-
proach for the contact regions is consistently ap-
plied across all configurations of spherical shells. 
To minimize the influence of the element aspect 
ratio, the element size is divided equally along 
both the thickness and polar directions.

The Riks algorithm [41-43] is used to trace 
the pressure–displacement curve in both the mesh 
refinement and nonlinear buckling analysis steps. 
The algorithm is known for its accuracy in pre-
dicting critical pressure and buckling deformation 
of spherical shells, whether considering friction 
[44-46] or not [6, 36, 47, 48]. Geometric nonlin-
earity is also incorporated in this analysis.

The critical pressure  normalized using one 
of the fully perfect spherical shells is termed the 
relative critical pressure / . The correlation 
between the relative critical pressure and the total 
number of elements is depicted in Figure 4. Mesh 
size significantly influences the critical buckling 
pressure of the spherical shell. A coarse mesh, 
corresponding to a small number of elements, de-
creases the critical pressure. The results stabilize 
once the mesh density reaches a certain threshold 

Fig. 2. Configuration of the spherical shells (ratio of 
semi-angle of shell opening 1:1 and ratio of thickness 

5:1); (a) ρ = 8.6; (b) ρ = 985.1; c) ρ = 8866.0

Table 2. Number of elements along the thickness and the total number of elements corresponding to different mesh 
sizes

Mesh size
(×10−3 mm) 25 12.5 8.3 6.3 5.0 4.2 3.6 3.2 2.8 2.5 2.0

Nt 2 4 6 8 10 12 14 16 18 20 25

N 9764 39056 87882 156224 244180 351624 478604 625104 791370 976720 1526125
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[36, 49]. Therefore, a mesh size of 2.5×10−3 mm, 
with 20 elements along the thickness, is deemed 
suitable for this analysis [46]. In the examined 
case of the geometric parameter of 8866.0, as pre-
sented in Figure 4, the chosen mesh corresponds 
to nearly one million elements. An example of a 
selected mesh in the central and contact regions is 
shown in Figure 3.

RESULTS AND DISCUSSION

Equilibrium paths, which present the relation-
ship between external pressure and center dis-
placement wc, are shown in Figure 5 for clamped, 

hinged, and frictional ends. For clarity, this fig-
ure presents four specific geometric parameters: 
the smallest, highest, and two intermediate val-
ues, illustrating the buckling mode transition as 
the friction coefficient varies. In the frictional 
end scenario, the friction coefficient is gradually 
increased until the equilibrium curve converges 
with that of the clamped end. The critical buck-
ling pressure, marked by circular points in Fig. 
5, represents the pressure at which the shell loses 
its stability. The influence of friction on the pres-
sure–displacement curve is particularly notice-
able at low friction coefficients. In general, as the 
pressure increases, the displacement also exhibits 
a monotonic increase. However, as shown in Fig. 
5b (with a geometric parameter of 157.6), at high 
friction coefficients, the displacement initially in-
creases and then decreases with increasing pres-
sure. These trends are consistent with observa-
tions made at smaller geometric parameters [35]. 
It can be observed in Figure 5 that under the same 
external pressure, the frictionless end exhibits 
the largest displacement. With an increase in the 
friction coefficient, this displacement gradually 
decreases and eventually converges with that ob-
served in the clamped end. In contrast, the hinged 
end consistently shows the smallest displacement 
under the same external pressure, regardless of 
the geometric parameter.

The critical pressures in Figure 5 are selected 
and plotted against the geometric parameter and 
friction coefficient, as illustrated in Figure 6a 
and 6b, respectively. In general, the critical pres-
sure increases nonlinearly as either the geomet-
ric parameter or the friction coefficient increases. 

Fig. 3. Sample of mesh (ρ = 157.6); (a) overall mesh; (b) center part; (c) contact region

Fig. 4. Relationship between the relative critical 
pressure and the total number of elements
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Finally, this critical pressure converges with that 
of the clamped end. For each specific geometric 
parameter, this convergence occurs at a particular 
friction coefficient value, which will be examined 
in greater detail later. The relative critical pres-
sure depicted in Figure 6, highlights significant 
differences among various end conditions. Gener-
ally, the clamped end exhibits the highest critical 
pressure, while the frictionless end displays the 
lowest. As the friction coefficient increases, the 
critical pressure nonlinearly increases, eventually 
converging with that of the clamped end. Despite 
its ability to rotate freely, the hinged end main-
tains a critical pressure higher than that of the fric-
tionless end. Notably, the critical pressure for the 
clamped end in this simulation aligns with previ-
ous studies; these studies observed a fluctuation 

in critical pressure at low geometric parameters. 
As the geometric parameter increases, the critical 
pressure approaches that of a complete sphere, as 
indicated in Eq. 1 [15, 34, 50].

The equilibrium path and critical pressure 
in the frictional end converge with those in the 
clamped end as the friction coefficient increases, 
as shown in Figure 5 and 6. The friction coeffi-
cients at which the buckling behavior in the fric-
tional end converges with that in the clamped end 
(referred to as the converged friction coefficient 
fc) are determined and plotted against the geomet-
ric parameters, as illustrated in Figure 7. Conver-
gence for narrow spherical shells occurs at higher 
friction coefficients. Moreover, the converged 
friction coefficient decreases nonlinearly as the 
geometric parameter increases.

Fig. 5. Equilibrium paths for different geometric parameters with clamped, hinged, and frictional ends
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The formula for the converged friction coef-
ficient is given by
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Equation 3 can be used to predict the con-
verged friction coefficient from the geometric pa-
rameter with an RMSE of 0.12. The constants a, 
b, and c are provided in Table 3. As depicted in 
Figure 7, the impact of friction on the buckling 
behavior of spherical shells can be categorized 
into three distinct regions: region I, region II, and 
region III. Region I encompasses friction coeffi-
cient values that are smaller than the converged 

friction coefficient across all geometric param-
eters. In this region, changes in the friction co-
efficient have a substantial impact on the buck-
ling behavior of the spherical shells. Region II 
includes friction coefficients that are larger than 
the converged friction coefficient and encom-
passes small geometric parameters (ρ<250). Due 
to the convergence of the frictional end with the 
clamped end, the critical buckling pressure in this 
region is solely dependent on the geometric pa-
rameter. The boundary value of ρ (ρ = 250) is de-
termined based on the fluctuations in the critical 
pressure in the clamped end. When the geometric 
parameter exceeds this boundary value, the criti-
cal pressure for the spherical shell equates to that 
of a perfectly spherical one, as previously men-
tioned. As a result, the remaining region (region 
III) includes friction coefficients larger than the 
converged friction coefficient and geometric pa-
rameters greater than 250. The critical pressure in 
this region can be estimated using Eq. 1.

To explain the nonlinear relationship between 
the geometric parameter and the converged fric-
tion coefficient, as shown in Figure 7, the angle of 
rotation of the end edge φ should be examined. As 
indicated in Figure 8, the angle of rotation of the 

Fig. 6. (a) Relative critical pressure vs. friction coefficient for different geometric parameters and (b) 
relative critical pressure vs. geometric parameter for different end-edge boundary conditions

Fig. 7. Relationship between geometric 
parameter and converged friction coefficient

Table 3. Constants in the equation predicting the 
converged friction coefficient fc

a b c

8.03 −0.16 −1.93
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end edge presents the degree of rotation from the 
initial state to the critical state of the end edge of 
the shell. Components of the reaction force at the 
top and bottom corners are also illustrated in Fig. 
8 for further discussion. Because the length of the 
contact regions is relatively small compared to the 
thickness of the spherical shell, these reaction forc-
es are treated as concentrated forces. In this figure, 
the subscripts “t” and “b” denote the components 
at the top and bottom corners, respectively. There 
exists a strong relationship between the reaction 
force components and the rotation angle of the end 
edge at the critical state, as depicted in Figure 8. 
The magnitude and direction of the reaction force 
components contribute to the formation of a resul-
tant moment of force MF. The characteristics of 
this resultant moment of force directly impact the 
rotation angle of the end edge; for instance, if this 
resultant moment of force is in an anticlockwise 
direction, the end edge rotates accordingly.

From the above definitions, the angle of rota-
tion of the end edge is calculated at the critical 
pressure and illustrated in Figure 9. Since there is 
no rotation angle of the end edge in the clamped 
end, the frictional end converges with the clamped 
end as its angle of rotation approaches zero. For 
all geometric parameters, the frictionless end ex-
hibits the highest angle of rotation. As the fric-
tion coefficient increases, the angle of rotation in 
the frictional end diminishes, eventually reaching 
zero at a certain value of the friction coefficient, 
corresponding to the converged friction coeffi-
cient. This trend is observable in Figure 9, where 
there is a gradual decrease in the angle of rota-
tion at small geometric parameters. However, at 

larger ones, it demonstrates a rapid reduction as 
the friction coefficient increases. Notably, as the 
geometric parameter increases, the friction co-
efficient value at which the angle of rotation of 
the end edge vanishes nonlinearly decreases. In 
other words, the value of the friction coefficient at 
which the disappearance of the angle of rotation, 
as illustrated in Figure 9, aligns with the con-
verged friction coefficient depicted in Figure 7.

Building on the categorization outlined in Fig. 
7, the dependence of critical pressure on the fric-
tion coefficient and the geometric parameter var-
ies. Therefore, the critical pressure must be pre-
dicted for each defined region. In region I, both the 
friction coefficient and the geometric parameter 
influence the critical pressure, as given by
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Fig. 8. Illustration of the angle of rotation of the 
end edge and components of reaction forces

Fig. 9. Angle of rotation of the end edge at critical 
pressure for different geometric parameters
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The relative critical pressure in this region can 
be estimated using Eq. 4 for each pair of the fric-
tion coefficient and geometric parameter, with an 
RMSE of 0.127. The constants ai are determined 
using the linear least squares fitting method and 
are presented in Table 4. The valid boundary for 
the friction coefficient and geometric parameter 
in this region is constrained by Eq. 7. In region 
II, the critical pressure is solely a function of the 
geometric parameter and can be estimated using 
the following equation:
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Equation 8 predicts the relative critical pres-
sure with an RMSE of 0.071, and its constants bi 
are listed in Table 5. Equation 8 applies to the valid 
boundary of the friction coefficient and geometric 
parameter, as indicated in Eq. 10. As indicated in 
Eq. 8 within the specified range from Eq. 10, each 
coefficient bi is multiplied by a power function 
of the geometric parameter, except for the con-
stant b1. Consequently, variations in the relative 
critical pressure result from changes in geometric 
parameters affecting these coefficients, excluding 
bi. Examining Eq. 8 without the geometric param-
eter’s impact, the coefficient b1 depends on the 

critical pressure of fully perfect spherical shells 
. This critical pressure is a function of thick-

ness, radius, and material properties, as expressed 
in Eq. 1. Hence, these parametric factors can play 
a significant role in influencing the value of the 
coefficient. Finally, the critical pressure in region 
III could be estimated by Eq. 1. The application 
of the friction coefficient and geometric param-
eter in this region is as follows: 
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Based on these predicted equations, a con-
tour plot illustrating the dependence of critical 
pressure on the friction coefficient and geometric 
parameter is presented in Figure 10. The critical 
pressure nonlinearly increases with an increase in 
either the friction coefficient or geometric param-
eter and then it converges with that of the clamped 
end. The relationships depicted in this figure are 
consistent with those shown in Figure 6. As evi-
dent in Figure 10, region I exerts the most signifi-
cant influence on critical pressure; even a minor 
alteration in the friction coefficient can result in 
a substantial change in critical pressure. In prac-
tical applications, for each geometric parameter, 
achieving a friction coefficient greater than the 
converged friction coefficient through the method 
of joining the end edge will increase the spherical 
shell’s resistance to buckling.

To examine the effect of friction on the buck-
ling deformation of the spherical shell, Figure 
11 presents the distribution of radial displace-
ment  wr at the critical pressure along the polar 

Table 4. Constants in the equation to predict the 
relative critical pressure in region I

a1 a2 a3 a4 a5

1.001 −1.263 −0.607 −6.819 −7.096

a6 a7 a8 a9 a10

−1.358 −13.060 −6.886 −0.384 −8.391

a11 a12 a13 a14 a15

−1.425 0.109 −1.814 0.286 0.012

Table 5. Constants in the equation to predict the 
relative critical pressure in region II

b1 b2 b3 b4 b5

1.029 0.359 −2.588 −2.151 10.671

b6 b7 b8 b9 b10

2.311 −13.983 1.332 5.587 −1.712 Fig. 10. Contour plot of the relative critical pressure
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angle θ for different geometric parameters under 
clamped, hinged, and frictional ends. Initially, the 
mode of deformation, indicated by the number of 
extreme points, should be defined for discussion. 
Mode I has only one extreme point located at the 
center of the shell. Similarly, mode II exhibits two 
extremes: one at the center and another between 
the center and the edge. Higher modes can be de-
fined using the same principle [11-13]. 

As observed in Figure 11, friction exerts a 
strong influence on the deflection of spherical 
shells, with the highest deformation occurring 
at the frictionless end. As the friction coeffi-
cient increases, buckling deformation decreases, 

eventually converging with that of the clamped 
end. For specific geometric parameters, such as ρ 
values of 157.6 and 214.5, an increase in the fric-
tion coefficient leads to a reduction in the buck-
ling mode—from mode V at f = 0.0 to mode IV at 
f = 0.96 and from mode VI at f = 0.0 to mode V at 
f = 0.84, as shown in Figure 11b and 11c, respec-
tively. Transitions to smaller buckling modes due 
to changes in the friction coefficient have also been 
observed for smaller geometric parameters [35].

Buckling modes and buckling mode transi-
tions from mode I to mode VI due to changes in 
friction are illustrated in Figure 12a. The values 
of the friction coefficient at which these buck-
ling mode transitions occur, termed transitional 
friction coefficients ft, are marked by dashed el-
lipses. These transitional friction coefficients are 
selected and plotted against their corresponding 
geometric parameters, as shown in Figure 12b.
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Fig. 11. Distribution of radial displacement along the polar angle at critical pressure for 
different geometric parameters with various end-edge boundary conditions

Table 6. Constants in the equation estimating the 
transitional friction coefficient ft

e g h

419.10 −2.11 0.91
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The value of the transitional friction coeffi-

cient can be estimated using Eq. 12, with a root 
mean square error (RMSE) of 0.05. The constants 
e, g, and h are listed in Table 6. Eq. 13 indicates 
the boundary value of the geometric parameter 
applied in Eq. 12. As shown in Figure 12, at 
smaller geometric parameters, the buckling mode 
transition occurs at higher friction coefficients. 
The transitional friction coefficient decreases as 
the geometric parameter increases. To explain 
this phenomenon, reaction forces at the top and 
bottom corners, the resultant moment of force due 
to these reaction forces, and the bending stress 
should be considered.

The reaction forces in the horizontal direction 
Fxt and the vertical direction Fyt at the top corner, 
as well as in the horizontal direction Fxb and the 
vertical direction Fyb at the bottom corner for a 
specific geometric parameter at different values 
of the friction coefficient, as defined in Figure 8, 
are depicted in Figures 13a, b, c, and d, respec-
tively. The corresponding horizontal resultant 
reaction force  Fx and vertical resultant reaction 
force Fy are also presented in Figure 13e and f. 
Figure 13a–d reveals that, under identical exter-
nal pressure, as the friction coefficient increases, 
the horizontal reaction force at the bottom cor-
ner increases while it decreases at the top corner. 
Furthermore, these horizontal reaction forces are 
negative. Consequently, their fluctuations at the 
top and bottom corners contribute to a change in 

the resultant moment of force. These variations 
in reaction force components, as the friction co-
efficient changes, align with those observed in a 
study on small geometric parameters [35].

Figure 14 depicts the resultant moment of 
force due to reaction forces at the critical pressure 
for distinct geometric parameters. This resultant 
moment of force is computed at the center point of 
the end edge (point A in Fig. 8) and corresponds to 
the bending moment at the end edge of the spheri-
cal shells. The resultant moment of force has a 
positive value in the anticlockwise direction and 
vice versa. The decrease, change in sign from pos-
itive to negative, and eventual increase in the re-
sultant moment of force as the friction coefficient 
rises are consistent with the trends observed in the 
study on small geometric parameters [35]. This 
alteration in the resultant moment of force may in-
fluence the bending moment of the spherical shell.

The distribution of tangential stress σθ at the 
inner and outer surfaces of the spherical shell at 
the critical pressure is depicted in Figure 15a. The 
central portion of Figure 15a is highlighted in 
Figure 15b to indicate the movement of the no-
bending point. This point corresponds to the polar 
angle  θNB where the tangential stress at the inner 
surface is identical to that at the outer surface. As 
shown in Figure 14, the resultant moment of force 
changes as the friction coefficient increases. This 
alteration in the resultant moment of force leads to 
the movement of the no-bending point [35]. The 
shift of the no-bending point is influenced by the 

Fig. 12. (a) Buckling modes and (b) relationship between geometric 
parameter and friction coefficient for buckling mode transition
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Fig. 13. (a) Horizontal reaction force and (b) vertical reaction force at the top corner; 
(c) horizontal reaction force and (d) vertical reaction force at the bottom corner; 

(e) horizontal resultant reaction force and (f) vertical resultant reaction force
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Fig. 14. Resultant moment of force due to 
the reaction forces at the critical pressure

vertical and horizontal resultant forces Fy and Fx, 
as indicated in Figure 13f and 13e, respectively. 
The vertical resultant force maintains equilibrium 
with the external pressure, while the horizontal 
one primarily associates with the resultant mo-
ment of force. The external pressure generates a 
moment in an anticlockwise direction at the end 
edge while the direction of the resultant moment 
of force is opposite. Because the vertical resultant 
force is smaller than the horizontal resultant force, 
the resultant moment of force dominates over the 
moment due to the external pressure. As a result, 

Fig. 15. (a) Distribution of tangential stress at the inner (dotted curves) and outer (solid 
curves) surfaces and (b) movement of the no-bending point at the critical pressure

the no-bending point shifts closer to the central 
portion. The shift of the no-bending point is con-
tinuous until it reaches the central area. Here, the 
bending moment is equal to zero. Consequently, 
the number of no-bending points decreases, lead-
ing to a change in the buckling mode. Therefore, 
the buckling mode transition occurs when the no-
bending point reaches this central area [35].

The relationship between the friction coeffi-
cient and the location of the no-bending point is 
depicted in Figure 16. In a frictionless end, the 
larger the geometric parameter, the closer the 

Fig. 16. Movement of the no-bending point 
for different geometric parameters
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no-bending point is to the center. As the friction 
coefficient increases, the no-bending point non-
linearly shifts toward the center. Additionally, at 
larger geometric parameters, the change in the 
theta angle of the no-bending point is more sig-
nificant than at smaller ones when the friction 
coefficient increases. Therefore, the transitional 
friction coefficient is higher for smaller geometric 
parameters, as indicated in Figure 12.

CONCLUSIONS

This study examines the buckling behavior of 
thin, elastic spherical shells across a wide range 
of geometric parameters, from shallow to hemi-
spherical shells, subjected to uniform external 
pressure. Three distinct types of boundary con-
ditions for the end edge—clamped, hinged, and 
frictional ends—are considered to assess the in-
fluence of friction on the buckling performance of 
the shells. An axisymmetric finite element model 
is developed, and a nonlinear analysis technique 
is applied. The results reveal a significant impact 
of friction on the buckling behavior of spherical 
shells. Specifically, when the friction coefficient 
is smaller than the converged friction coefficient, 
reducing the friction coefficient renders the spher-
ical shell more susceptible to buckling. A formula 
is derived to estimate this converged friction coef-
ficient for each geometric parameter. This study 
also establishes a boundary that delineates the 
influence of friction on critical pressure in dis-
tinct regions. For each of these regions, an equa-
tion predicting the critical pressure is formulated. 
Moreover, the effect of friction on the buckling 
mode transition of the spherical shell is examined. 
Due to the more substantial change in the theta 
angle of the no-bending point at higher geometric 
parameters as the friction coefficient increases, 
buckling mode transitions occur at lower friction 
coefficients in wide spherical shells. From these 
findings, the results of this study hold potential 
applications in the design of spherical shells in 
marine industries and aerospace, particularly in 
understanding buckling failure. The limitation 
of this study is that it does not take into account 
initial imperfections, which are challenging to 
reproduce in experiments. For simplification, 
this study has focused on examining thin, elastic 
spherical shells without initial imperfections. Our 
focus is on the uniform external pressure loading 
condition. In the future, this investigation could be 

extended to the non–uniform loading scenarios or 
dynamics loads. In this study, the material is con-
sidered to be in the elastic region. Nevertheless, 
the elastic-plastic properties of materials can in-
fluence the buckling behavior of spherical shells. 
Furthermore, the potential influence of tempera-
ture could be a subject of further investigation.
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