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A coding theoretical interpretation of
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Abstract In this paper, we establish a new result followed from Gaussian Pell
polynomials matrix, Q" (z)P(z) (cf. ( )) whose elements are
Gaussian Pell polynomials and we develop a new coding and decoding method fol-
low from Gaussian Pell polynomials matrix, Q™(z)P(x). The correction ability of
this method is 93:33% .
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1. Introduction. The Pell numbers are defined by the recurrence rela-
tion:
P,=2P, 1+ P,_5 for n>2

with initial seeds
Py=0,P =1.

The Pell numbers, P,, and silver ratio,

P
u = lim D142

n—ao0 n—1
have appeared in sciences and information theory ( ), ( ),
(1971), (2010), (2011), (2009).
The Pell polynomials ( ) are defined by the recurrence
relation:

P,(z) =2zP,_1(x) + Py_o(z) for n>2

with initial seeds
Po(:l}) = 0,P1($) =1.

The Gaussian Pell polynomials ( ) are defined by the
relation:

GP,(z) = P,(z) +iP,_1(x)
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where i is the imaginary unit which satisfies 12 = —1.
The Gaussian Pell polynomials ( ) are defined by the
recurrence relation:

GP,(x) =2xGP,_1(x) + GP_o(z) for n>2
with initial seeds
Gpo(.r) = ’i, GPl(l‘) =

2. Gaussian Pell polynomials matrix, Q"(x)P(x). In this section,
we defined a Gaussian Pell polynomials matrix, Q” )P(x),

ore- (G )

Q<x>=<2f é)

P(z) = < 2x1+i 1 )

DetQ(x) = —1, DetP(z) = 2(—1+iz) and Det(Q"(x)P(x)) =2(—-1)"(—1+
iz), which is known as Cassini formula for the Gaussian Pell polynomials.

where

and

3. Gaussian Pell polynomials coding and decoding method. In
this paper, we introduce Gaussian Pell polynomials the coding and decoding
method, which is applicable for a complex plane. In this method, we repre-
sent the message in the form of nonsingular square matrix, M of order 2 and
we represent the Gaussian Pell polynomials matrix, Q" (z)P(x) of order 2 as
coding matrix and its inverse matrix (Q"(x)P(z))~! as a decoding matrix.
We represent a transformation M x (Q"(x)P(x)) = E as Gaussian Pell poly-
nomials coding and a transformation E x (Q"(x)P(z))~! = M as Gaussian
Pell polynomials decoding. We represent the matrix, F/ as code matrix.

3.1. Example of Gaussian Pell polynomials coding and decoding
method. Let us represent the initial message in the form of the nonsingular
square matrix, M of order 2

M:(ml mQ). (1)

ms3 My

Let us assume that all elements of the matrix are positive integer i.e., mq, mao,
ms, mq > 0. We can select for any value of n from Gaussian Pell polynomials
matrix, Q" (z)P(x) as a coding matrix. We simply write for n = 1

([ GPy(z) GPy(z)\ [ 4x?+1+i2z 2z +i
Qz)P(z) = ( GPj(x) GP?(:L’) > N < 2+ 1 ) - )
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Then the inverse of Q(x)P(z) is given by
_ 1 GPi(z) —GPy(x)
Pa) =
(Q@)P(x)) (=2)(—1 +ix) < —GP(z) GP(x)
B 1 1 —2x —1 (3)
T (=2)(~14ix) \ 2z —i 4P+ 1402z )
Then the Gaussian Pell polynomials coding of the message (1) consists of the

multiplication of the initial matrix (2) that is

M x (Q(z)P(x)) = ( Z; :;i ) < 4x224;1_;-i2x 2x1+i )

( dmix® 4+ my + 2mox + i(2max + ma)  2mix 4+ ma + imy
(

dmzx? + m3 + 2myx +i(2msz +my)  2max + myg +ims

€1 €9 —E
€3 €4

where
e1 = 4mix® + my + 2mox + i(2myz + ma),
ez = 2mix + ma + imyq,
es = 4msx® + ms + 2max + i(2msx + my),
e4 = 2msx + my + 1ms.

Then the code message, F = e, ea, e3, eq is sent to a channel. The decoding
of the code message, F performed by following way,

et e\ 1L 1 —27 — i
es €1 ) (=2)(=14idz) \ —2z—1i 4a?+1+i22

_ 1 e1 — 2e9w —iey  —2e1x + 4deax? + eg + i(—eq + 2ea7)
T (=2)(—1+iz) \ e3—2eqx —ies —2e3x + desx® + es +i(—e3 + 2e47)

(™ ")
ms3 MMy '

4. Determinant of the code matrix, E. The code matrix, F is defined
by the following formula F = M x (Q"(x)P(x)). According to the matrix
theory ( ) we have

Det E = Det(M x (Q"(x)P(x))) = Det M x Det (Q"(x)P(x)) (4)
= Det M x Det (Q"(x))Det (P(x)).

5. Relations between the code matrix elements Case I
When n =2k + 1 i.e. when n is an odd.
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We can write the code matrix, E and the initial message, M in the following
way

=@ @pa) = ) (Grn) en))
o < €1 e2 >
ez ey

M = B x (@) (2)P(a))
_ < er e ) 1 ( —GPyiy1(x)  GPopya(x) ) I
e3 er ) 2(=1+iz) \ GParya(r) —GPuys(z) 2(—1 +ix)

% ( —€1GP2k+1<J?) + 62GP2k+2(J}) 61GP2k+2($) — QQGPQkJrg(w) >
—e3G Pop11(7) + e4G Pogr2(7) 3G Pogya() — eaGPogr3(x) )

and

Since m1, me, ms, my are positive integers, we have

—e1GPopyq (33) + e2GPoj 10 (l’)

m1 = 2(—1 +ix) “0 ?
my = 61GP2H22(($_)1_+6596G>P2H3(96) v "
e — —e3GP2k+21((_mi i ;aifpzkﬁ(l’) >0, (7)
my = €3GP2k+22((:C_)1_+e§xG)P2k+3(x) > 0. (8)

From (5) and (6) we get

GP. e GP.
2k+3 _ €1 _ 2k+2

— . 9
GPopy2 €2 GPopi ©)
From (7) and (8) we get
GP. GP.
2k+3 €3 < 2k+2 (10)
GPot2  es  GPoypa
Therefore, for large value of k we get
gzu,ﬁzuwhereuzl—i—ﬂ. (11)

€2 €4

Case 11
When n = 2k i.e. when n is even.
We will get the same result as above in (11).

6. Error detection and correction.
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6.1. Error detection. The main aim of the coding theory are the de-
tection and correction of errors arising in the code message, £ under the
influence of noise in the communication channel. The most important idea is
using the property of the determinant of the matrix as the check criterion of
the transmitted message, E. Let the initial message, M be given by

M:(m1 m2) (12)

m3 My

where all elements m1, mo, ms, myq of the matrix, M are positive integers.
Now the determinant of M is

Det M = mimyg — maoms (13)
and the code message, F

E = (M x(Q"(x)P(x)))- (14)
So,

Det E = Det (M x (Q"(z)P(z))) = Det M x Det (Q"(z)P(z))  (15)
= Det M x Det (Q"(x))Det P(x). (16)

This shows that the determinant of the initial message, M is connected with
the determinant of the code message, F by the relation (15)-(16). The value
of the determinant of the message, F depends on the number n is even or
an odd. The essence of the method consists that the sender calculates the
determinant of the initial message, M represented in the matrix form (12)
and sends it to the channel after the code message, E (14). The receiver
calculates the determinant of the code message, E' (14) and compares the
determinant of the initial message of M (12) received from the channel. If
this comparison corresponds to (15)-(16) it means that the code message, E
(14) is correct and the receiver can decode the code message, E (14) otherwise
the code message, F (14) is not correct. Error detection is the first step in
communication of messages.

6.2. Error correction. The possibility of restoration of the code mes-
sage, ' can be done by using the property of the Gaussian Pell polynomials
matrix, Q"(x)P(z). For selecting n = 1, Gaussian Pell polynomials matrix,
Q" (x)P(x) will be

_( GPy(z) GPy(z)\ [ 42?+1+i2z 22+
@z)P(z) = < GP;(:B) GPi(ac) ) N ( 2r + i 1 ) - (17)

Then the Gaussian Pell polynomials coding of the message (12) consists of
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the multiplication of the initial matrix (17) that is

M Q(m)P(w)=<m1 m2><4x2+1+z‘2x 2x+i>

ms My 2r +1 1
dmix® + my + 2mox +i(2maz + me)  2mix 4+ ma + imy )

o ( Amsz? + ms3 + 2max + i

_ €1 €2 - B
€3 €4

—

2msx +my) 2msx + my + img

where
e1 = 4miz® +my + 2mox +i(2miz +ma), e = 2myx + ma + imy,
e3 = 4mgx? +m3 + 2myx +i(2msx +my), eq = 2m3x + my + img.

After constructing the code matrix, F we calculate the determinant of the
initial matrix, M (12). The determinant is sent to the communication channel
after the code message, & = eq, e, e3,e4. Assume that the communication
channel has the special means for the error detection in each of the elements
e1, e, e3,eq4 of the code message, . Assume that the first element e; of
is received with the error. Then, we can represent the code message in the

matrix form
€3 €4

where y is the destroyed element of the code message, E but the rest matrix
entries must be correct and equal to the following:

ey = 2mix 4+ mo +imy; ez = 4mzx® + m3 + 2myx + i(2max 4 my);
e4 = 2msx + my + tms.

Then, according to the properties of the Gaussian Pell polynomials coding
method, we can write the following equation for calculation of y

yes —eges = y(2msx + my + ims3) (19)
—(2myx + mo + imy) (dmsa® 4+ ms + 2max + i(2max + my))

From (19) with the help of (15)-(16), we get
y = dmiz? + my + 2maz + i(2myiz + mo). (20)

Comparing the calculated value (20) with the entry e; of the code matrix, E
given with (12) we conclude that y = e;. Thus, we have restored the code
message, F using the property of determinant of the Gaussian Pell polynomi-
als Q" (x)P(x) matrix. But in the real situation usually we do not know what
element of the code message is destroyed. In this case, we suppose different
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hypotheses about the possible destroyed elements and then we test these hy-
potheses. However, we have one more condition for the elements of the code
matrix F that all its elements are integers. Our first hypothesis is that we
have the case of a single error in the code matrix F received from the com-
munication channel. It is clear that there are four variants of the single errors
in the code matrix, E:

y €2 €1 Zz €1 €2 er es
(2 o(e o(s 2)a(e ) e
where y, z, u, v are destroyed elements. In this case we can check different

hypotheses (21). For checking the hypothesis (a), (b), (¢), (d) we can write
the following algebraic equations based on the checking relation (4):

yeq — egeg = Det (Q"(x)P(x))Det M, (22)

It is a possible single error is in the element eq;
ereq — zes = Det (Q"(x)P(x))Det M, (23)

It is a possible single error is in the element es;
ereq — eau = Det (Q"(x)P(x))Det M, (24)

It is a possible single error is in the element es;
e1v — eges = Det (Q"(z)P(x))Det M (25)

It is a possible single error is in the element e4.
(26)

It follows from (22)-(25) four variants for calculation of the possible single
errors.

y = Det (Q"(x)P(x))Det M + ezes

2 , 27)

, _ = Det (@) P(x)) Det M + eres. o8)

L _ —Det (Q”(x)P(ej))Det M teres 29)

. _ Det (Q”(x)P(:n?)QDet M+ eses (30)
€1

The formula (27)-(30) give four possible variants of single error but we have
to choice the correct variant only among the cases of the integer solutions
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Y, 2, u, v; besides, we have to choose such solutions, which satisfy the ad-
ditional checking relations (11). If calculations by formulas (27)-(30) do not
give an integer result we have to conclude that our hypothesis about the sin-
gle error is incorrect or we have an error in the checking element Det M. For
the latter case we can use the approximate equalities (11) for checking the
correctness of the code matrix E. By analogy we can check all hypotheses of
double error in the code matrix. As example let us consider the following case
of double errors in the code matrix E

(gg ) (31)

where y, z are the destroyed elements of the code message. Using the first
checking relation (4) we can write the following algebraic equation for the
matrix (31):

yes — zeg = Det (Q"(z)P(x))Det M. (32)

However, according to the second checking relation (11) there is the following
relation between y and z :

YRz, (33)

It is important to emphasize that (32) is Diophantine one. As the Diophantine
equation (32) has many solutions we have to choice such solutions y, z which
satisfy to the checking relation (33). By analogy one may prove that using
checking relations (4), (11) by means of solution of the Diophantine equation
similar to (32) we can correct all possible double errors in the code matrix.
However, we can show by using such approach there is a possibility to correct
all possible triple errors in the code matrix E, for example < Z :4 ) etc.
where y, z, u are destroyed elements. Thus, our method of error correction
is based on the verification of different hypotheses about errors in the code
matrix by using the checking relations (4), (11) and by using the fact that
the elements of the code matrix are integers. If all our solutions do not bring
to integer solutions it means that the checking element Det M is erroneous or
we have the case of fourfold error in the code matrix, F and we have to reject
the code matrix, F as defective and not correctable. Our method allows to
correct 14 cases among (1Cy +4Co +*C34+4 Cy) = 2* —1 = 15 cases. It means
that correction ability of the method is % = 0.9333 = 93.33%.

7. Comparison of the Gaussian Pell polynomials coding method
to the other coding method. The Gaussian Pell polynomials coding
method is based on matrix approach which possess many peculiarities and
advantages in comparison to classical (algebraic) coding method. The use of
matrix theory for designing new error-correction codes is the first peculiarity
of the Gaussian Fibonacci coding method. The large information units, in
particular matrix elements, are objects of detection and correction of errors
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in the Gaussian Pell polynomials coding method. There is no theoretical re-
strictions for the value of the numbers that can be matrix elements whereas in
algebraic coding theory there are very small information elements, bits and
their combinations which are the objects of detection and correction. The
Gaussian Pell polynomials coding method has a very high correction ability
in comparison to the classical (algebraic) coding method. The Gaussian Pell
polynomials coding and decoding method is the extension of the Fibonacci
coding and decoding method ( ) and it is applicable for a complex
plane too.

8. Conclusion. The Gaussian Pell polynomials coding method is the
main application of the Q" (x)P(z) matrix. The Gaussian Pell polynomials
coding method reduces to matrix multiplication, a well-known algebraic op-
eration, which is realized very well in modern computers. The main practical
peculiarity of this method is that large information units, in particular, matrix
elements, are objects of detection and correction of errors. The elements of
the initial matrix, M and therefore the elements of the code matrix, £ can be
the numbers of unlimited value. This means that theoretically the Gaussian
Pell polynomials coding method allows to correct the numbers of unlimited
value. The correction ability of this method is 93.33%.

9. Open Problem. There is an open problem to define a new matrix
Q"(xz)P(z) of order n whose elements are Gaussian Pell polynomials. This
matrix will be useful to establish the error detection and correction and rela-
tions among the code matrix elements.
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Teoretyczna interpretacja wielomianéw Gaussa-Pella jako kodowania.
Bandhu Prasad

Streszczenie W artykule z wykorzystaniem macierzy wielomian6w Gaussa Pella,
Q" (z)P(x) (v. Serpil and Sinan (2018)), opracowano nowa metode kodowania. Ta
metoda wynika z wlasnosci tej macierzy. Uzyskany kod daje mozliwo$¢ korekcji na
poziomie 93:33% .
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