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EXISTENCE AND SMOOTHING EFFECTS OF
THE INITIAL-BOUNDARY VALUE PROBLEM
FOR 0u/0t — Ao(u) =0
IN TIME-DEPENDENT DOMAINS

Mitsuhiro Nakao
Communicated by J.I. Diaz

Abstract. We show the existence, smoothing effects and decay properties of solutions to the
initial-boundary value problem for a generalized porous medium type parabolic equations of
the form

ur — Ao(u) =0 in Q(0,7)

with the initial and boundary conditions
w(0) =uo and wu(t)|sqw =0,

where Q(t) is a bounded domain in RY for each t > 0 and

Q0,T) = U Q@) x {t}, T>0.

o<t<T

Our class of o(u) includes o(u) = |u|™u, o(u) = wulog(l + |u|™), 0 < m < 2, and
o(u) = |u|™u/y/1+ |u2, 1 < m < 2, etc. We derive precise estimates for ||u(t)|la),oo
and HVU(U("’))H?Z(QQ» t > 0, depending on ||uo||o0),~ and the movement of 9Q(t).
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1. INTRODUCTION
In this paper we consider the quasilinear parabolic equation

us — Ao(u) =0 in Q(0,T) (1.1)
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with the initial and boundary conditions
u(0) =up and u(t)]saq) =0, (1.2)

where Q(t) is a bounded domain in RY for each ¢ > 0. We set

Qltitz) = |J Q) x{t} and S(t.t2)= [J 0Q(t) x {t}.

t1<t<to t1<t<to

We assume that

U o) x {t}

0<t<T

is of C?** class, 0 < a < 1.
Let n = (n,,nt) be the outward normal at (x,t) € S(0,7). Throughout the paper
we assume:

Hypothesis 0. |n,| # 0.

By this assumption the so called parabolic boundary of Q(t1,t2) coincides to
S(ty,t2) U (Q(tl) x {tl}) (ct. [7]).

Concerning o(u) we make the following assumptions.

Hypothesis A. o(u) is an odd function in C***(R/{0}) N C*(R), 0 < a < 1, and
satisfies the conditions:

(1)
a(0) =0, kolo(u)] < o' (u)lul < kilo(u)],

(2) there exist ¥ > 0 and m > 0 such that for any K > 1,
o' (u) > koK ¥ |u|™ if |u] <K,
(3)
kolu|"T < |o(u)| < kyfuFHLif |u] > 1

with some 0 <[ < L,

(4)

kolul® < o' (w)o(w)* if u] > 1,

where in the above kg, k1 are positive constants.
(We assume for simplicity that I < m.)

The condition (4) is required from a technical reason and not necessary when ()
is independent of ¢. The typical examples are the following:

ow)=ul"u (I=L=m2>0,v=0),
o(u) =ulog(l+ |[u|™) (m>0,1=0,0<L<<1,v=m),

= |u|"u/\/14+u?2 (m>1,L=1l=m—-1,v=1).

These ones satisfy Hypothesis A.
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When (t) = Q, independent of ¢, the equation (1.1) like o(u) = |u|™u has been
considered by many authors (see DiBenedetto [5], Vazquez [13] and the references
cited therein), and in particular, smoothing effects and decay properties including
the estimates of ||u(t)||eo and |[Vo(u(t))||2, were investigated by Ohara [12] under the
assumption uy € LP° with some py > 1. (Decay property of ||Vo(u(t))|2 is shown
in [8].) The object of the present paper is to discuss the existence, smoothing effects and
decay properties of the problem (1.1)—(1.2) for ug € L"(©(0)), > 1, in time-dependent
domains. We derive precise estimates of [|u(t)|lo),00 and ||[Vo(u(t))|low),2, t > 0, and
these estimations are very delicate for latter examples like o(u) = ulog(1 + |u|™)
and o(u) = |u|™u/v1+ u?, etc. For a technical reason we must assume m < 2, but,
this assumption is unnecessary if Q(¢) = Q is independent of ¢ and our results are
new even for such a cylindrical case. Our results concerning smoothing effects seem
to be new even for the nondegenerate case o’(u) > d9 > 0 when Q(t) depends on t.
We could consider the equation with a forcing term f(x,t), but to make the essential
feature clear we restrict ourselves to the case f = 0.

Quite recently we have discussed in [10,11] the existence and smoothing effects for
the equation (1.1) with —Ac(u) replaced by —div(o(|Vu|?)Vu) and derived estimate
for [[Vu(t)|[q),00, and in the present paper we use some techniques developped there.
But, we need new devices, in particular, for the estimation of ||[Vo (u(t))|la),2-

We consider the problem (1.1)—(1.2) from mathematical interest. But we expect
that our results would have any applications to real phenomena (cf. Diaz [4]).

When —1 < m < 0 and —1 <[ < m < L in Hypothesis A, we can expect
the existence of a finite extinction time of solution, and it is interesting to study
the existence and precise behaviours of the solutions, but, these problems are out of
scope in the present paper, and we only give some remarks (see Remarks 2.9, 3.4, 5.4
and 7.1). Concerning related problem we refer the interested reader to Antonstsevin,
Diaz and Shmarev [2].

2. PRELIMINARIES

Let u(x,t) be a measurable function on

Q0,T) = Q) % {t.

We say u belongs to L([0,T); Wy P(Q(t)), 1 < p,q < oo, iff u(-,t) € WyP(Qt)) for
each t € [0,T) and there exists an extended function (x,t) on RY x [0,T) such that
@€ LI([0,T); WHP(RN)) and di(x,t) = u(x,t) for x € Q(t), 0 <t < T. A similar way
of definition will be applied to other function spaces. We denote LP norm on (t)
by || - [lo),p and L? inner product by (-, ).

We employ the following definitions of solution of the problem (1.1)—(1.2).

Definition 2.1. Let r > 1. A function u(t) belonging to L"([0,T); L" (Q(t)) is called
a Type 1 solution of the problem (1.1)—(1.2) iff
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o (ult)) € Lio((0,T); Ho (Q(t))) N L'((0,T); L' ((t)))

(U(t)7¢(t))ﬂ<t>—// u(s)du(s dxds_// $)duds (2.1)

0 Q(s)

= (u0, ¢(0))a(0)

for any ¢, 0 <t < T, and all ¢(-) € C1([0,T); CZ(2(2))).

Definition 2.2. Let r > 2N/(N + 2). A function u(t) € L"([0,T); L™ (2(t))) is called
a Type 2 solution of the problem (1.1)—(1.2) iff

(1) o(u(t) € L'((0,T); Hy ((t)))

and

(2)

(uth oo — [ [ uls)on(s)dads + / | Votuts)  votsyass (2:2)

0 Q(s) 0 Q(s)

= (0, $(0))a o)
for any ¢t ,0 <t < T, and all ¢(-) € C([0,T); Hi(2(t))) N CL([0,T); L2(2(1))).
For the outward normal n(z,t) of Q(0,T) at (z,t) € S(0,T), we set

Bz, t) = —ning /Ing|* € RY.

Since |ng| # 0 (Hypothesis 0) and S(0,7") is smooth B(x,t) can be extended as an
RN valued C? class function on RY x [0, 7). For simplicity of notation we denote this
appropriately extended function again by 5(z,t). We denote /3'(t) the Jacobian of the
map B(-,t) : RN — R for each t. We set

o(t) = Slgl)l()t)(lﬁ(z,t)\+IVﬁ(I,t)|+|ﬂt(w,t)l+|5’(x,t)|), t>0,
(A

and

04 (t) = Os<ugt 5(s).

Throughout the paper we assume T > 1, 64 (T) < oo and the volume sup [Q(t)| < oo.
0<t<T

Our main results are as follows.
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Theorem 2.3. Let ug € L"(2(0)), r > 1. We assume in Hypothesis A that

0<m<2 v<m+2r/N, L+1+v<m+(N+2)r/N,

m(1 — (N +2)r/2N) <1+ 2r/N. (2.3)

Then there exists a Type 1 solution u(t) of the problem (1.1)—(1.2) such that
u(t) € L ((0,7); L=(Q(t))) and o(u(t)) € Li5.((0,T); Hy(Q(t))), satisfying

[u(t)]loo.00) < Colluollo@y -t~ 0<t<1,
with A= N/(2r + mN —vN) and
Voult)) o s < CAYEM=1/@=m 1 §5.(1)2), 0<t<1,
(t), 0

where Cy denotes constants depending continuously on ||uol|q(o),» and we set

ol + Il fr>L2,
Ao = 4 luollg),, +luoleyg),  FEN/(N+2)<r<L+2, (24

luolls, + lluo s V7 HHDif 1 < v < 2N/(N +-2),

and
0 ifr>1L+2,
n=10 if 2N/(N+2) <r<L+2, (2.5)
14+60/(1+1) if1<r<2N/(N+2).
with,
0 L+2—r p 9~_(l—|—1)(1—(]\7—|—2)r/2N
T L+1-(N—2)tr2N " T IR 1= (N—2)tr/2N

(when N =2 we replace § by 0+¢€, 0 <e << 1).
Further, if r > 2N/(N + 2) the above solution is a Type 2 solution.

Theorem 2.4. Assume that

sup {|Q(t)] —|—5(t)} < k3 < oo
0<t<T

with a constant ks independent of T. Then the solution in Theorem 2.3 satisfies

m(2r+mN) , — m
()l < Colluollgygyn > ™M e=tm, 1<t <,

if m >0 and
[u() .00 < Colluollggy e 1<t<T,

with some Ag > 0 if m = 0.
We assume further if m > 0,

5(t) < bt~ GmAD/Am g < <
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with some 8g > 0. Then
Vo (u(t)llaw,2 < Cot=(mtD/m 1 <4< T (2.6)
When m = 0 there exists 8y > 0 such that if §(t) < Soefj‘t, A >0, then
IVo(ut)low,2 < Coe ™", 1<t<T, (2.7)

with some A\g > 0.

Remark 2.5. Hypothesis A(4) and the assumption m < 2 made in the above
Theorems are unnecessary when Q(t) = 2, independent of ¢. Even for such a case of
cylindrical domain Theorems 2.3 and 2.4 are new, because we assume only ug € L",
r > 1, for initial data and also our class of o(u) includes various examples stated in
the Introduction. Further we note that our estimates for ||u(t)||« and ||Vo(u(t))]l2
include preciser informations on the dependence on ||ug||,. When Q(t) = Q our results
are applied also to the example o(u) = |u|™ ™0 ulog(1l + |u|™), m > mg > 0, where
we can take v =mgp, l=m —mg, L=m—mp+¢ 0<e<< 1.

Remark 2.6. The conditions in (2.3) are not so restrictive. Indeed, o(u) = |u|™u,
0<m <2 and o(u) = |u/™u/v1+u?, 1 <m < 2 satisfy all of the conditions in
(2.3) for r > 1. The example o(u) = ulog(1 + u?) also satisfies the conditions for all
r > max{2N/(N +4),1}.

Remark 2.7. When Q(t) = 2, independent of ¢, the Type 2 solution in Theorem 2.3
is unique, but for the noncylindrical case the uniqueness problem is very delicate (see
Section 8). This is an open problem.

Remark 2.8. Detailed informations on the constants C in (2.6) and (2.7) are given
in the proofs.

Remark 2.9. The estimates in Theorem 2.3 are formally valid even if —1 <m <0
and —1 <1 < m < L without any essential changes when (t) is independent of ¢. But,
to assure the existence we must construct appropriate smooth approsimate solutions.
The way of construction of approximate slutions in the section 7 can not be applied
to the case —1 < m < 0. When () is time-dependent and —1 < m < 0 the situation
becomes more complicate because Hypothesis A(4) does not hold.

3. L>(Q(t)) ESTIMATES FOR 0 < t < 1

In this section we derive L™°(€(t)) estimate for assumed smooth (classical) solu-
tion wu(t) of the problem (1.1)-(1.2) for 0 < ¢ < T" which depends on |ug|0),r,
r > 1. The result in fact will be applied to smooth solutions of an approximate
problem. The dependence of Q(t) on ¢ does not cause any essential difficulty in this
section, and we write often | - ||, for || - [|o()- We begin with:

Proposition 3.1.
[u®)lla@).- < lluolloe).» 0<t<T. (3.1)
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Proof. When r > 2 we multiply the equation by |u|"~?u and integrationg it to get

0:/ |\dV— / Ao (uw)|u|""2udV

Q(¢,t+h) Q(¢,t+h)
1
= ;(Hu(t + W)llatny,r — llu®) llaw,r)
Fr—1) / o (W2 Vu2dV, B >0,
Q(t,t+h)

and
[ut + ) lag+ny.r — @)@~ < 0. (3.2)

Dividing (3.2) by h > 0 and taking the limit as h — 0 we have

d
Zle®lge, <0

which implies (3.1). When 1 < r < 2 we take a function ps(u) € C'(R),§ > 0, such
that pf(u) >0, ps(0) = 0 and ps(u) = |u|" 2w if |u| > §, and mutiplying the equation
by ps(u(t)). Repeating a similar argument as above and taking the limit as § — 0
we have again (3.2) for 1 <r < 2 and hence (3.1). O

Multiplying the equation by |u|P~2u, p > max{r, 2}, and integrating we see
1d / -2 2
Sy + (0 =1) [ o' (u®))lulf~" | Vulde = 0. (3.3)
Q(t)

First we shall derive the estimate for ||u(t)||c for t, 0 <t < 1. We can assume that
for K >1and A > 0,

[u(t)]o < Kt™*, 0<t<T <1, (3.4)
for some T. We shall show under (3.4) that a stronger estimate
[ut)|lo < Kt™*, 0<t<T<1 (3.5)

holds for some K > 0 and a specified A independent of 7. Then we can conclude
by a continuity principle that (3.4) is valid for ¢,0 < ¢ < 1, with such K and \.
(We call such an argument as “loan” method.) The argument deriving (3.5) is essentially
included in [10,11] and we give an outline of it.

By Hypothesis A(2), it follows from (3.3) and (3.4)

L)+ kolp — 1)K / P2 TP < 0
Q(t)

pdt
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and hence p
%Hu(t)ﬂg + e K7 / |V (|| ®+™)/2)12d2 < 0 (3.6)
Q(t)
with some €; independent of p and K. We denote constants depdending on
supg<;<7 [2(t)| and 6, (T) by C(T), and C(1) will be written simply by C. By the
Gagliardo—Nirenberg inequality, we see (cf. [9,12,14])
lu(®)ll < CYEF™ () [}Vl FF2 570 <<,

with

o p+m (1 1 i_}_i_p—i—m 71_ N(p+m)(1—r/p) (37)

N r p N 2 2r (2= N)+N(p+m) '

It follows from (3.1), (3.6) and (3.7) that

d 3
£||u(t)||£ + e KV C7 Y0 ug | O @rm/OpeX |y (1)) T/ < 0, 0 <t < T. (3.8)

We easily see the following lemma.

Lemma 3.2. Let y(t) be a nonnegative differentiable function on (0,T) satisfying

d ~
UTZ LA <0 0 <t < T,
with A >0, uA > 1 and > 0. Then
by p
y(t) < <A> ™, 0<t<T.

Applying Lemma 3.2 to (3.8) we have

0/(p(1—0)+m)
lut)llp < (A + 1p0/(p(1 = 0) + m)eg ' CHORY)

% ||u0||?(A1*9)(P+m)/(P(1*9)+m)t*9(1/)\+1)/(p(179)+m), 0<t<T.
We note that 5
#—1 and p(lfﬁ)%ﬁr as p — oo,

and \ will be taken as (vA + 1)(m + 2r/N)~! = A, that is, A = N/((m — v)N + 2r).
We fix a large p; which will be clarified later and define 6; by (3.7) with p = p;.
We set

m = (Cpl(y)\ + 1)Ky)01/(131(1701)+m) ”uo||£1—01)(;D1+m)/(p1(1—91)+m) (310)

and
Then we see from (3.9) that

Ju(t)|lp, <mt™, 0<t<T,

where the constant C' appearing in (3.10) should be chosen appropriately.



Existence and smoothing effects of the initial-boundary value problem. . .

711

We define p,, by p, +m = 2p,_1, that is, p,, = 2" 1(p; —m) +m, where n denotes

natural numbers. For induction argument we assume

lu)lp_y < Puat™1, 0<t<T.

We return to the inequality (3.6) with p = p,,. By the Gagliardo—Nirenberg inequality,

we see
[u(®)llp, < CY P () |0 |7 | Brtm)/2) 30/ (o)
with
w (5 G Gode)
2 DPn-1 DPn N 2 2 pna
_ N(l - m/pn)

> 2
N+2 7 .

and we see from (3.6) and (3.11) that

€1 *(1 0,)(pn+m)/0y vA+(1=0,)(Prnt+m)An—1/0n (p,, +m)/
|| ®llpn 1 t [[u(@)]]p
CK” 1~

Applying Lemma 3.2 to (3.12) we have

[a(®)llp, < (C+ A K¥) /=0T

X 771(11_ en)(Pn +m)/(pn(1_9n)+m)t7/\n

with some C > 0 where we set

WA+ 1)0, + (1 —06,)(pn + m))\n_1.

Ap =
l pn(l=0,) +m

Setting as in [1]
9n N(pn - pnfl)

/\nil/)\+1 (1m>()\nlu)\+l>'
m B m

When m = 0 we see, instead of (3.15),

Bn:

we see

NwA+1 N +1 NwA+1
2py, 2pn—1 2py
Since
_m o 2pp +mN  pp_1
B Pn 2pn—1+mN
and

2 N 2
H 1_m _ Dn + M D1 N P1 as 1 — 0o
Dn 2p1 + mN 2p1 + mN

(3.11)

(3.14)

(3.15)
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we have

Ap —

vA+1 2p1 vA+1
+ A —
m 2p1 + mN m

291 4+mN  2p+mN 2r+mN

(3.16)

which is independent of py.
When m = 0 we see

An=NwA+1)/2r — N(v+1)\/2p, = N(vA+1)/2r
and the conclusion of (3.16) is also valid. We take A such that

NOAD N
_— = 1.e. =
2r + mN ’ ’ mN +2r — Nv’

where we make the assumption v < m + 2r/N.
We know from (3.13) that
Pn S 77nt_)\n7

[[u(?)

where we can set from the boundedness of \,, and the choice of A\ as

Mo = (Canu)Qn/(pn(1—9n)+m) n(lfan)(pn(179n)+m) <317)

n—1
with some constant C. Since (1 — 60,,)(p,(1 — 0,) + m) = 1 —m/B,, we see from (3.17)

log p,, + vlog K + log C

logn, < + (1 - ﬁ) log
= B B,/ B a1s)
" logpr +vlogK +logC ( m) :
SZ +H 1—— ] logm.
k=2 Bk k=2 /Bk
We note that concerning 1,
(1=0)(1+m)  (2p+mN)N
p(1—601)+m (2r +mN)p;
and @ NN
p1+m
lo <logC + log K + ~————log ||uo||»
gm < logC+ p(p1)log @r T mN)p g [luoll
with
v Nv
wuipy) = as p1 — 0o.

p1(l—01)+m - 2r + mN
It follows from (3.18)

limy, o0 log 17, <log C + (v(p1) + p(p1)) log K + log [|uo ||

2r + mN
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with some C' > 0, where we set v(p1) = v ;5 1/, which tends to 0 as p; — oo,
and we obtain

lu(t) oo < CEVEPOFIED |y | 2N/ ErEmNE=2 0 < ¢ < T

We see that v(p1) + u(p1) tends to Nv/(2r + mN) < 1 as p; — oo and hence, for
a large p; we know v(p1) + pu(p1) < 1. We fix such a large p; to get

w(t)||lso < CKY |Jug|2N/CrmNg=2 " 0 <t < T, (3.19)

with v < 1. Therefore we can choose a large K which depends on ||ug||, continuously
such that 3
u(t)]|oo < Kt™*, 0<t<T. (3.20)

We conclude from (3.19) and (3.20) that
lu(t)]loo < Collug|?N/Gr+mMN=2 " 0 <t <1. (3.21)

We summarize the above argument.

Proposition 3.3. Under Hypothesis A(4) with v < m + 2r/N any classical solution
u(t) of the problem (1.1)~(1.2), T > 1, satisfies the estimate (3.21), where we recall
A= N/(mN +2r — Nv).

Remark 3.4. The argument in this section is valid even if —1 < m < 0 and
—1 <[ < L. In this case we can discuss on the existence of the extinction time. Indeed
(4.2) implies

)

d
d—?(t) L ORI/ <0, 0 <t <1(< T), (3.22)

where

y(t) = [ty and K = Collug|[2V/@r+m),

We assume for simplicity that » > 2 —m. Then (3.22) is applied to p = r and it implies

_ _ v — v —1/m
lu(®)llaw,r < {lluoll,™ +m{Cr(Av + 1)ugllr ™K} 1T 0 <t < L.

Thus we have an extinction time

Teo = (Cr(=m)™ Ow + 1) ugll )/

= (Colmm) ™ fug 2w ereman ) ST
as far as T, o < 1. Note that T, ¢ depends only on ||ugl|,. When v = 0, for example
o(u) = |u|™u, we see that T, g = Co(—m)~{|ugl/-™, which is a trivial result directly
deduced from (3.6) with p = r.

To consider the case T, o > 1 and v > 0 we assume for simplicity,

sup {|Q(t)| + (1)} < k3 < o0
0<t<T
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with a constant k3 independent of T'. Then we have (see (4.2) and (4.3) below)
—m/r -1y —v —r/m
y(®) < (™ () +mCn) KT -1)) T, 1<t<T,

where y(t) = [lu(t)[[5) ., and hence

g — —2Nv/(2r+m —1/m
||U(t)||g2(t)7r(t) (HUOHT—Q"LN/(QTJFWN) +m(C’r) 1Hu0Hr2N /(2r+ N)(t _ 1)) ,

1<t<T.
Thus we have an extinction time
T, 1 = Co—m) ™ fug |2V ¢/ .

Concerning the extinction time and its estimate we do not want to go far, and further
discussions on this problem are left to the interested reader (cf. [2]).

4. DECAY ESTIMATE OF [u(t)||o(t),.c FOR ¢ >1
By Propositions 3.1 and 3.3 we see
[u®)llag.co < l(D)lla).ee < Colluo|FN ™M, 1<t < T. (4.1)

Next we derive a decay estimate of ||u(t)|lq),00 for t,1 <t < T, where T is large
(essentially we may consider the case T' = 00).
It follows from (3.3), (4.1) and Hypothesis A(2) that

d -1~ —v m
@Iy + C IVl T 2B o <0 (4.2)

with some C > 0, where we set C = COHuO”iN/(ZTerN).

‘We assume

sup {|Q(t)| + (1)} < k3 < o0
0<t<T

with a constant k3 independent of T. Then we have from (4.2)
d -1 v m
1@+ 7 ullpt™ <0, (4.3)
which implies if m > 0,
[u@®)], < CYP(m™pCHY™ 1t —1)"Y™, 1<t<T. (4.4)
When m = 0 we have instead of (4.4),

lu(®)llp < llu()ll, exp{—(t —1)/pCo}
< Colluo|PN/Cr+mN) exp{—(t —1)/pCo}, 1<t <T.
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We first consider the case m > 0. We fix p;. Then by (4.4)
u(t)]lp, <m(t—1)"M, 1<t<T,

where we set
-1, Au\1/m 1
m =C(m™ pCY) and A\ = —.

m

To derive the estimate for ||u(t)||co, t > 1, we use a similar, in fact simpler, argument
as in deriving (3.19). We set p, = 2p,—1 — m, n > 2, and assume that

[w@llpy S a1t —1)" 1 1<t <T.

We know as in (3.12),

d Lo —(1-0.)(pntm)/0n 1-0,) (Prt+m)An—1/0n ntm)/0n,
%Hu(t) gn + ciég””*l (t — 1)( )(p YAn—1/ u(t)||§,1; )/ <0.
(4.5)
Applying Lemma 3.2 to (4.5) we have (see (3.13) and (3.14))
[u(®)llp, < nalt =1)72"
with
M = (C(U+ Ama)pn) 7, 27
and
N, — 0 + (1 - en)(pn + m)>\n—1
" pn(1—0,) +m ’
where we recall 8, = (p,(1 —6,,) +m)/0,. We know (see (3.15)) that
1 m 1 m 1
(B 2= - B ) -
= () e YA D
and hence, A, = 1/m. Therefore we can write 7, as
N = (Cpn)l/ﬂn nyll:T/ﬂn.
We see as in (3.18)
logn, <logC + _ log m1
- 2p1 + mN
and we conclude that
u(t)|loo < C(m™IC)Y™(t —1)"Y™, 1<t<T. (4.6)

Using the boundedness (4.1) we can rewrite (4.6) as

u(t)]loo < C(m™ICo)Y/™t=Ym 1<t <T. (4.7)
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Next we consider the case m = 0. In this case we see for (4.2),
@ 1)y + OO IVl By < 0. (48)

Since ||u(t)|lp, < C||V|u|p/2||2/p we first see from (4.8)
lu)llp < llu()llp exp{~C~ Cq"p~ ! (t — 1)}
< Collug || Y/ exp{—C~ Cyp~t (t — 1)}, t>1,
and fixing p; arbitrarily, say p; = 2, we have
[u®)llp, < mexp(=Ai(t—1)), t>1,

where we set

= C()HU()HiV/T and )\1 = 1/Céoyp1.
Setting p, = 2pn_1,n > 2, we shall derive an estimate
[u(@)llp, <mmexp{=An(t—1)}, ¢=2, (4.9)
under the assumption
[u()lp,—r < Mm-1exp{=An_a(t =1)}, t>2.
We have, instead of (4.5),

||u< Y+ 0710, P exp{(1 = 0n)pudn—i (t — 1) /0, Y[u()|22/% <0

p’Vl
(4.10)
with 0, = 0 = N/(N + 2). Now we prepare a simple Lemma.

Lemma 4.1. Let y(t) be a nonnegative differentiable function on [1,T) with a large T,
satisfying

Y y(t) + AN Dyt <0 1<t <T, (4.11)

with A > 0,A> 0 and pu > 0. Then

1 1/p -
y(t) < min {y(l), () e_A(t_l)/“} , 2<t<T,
EAp

where we set € = (1 — e ) /A > 0.

Proof. Solving (4.11) we see

- —1/u
v < (e + e )

) 1 1/n e:\(tfl) -1 —/n ) T
< min - S —— . 1<t<T.
< y(1) <Au> 3
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Here, if t > 2 we see further

At—1 _ —A(t—1 _ Y
AV -1 Sp-ploe MY > pe-nl=e
A A A
Thus we obtain the desired result. O

Applying Lemma 4.1 to (4.10) we have

“An(t—1)

Mn—1€

g 0/(1—0)pn
[u()]lp, < CC{pnrn_1 /(1=0)p
Pn — 1— e_(l_a)p7l>‘n71/9

with 3
)\n = )\n,1 = )\1 = 606//2.
We can arrange the above as
[u()llp, < (Copn)™/mppre™ (=
and (4.9) has been derived by taking
M = (Copn)V/#rn,_y and A, = A\ = eCY /2. (4.12)
It is easy to see from (4.12) that

M < Com = Colluo||N/"

and hence,
[u(t)]|se < Colluo|[N/me 2D, 2 <t < T, (4.13)

with A = ¢yC¥ /2. By changing Cj, above (4.13) shows
[u(t)]|oe < Colluol[N/"e™, 1<t <T. (4.14)

We summarize the above argument.

Proposition 4.2. Let u(t) be a classical solution of the problem (1.1)—(1.2). Then,
under Hypothesis A(2) we have the decay estimate (4.7) if m > 0 and (4.14) if m = 0.

5. ESTIMATE FOR [|Vo (u)|lq(2,0 <t <1

For a function u(t) on Q(0,T) we set

1

O = / Vo (u)2da.

Q(t)

In this section we derive an estimate of I'(¢),0 < ¢ < 1, depending on ||ugl|, for
a classical solution u(t) € C?*t*1+2/2(Q)(0,T)). Combinning the ideas in [6] and [8]
we employ 0o (u)/0t — 8- Vo(u) as a multiplyer.
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We see that for 0 <t <t+h<T,

- / Aa(u)%a(u)dv
Q(tit+h)
1 ) ) 0
=3 at|VU(u)| dv — / Ny - Vo (u) ata(u))dS (5.1)
Q(t,t+h) S(t,t+h)
=T({t+h)—T@) + % / ne|Vo(u)>dS — / Ny - Va(u)%a(u)dS
S(t,t+h) S(t,t+h)

T+ -T@) -5 [ ninP|gotw] s (52)
= 5 ne|na|”| 5o (u : .

S(t,t+h)

The derivation of (5.1) is rather formal because the existence of 9|Vu|?/0t (and
hence %|VJ(U)|2) is doubtful, but it is justified through appropriate smooth approxi-

mations of u(t). Indeed, we take a ball B(T) in RY such that Uo<t<r () € B(T)
and extend u(z,t) to a function i(z,t) € C>1(B(T) x (—6,T), § > 0. Next, we take
a mollifier p.(t), 0 < e << 1, with respect to ¢t and set

uc(t) =tux*pc(t), 0<t<t+h<T—e

Then (5.1) is valid if we replace u(t) by u.(t). Taking the limt as e — 0 we get (5.1)
for u(t), and consequently (5.2) holds.
Next,

- / Ac(u)p - Vo(u)dV
Q(t.t+h)

= / Vo(u) - BAc(u)dV + / Vo(u) - B (t)Vo(u)dV
QUtit+h) QUtit+h)

0
— . 12 2
[ neinglotwlas,
S(t,t+h)

which implies

- / Ac(u)p - Vo(u)dV

Ql(t,t-‘rh) ) ) , (53)
_— . / _ . 2 JR—
= / Vo(u) - §()Vo(u)dV - / o+ Bl -0 ()| dS.

Q(t,t+h) S(t,t+h)
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Therefore we have from (5.2) and (5.3),

/Aa ( o(u)+ 8- Va())dv

Q(t,t+h)
1
=T({t+h) —Tk) + 3 / Vo(u)-B'Vo(u)dV + A,
Q(t,t+h)
where A is the boundary integral
1
A:—§ / (ng+ - nw|n$|‘ ‘dS—O
S(t,t+h)

By (5.4), we see that I'(¢) is differentiable and

jtr(t) —— / Ao (u) <§tJ(u) s vg(u)) i

We see also

/ <(§t (W) + B Volu )> dr = /(U/(u)|ut\2+uta’(u),3-Vu)da:.

Q) Q)

It follows from (5.5) and (5.6)

%F(t)—k/a'(u)|ut|2dx:—/utﬁ~VU(u))daj—%/VU(u)ﬂ’VJ(u)dm
Q(t) Q(¢) Q(t)
/ 81V + [ a3l ) Tulda,
0

The last term in (5.7) is treated as follows.

1 1
/|ut||ﬂ\0'(u)|Vu|dx§§ / |ut|20’(u)d1’+§ / \,3|20’(u)|Vu|2dx.

Q(t) Q(t) Q(t)

Thus we can summarize the above argument as follows.

Proposition 5.1. Let u(t) be a classical solution of (1.1)=(1.2). Then we have

d 1

dt
Q(t) Q(t)

L)+ 5 / o' (u)|ug|Pdx < 5(8)D(t) + %52(75) / o' (u)|Vul*dz.

(5.6)

(5.7)

(5.8)
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To control the last term in (5.8) we multiply the equation (1.1) by u to get
2(t) / o (w)|Vul2dz = —52(1) / wudz
Q(t) Q(t)

] , u
< a?(t)ﬂ (/) Vol s (5.9)

g%/a’(u)|ut|2dx+%54(t)/

Q(t) Q)

Juf?

o) dx

To estimate the second term of the right-hand side of (5.9) we assume m < 2 in
Hypothesis A(2). (This is unnecessary if r(t) = 0, that is, Q(¢) = Q, independent of t.)
Then by Hypothesis A(2) (with K = 1) and (4),

/ %)d“ / y(;d“ / ﬂlwd

Q(t) Qi (t) Qa(t) (5.10)
<Cl)|+C / lo(w)?dz < C(T) + C(T)I(2),
Q(t)
where we set
Q1(t) = {z € Q) ||Ju(z,t)] <1} and Qa(t) = {z € Q@) ||u(x,t)| > 1}.
It follows from (5.8), (5.9) and (5.10) that
d 1 - _
%F(t) +7 / o (w)|ug|*dz < C(T)(5(t)T(t) 4 6(t)) (5.11)
Q)
Next, multiplying the equation by o(u) we see
1/2 1/2
2
/ Vo (u)|2dz = — / wo(u)dr < / lug|20” (w)dw / % . (5.12)
Q(t) Q(t) Q(t) Q(t)

We shall derive a bound of the last integral term in (5.12) such as C(JJugl|,)T'(¢)",
0 < k < 1. By Hypothesis A(1), we have

/jfgfdmw/mno(u)um

Q(t) Q(t)

(5.13)

<c| [ ol [ julotu)ds
Ql(t) Qg(t)
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Thus if r > L + 2, we see by Hypothesis A(3) that

/ luo(u)|dx < C / lul?dz + C(T) / lu|F 2 dx
Q(t) (1) Q2(1)
< C(T)(Jluoll7 + Iluoll7+2).-

When r < L + 2, we divide two cases: r > 2N/(N +2) and 1 <r < 2N/(N + 2).
Consider the case 2N/(N +2) <r < L+ 2.
We take 6,0 < 6 < 1, which will be specified later. Then by Hypothesis A(3),

/ juo ()] dz = / fullo ()]~ o (w)]°

Qo (t) Qo (t)
<C / |u|1+(L+l)(170)|0<u)|9d1,
Qu(t) (5.14)
1-0(N-2)T /2N O(N—2)T /2N
<c| [ jupas JC R 7
Q(t) Q(t)

where we set
2N+ (L+1)(1—9))
2N —-0O(N-2)t
(The cases N = 1,2 should be modified.)
We can take ¢ = r if we choose

L+2—r

b= L+1—(N—2)fr/2N’

and by (5.14) we have

/ o (w)|dz < Clluo [+ EHI=0 | To(u) |4 .
Qo (t)

Similarly, with the same 6,

[ wowlde = [ jus@Clowlar<c [ juPlou)'ds
(1) (1) (1) (5.15)
< Clluoll7~° Vo (u(t)) 5.
When N = 1,2 we should replace
O(N—2)T/2N)
|o(u)|2N/(N—2)+dw

Q(t)
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in (5.14) by [|o(u)[¢4 0o and [lo(u)[|$yy) , for sufficiently large p, respectively. In the

case N = 2 the right-handside of (5.15) should be replaced by

—H—¢ 0+€
Cluo|[y =091V (u) | 55 o

Next, we consider the case 1 <7 < 2N/(N + 2). We see first by Hypothesis A(3),

/ua(u)dx: / a1 [y 0D/ 0D | (3

Qa(t) Qs (t)
<c / [l 0o () 19/ 0+ D

Qo (t)

1—(N=2)T(I4+1460)/2N (1+1) (5.16)

<C / lu|9dx
Qg(t)
(N—=2)(1+1+6) /2N (1+1)

% / |0(u)|2N/(N—2)+

Qo (t)

for 9, 0< 0 < 1, where we set

1-46
1—(N=2)(1I+1+6)/2N(1+1)

d:

We take 6 such that § = r, that is,

(1+1)(1 — (N +2)r/2N

é:
I+1— (N —2)r/2N

Then we have from (5.16)

—§ 146/ (1+1
[ wotwds < Cluslisd), 190575,
Qa2 (1)
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Similarly, by use of Hypothesis A(2) with K =1,

/ juo(w)|dz = / PR/ (/D g ()|

Q1 (t) Q1 (t)

<c / L= (M DB/ A1) | ()| 146/041) g
Q1(t)

1—(N=2)T(1+14+0)/(1+1) (5.17)

<C /|u|qdm
Q1 (t)

(N—=2)T((+14+8) /2N (I+1
x / o () 2N/ (N =27 g ,

Q(t)

where we assume [ + 1 > (m 4 1) and set

1—(m+1)0/(1+1)
1—(N=2*(1+1+6)/2N(1+1)

q\ =
Since m > [, we see that § < § = r and we have from (5.17)

1—(m+1)0/(1+1 14+6/(1+1
/ua(u)deCHUOHQ(é;Z, 9/ )HVU(U)HQ(t){é g

Q1 (t)
The assumption [ +1 > (m + 1)9 above becomes
m(l— (N +2)r/2N) <1+ 2r/N.
To summarize the above arguments about the integral fﬂ( N uo(u)dx we set Ag and 7
as in (2.4) and (2.5), respectively.
Then we obtain the estimate
/ uo(u)dz < C AT (t)"2. (5.18)
Q(t)

Now we return to (5.12). By (5.11), (5.13) and (5.18), we have

- 1/2
rt)<C <C(5(t)I‘(t) + O t) — ;ltl“(t)) APT@A o<t <1,
and hence,
%F(t) 4 OTUAT T2 < O, (DT + 54(1), 0<i<1. (5.19)

We use the following lemma due to Ohara [12] which is a generalization of Lemma 3.2.
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Lemma 5.2. Let y(t) be a nonnegative differentiable function on (0,T) satisfying
d 5\;1,71 1+p
%y(t)JrAt Yy <Byt)+C, 0<t<T,

with constants A >0, B>0,C >0, u>0 and :\u > 1. Then

0<t<T.

Jt) < (25\+2BT>1/” 5 20t

A A+ BT’
Applying this lemma to (5.19) we arrive at the following assertion.
Proposition 5.3. Let u(t) be a classical solution of (1.1)—(1.2) with u(0) = uy €

L™ (Q(0)) with r > 1. We assume Hypothesis A(1)—(4) with m < 2 and in addition, if
1<r <2N/(N +2) we assume

m(l— (N +2)r/2N) <1+ 2r/N.
Then
T(t) < C(AYC™M4=2/C=n) L 54 (1)), 0<t<1,

with a constant C depending on r™ (1) continuously, where Ag and n are given by (2.4)
and (2.5), respectively.

The estimate of I'(¢),1 < t < T, depending on T is easy. Indeed, we return to
(5.11) to get

I(t) < C(T)(I(1) + 84 (1)) < C(T) (Ag/ @) 4 Si(T)) L 1<t<T.

Finally, in this section we note that from (5.11) and the estimates for I'(t) we see

/T / ‘%a(u(f))‘zdmdt

5 Q
“ (5.20)

T
<2 sup ||0’(u(x,t))||Q(t)700/ / o’ (w(t))||ug|*dadt < Co(8,T) < oo,
§<t<T ] ot

with 0 < § << 1.

Remark 5.4. The argument in this section is valid even for the case —1 < m < 0
and —1 <1 <m < L when Q(t) is independent of ¢, though some trivial modifications
are required.
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6. BOUNDEDNESS AND DECAY OF ||V (u())|lo).2

In this section we show boundedness and decay estimates of an assumed classical
solution u(t) for large ¢. We assume

Q)| < ks <oo and 0T(T)<dy<oo, 0<t<T. (6.1)

We first derive a boundedness estimate of I'(¢), 1 < ¢t < T, independent of T' under (6.1).
We return to the inequalities (5.11) and (5.12). We see, by Hypothesis A(1)—(2)
and the estimate (4.1),

o ()] = ki o’ (u(®)u(t)] = Cq Hluo| 72N/ Erm Myt 1 <t < T,

and

2

/ ") e < kg / o (w)|dar < Ao / (o (1) | (D) (1) g
o'(u)

Q(t) Q(t) Q(t) (6.2)

< Ao| Vo ()i 2/ ™Y, 1<t <,

where we set
/10 _ COHUOHQNV/(m+1)(2T+mN)-

It follows from (5.11), (5.12) and (6.2)

1/2
r(t) < A2 (C(S(t>r<t> +64(1)) — jtl“(t)) D (f)(m+2)/4(m 1)

and

%F(t) + AT () B2 < O(S(HT (1) + 6*(t), 1<1<T.  (6.3)

When m > 0 we take My > 0 such that
AG MDY 050 My + 54 > 0,

say, o B
Mo = (2C Agdo)2(m+D/™ 4 (20 Agg) 2m+1/ Gmt2),

Then, if T'(tg) > My for some t = to we have dT'(t)/dt < 0 at t = to. This implies that
I(t) < max{T'(1), Mo} < My + C(AY ™™ 464), 1<t<T,

which shows the boundedness of I'(t), 1 < ¢ < T, independent of T.
When m = 0 we have from (6.3)

d - -
L) + G uo| ~N/"T(t) < C(BL(1) +65), 1<1<T.

Thus if Cdy < Cy *|uol|~N¥/7 /2, that is, if

QCCOSOHU()”NV/QT S 1 (64)
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we see

d .
L)+ (2C0)~Hluo| /7T (t) < C&

and hence,
[(t) < max{I(1), CColluo||N*/"03} < max{T'(1),003}, 1<t<T. (6.5)
We proceed to the decay estimate for I'(¢). For this we assume
6(t) < Gt~ GmAD/Am - < < (6.6)

where the case m > 0 is now considered.
We set y(t) = T'(¢)t2m+1/m Then (6.3) is changed to

(0470 (gty(oemearmen 2 ED ) )

at? m

< C(O()y(t) 4+ d*)t2mTD/my 1 <t < T.

(6.7)

Then we have from (6.6) and (6.7)

d _ _ m m 2(m+1 = =
)+ (A5t om vz 2Ly - coyn - cif) <o,

m
1<t<T.

We take M; such that

. m m 2 1 N 5
A61M1(3 +2)/2(m+1) (W;j) 4 C%) M, — C&é > 0,

say,
My = (24000((m + 1) /m + 50))2(m+1)/m (G A2 )

Then (6.8) gives
y(t) < max{y(1), My} < My + C(AY®" 45, (1)%) = i,

and hence,
D(t) < Myt=2m+b/m ) <t < T, (6.9)

When m = 0 we see from (6.3) that

d

L) + (Collugl[[F/")T'T() < COMT (1) +6(8), 1<t <T.

Therefore under the assumption

5(t) < dpe ™™, 1<t<T, (6.10)
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with A > 0 and under (6.5), we have

d _
ST(0) + (200 Juoll) I < e,
which implies -

[(t) < C(I(1) 4 63)e= 2ot (6.11)

with some A\g > 0 such that
Ao < min{ (2C ||uo||N*/"60) 71, 4N}

We summarize the result in this section.

Proposition 6.1. In addition to the assumptions in Proposition 5.1 we assume (6.1).
Then we have the boundedness estimate (6.5) for T'(t). Further, under the condition
(6.6) we have the decay estimate (6.9). When m = 0 we have the boundeness estimates
(6.5) under the conditions (6.1) and (6.5), and the decay estimate (6.11) holds under
the assumption (6.10).

7. EXISTENCE AND THE PROOFS OF THEOREMS 2.3 AND 2.4

Let 0 < e << 1 and we set
2
o) = TV U (7.1)
Vu? + €
(If o(u) = ulog(1 + u?), then o.(u) = ulog(1l + € + u?).)
We see that o.(u) — o(u) as € — 0 and

eoc(Vu2+e€)  ulo’(Vu? + e)‘

TN
O'E(U)_ (U2+€)3/2 uZ + e

Using this it is easy to check that o.(u) satisfies all of the conditions in Hypothesis A
with essentially the same ko, k. We consider the modified problem (1.1)-(1.2) with
o(u) replaced by oc(u) which we call problem P..

We first assume ug € C3(2(0)). Since o’ (u) belongs to C'**(R) and o’ (u) >
k(e) > 0 by Hypothesis A(1) and A(3) the problem P. admits a unique classical
solution wu(t) € C?+®1+a/2 (see the remark after Theorem 12.14 in [7]). We discuss
convergency properties of uc(x,t)as € — 0 along a subsequence, and for a sequence
{en} we write uy,(x,t) for uc(z,t) with € = €,. All of the estimates established so
far are applied to w,(x,t) and they are independents of €,. We can take a ball B(T)
in RY such that Jy<,, Q(t) C B(T). Also we take an extended function iy (z,t)
on B(T) x [0,T) such that

N ~Jug(z,t) iz e Q(1),
@, t) = {0 itz ¢ Q(b).
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Since uy,(z,t) = 0 for x € 9Q(t), we note that @, ¢, Vi, € L>((B(T) x [0,T)) and
Unt(x,t) = Vi, (x,t) = 0 for « ¢ Q(¢). By Hypothesis A(2), (3.19) and (4.1) we see

T

[ [ (Gt

< Co(, T)/ (Jo (un) [|une|* + [Voe(uy)|?) deds < Co(5,T) < 00, 0<6 << 1.
5

2
+ V(|an|’"an)|2) dzds

(7.2)
Hence there exist a sequence {e,} and a function @(x,t) on B(T) x [0,7) such that
Un(x,t) = t(z,t) ae. (z,t) € B(T) x [0,T),

0c, (itn) — o(@)  strongly in L7,.((0,T); B(T)) (7.3)

and
|a(t)[™a(t) € Cioe((0,T); L*(B(T)))). (7.4)

Note that (7.4) implies easily
i(t) € Cioe((0,T); L2V (B(T))).
Under the assumption ug € C3(€2(0)) we see

l[an ()l B(1),00 < Cllto]los, T)

and
Vo (i (1) 51y .2 < Cllluollse, T(0),T) < oo.

Hence, at this stage we can take § = 0 in (7.2) with Cy(6, T) replaced by C(||ugl/co, T'(0))
and hence,

a(t) € O([0,T); L*mD(B(T)))),  a(t) € L>([0,T); L= (B(T))),
V()] pr),2 < C([|uolloe, ['(0), T) < oo.

Setting u(x,t) = @(x,t) for x € Q(t) all of the estmates in previous propositions
and (5.20) with ¢ = 0 are valid for u(x,t) and it is easy to see that the identities
(2.1) hold.

For later use we give an addtional estimate. Let u, and v, be the approximate
solutions with u,(0) = uy € C5(2(0)) and v,(0) = vy € C5(Q(0)), respectively.
Introducing the functions U, (t), V,,(t) € C?(2(t)) such that

—AU,(t) = up(t) and — AV, =v,(t)
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with the boundary condition Uy (t)|aqw) = Va(t)|aaw) = 0. Then by the equations for
u,, and v,, we have

/ / %A(Un(s) = Va(8))(Un(s) = Viu(s))dzds

0 Q(s)

+/ / (0e(tn) — 0c(vn))(Un(s) — vn(s))dzds =0
0 Q(s)

and hence
1 0

2 ds
Q(0.0)

IV (U, (s) = Viu(s))|?dzds < 0,

which implies

IV (Un(t) = V() [E0) 2 = [(VU(0) = Va(0)) [y0) 2
+ 1| V(Un(s) — Viu(s)|2ds < 0.
S(O/ﬂf)

Therefore, under the assumption n; > 0 we have

l[un(t) = on (W) -1y < NV (Un(t) = Val®)llow,2 < [IV(Uo = Vo)lla).2
< C(T)HUO — 'UOHH—I(Q(O)), 0<t<T,

and we may assume for the solutions u(t), v(¢t) with u(0) = ug, v(0) = vy just proved
above that

lu(t) — vl a-1@@) < C(D)|luo —volla-10), 0<t<T. (7.5)

Next, we let ug € L"(Q(0)), r > 1, and take a sequence ug, € C3(£2(0)) such that
Uo,n — uo in L7(2(0)). We write uy,(z,t) the Type 1 solution of (3.1)—(3.2) with
un,(0) = up - Then all of the estimates stated previous propositions hold for w,(z,t),
and hence the convergency properties (7.3) and (7.4) hold for this {u,(z,t)}. We see
that for ¢(t) € C1([0,T); CZ((t)),

/t/a(u"(xvs)A¢($,s)d:vds

0 Q(s)

- j / o (un (2, 5)) Ad(z, t)dads + / / o (n(x, ) Ad(x, )dads

s
5 Q(s) 0 Q(s)
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for any 0, 0 < § < ¢, and by the estimate ||u,(t)|lo),00 < Co(5,T) < 00,0 <t < T,
we have

lim// o(un(z,s) Aqusda;ds-// u(z, 8))Ad(x, s)dxds.
n—r oo

4 Q(s) § Q(s)

Further we note that

)

/ / |0 (un (2, 5))|dads

0 Q(s)
< // (14 Jun(s)[F1) dxds<0/1+||un ()15 (0] s
0 Q(s)

5
< C(] /S—(L+1 F)N/(mN+2r— u)dS
0

with 7 = min{L+1, r}, where we have used the estimate (3.20) stated in Proposition 3.3.
Therefore, under the additional assumption (L +1 —7#)N/(mN +2r — Nv) < 1, i.e,,
L+14+v<m+ (N+2)r/N, we see

5
//|a u(z, s))Ad(x, s)|drds < nh—>néo/ / |o(un(x, 8))A¢(x,t)|dxds — 0

0 Q(s) 0 Q(s)

as § — 0. Thus we know o(u) € L*((0,7); L*(Q(t))) and

lim// o(un(z,s)) Aqusdwds—// u(z, s))Ad(z, s)dxds,
n—oo

0 Q(s) 0 Q(s)

and u(z,t) is a desired Type 1 solution of the problem (1.1)—(1.2) with ug € L"(©(0)).
We proceed to the existence of Type 2 solution when r > 2N/(N + 2).
By Proposition 5.3, we know that

/ / \Vo(u(z,s))||Vo(z,t)|deds <C/Fds/||v¢ )||2ds

0 Q(s)
t

< Co(T) / sV @M ds < Co(T) < oo
0
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because nn < 1 if r > 2N/(N + 2). Hence,

/t/ u(z, s))Ad(x, t)deds = — //Va u(z, s))Vo(x, s)dxds.

0 als) 0 a(s)
Further we note that if » > 2N/(N + 2),

H{(Q(1)) € LN N=DT(Q(e) € L7 (@),
(L =D(Q(t)) = L>®(Q(t)) if r =1 or N = 1.) Then

[(u(®); o] < @@ v/ r-1) < C(D)uoll+lo@ N 113 262

Therefore, by standard density argument we see that the identity (2.2) hold for any
¢ € C([0,T); H (Q(t))) N CL([0,T); L2(Q(¢))). Thus u(t) is a Type 2 solution.
Finally in this section we show that the Type 2 solution wu(¢) above belongs to
C([0,7); H-1(Q(t))) if ny > 0. Indeed, take a sequence u, o — ug in L"(£2(0))) and let
un,(t) be the solution shown above with w, (0) = u, . By the estimate (7.5), we have

[um () = un ()| -1 () < C(D)[wm,0 = Unollz-1 (000
< C(T)HUO’m — UO’th 0<t< T.

Further we know u,(t) € C([0,T); L2+t (Q(t))) c C([0,T); H~*(Q(t))). Thus u,(t)
is uniformly convergent to u(t) € C([0,T); H=*(2(t)) as n — oo.

Remark 7.1. The approximate function o¢(u) in (7.1) can not be applied to the case
—1 < m < 0 because (u? + ¢)™/2 > |u|™ does not hold. It is an interesting problem
to construct appropriate approximate function for the case —1 < m < 0 to show the
existence of solutions as in Theorem 2.3.

8. A REMARK ON THE UNIQUENESS OF TYPE 2 SOLUTION

We shall discuss on the uniqueness of Type 2 solutions for the case r > 2N/(N + 2).
We know that the Type 2 solution u(t) proved in the previous section belongs also to
C([0,T); H-Y(Q(t))) if ny > 0. We shall discuss on the uniqueness of such a solution.

Let u(t) and v(t) be two possible solutions and take U(t),V(t) € H}(Q(¢)) N
H>(Q(t)) such that

“AU®) =u(t) and — AV(¢) = v(t).

We set also
w(t) =u(t) —v(t) and W) =U(t) — V(¢).
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Then by the identities (2.2) for u(t) and v(t) we see that for any 4,0 < § << 1,

(w(t), (1)) — (w(6), 6(6)) — / / w(t)by(s)duds
5 Q(s)

+/ / V(o(u(s)) — o(v(s)))Vo(s)dxds = 0,

5 Q(s)
for all ¢(t) € CL([6, T); L2(Q(t))) N L2([6,T); HL(2(t))). We know, in particular, that

0
aw(t) = A(o(u(t)) — o(v(t)))

in the sense of distribution on Q(0,T).
We consider the case 2(t) = Q, independent of t. We set w(t) = w * p.(t) and
We(t) = W x pe(t), where p(t), € > 0, is the mollifier with respect to ¢t. Then we see

0
_A§W6(t) = A(o(u)e(t) = o(v)e(t)) -

Since %We(t), (0(u)c(t) — a(v)c(t)) € HE () we have

0
_Ewﬁ) = o(u)e(t) — o(v)(t)

and hence,

—%W(t) = o(u(t)) — o(v(t)) € Li5.((0,T); Hy(%2)).

Therefore we can take ¢(t) = W(t) in (8.1) to get

t
IVW@)|2 = VW ()| + //AWWtdxds
5 Q

+ (S/Q/(U(U(S)) —o(v(s))) (u(s) — v(s))dzds =0

which implies easily
%(HVW(t)Ilﬁ — VW (3)[I3) +//(U(U(S)) —o(v(s))) (u(s) — v(s))dxds = 0. (8.3)
5 Q

The integral term in (8.3) is nonnegative and we have

VW (@)ll2 < [VW(9)l|2- (8.4)
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Since
[w®l -1 < VW (H)[l2 < Cllwt) | z-1,

we see from (8.2) that
lw(t)|| -1 < Cllw()||g-+ —0 asd— 0.

Thus we conclude that w(t) = 0, i.e., u(t) = v(¢).

When (t) depends on t we can not take W(¢) as a test function in the ogiginal
sense. But if we could use it as a test function in any wider sense, we can formally
calculate

t
1
/ AWWtde—5 / %HVW(S)H?)(S)CZV-F / n,VWW,dS
5 Q(s) Q(8,t) S(6,t)

1
=5 (IFW Ol = IVW @)l .)

—% / ns| VW |*dS + / Ny VWW.dS

S(8,t) S(8,t)
1
=5 (IVW O 2~ IVWOlEg.5)

] 4D
s / nalmel?| -1 ()| dS.
S(5.4)

Therefore under the assumption n; > 0 we formally get (8.4) and the uniqueness
follows. However it is never trivial to justfy the above argument. It may be useful to
use a mollifier after locally changing the variables as in Cooper[3]. This uniqueness
problem is left as an open problem. Concerning uniqueness problem we also refer the
interested reader to [4], where nonuniqueness is discussed for an equation arising in
climatology.
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