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Abstract. Fractional calculus is a mathematical approach 
dealing with derivatives and integrals of arbitrary and also 
complex orders. Therefore, it adds a new means to under-
stand and describe the nature and behavior of complex 
dynamical systems. Here we use the fractional calculus 
for modeling mechanical viscoelastic properties of mate-
rials. In the present work, after reviewing some of the 
main viscoelastic fractional models, a new parallel model 
is employed, connecting in parallel two Scott-Blair mod-
els with additional multiplicative weight functions. The 
model is presented in terms of two power functions 
weighted by Debye-type functions extend representation, 
understanding and description of complex systems viscoe-
lastic properties. Monotonicity of the model relaxation 
modulus is studied and some upper bounds for the mini-
mal time value, above which the model relaxation modu-
lus is monotonically decreasing are given and compared 
both analytically and numerically. The comparison with 
the results of relaxation tests executed on some real phe-
nomena has shown that the parallel Scott-Blair model 
involving fractional derivatives has been in a good 
agreement.  
Key words: fractional calculus, viscoelasticity, relaxation 
modulus, Scott-Blair fractional model. 
 
 

INTRODUCTION 
 

Fractional calculus is a branch of mathematical analy-
sis that generalizes the derivative and integral of a func-
tion to non-integer order [6]. Application of fractional 
calculus in classical and modern physics greatly contrib-
uted to the analysis and our understanding of physical, 
chemical and bio-physical complex dynamical systems, 
since it provides excellent instruments for the description 
of memory and properties of various materials and pro-
cesses. Models involving fractional derivatives and opera-
tors have been found to better describe some real phe-
nomena than integer-order differential equations [11, 15-
17,], whence there are many new exciting areas of frac-
tional models and fractional calculus applications, such as 

the automatic control [12, 17], engineering [15, 16, 23] 
the modeling of biological, medical and environmental 
systems [7]. A historical review of applications can be 
found in [13]. In recent decades fractional derivatives 
have been found to be quite flexible also in the rheology 
[9, 20, 29], where fractional calculus constitutes a valua-
ble mathematical tool to handle viscoelastic aspects of 
systems and materials mechanics. A general survey to the 
viscoelastic models constructed via fractional calculus is 
provided in the paper [14], where the analysis is given of 
the basic fractional models as far as their creep, relaxation 
and viscosity are considered in particular. The Kelvin-
Voight, Maxwell and Zener fractional order models are 
considered.  

Viscoelastic materials present a behavior that implies 
dissipation and storage of mechanical energy. In an at-
tempt to describe the viscoelasticity phenomenon mathe-
matically, several constitutive laws have been proposed 
which describe the stress–strain relations in terms of the 
quantities like creep compliance, relaxation modulus, 
storage and loss moduli and dynamic viscosity. Some of 
these constitutive laws have been developed with the aid 
of mechanical models consisting of combinations of 
springs and viscous dashpots.  

For over five decades classical exponential behavior 
models have been widely applied to describe the viscoe-
lastic properties of biological materials. Maxwell, Kelvin-
Voight and Zener models have been used to the mathe-
matical modeling of stress relaxation and creep processes 
[2, 18, 25]. For these models the relationship between the 
stress and deformation of the material is approximated 
though an ordinary differential or integral equations.  

However, relaxation or creep processes deviating from 
the exponential Debye decay behavior are often encoun-
tered in the dynamics of biological complex materials [2, 
20]. For such materials a stretched exponential decay 
KWW model (Kohlrausch-Williams-Watts) [25], hyper-
bolic type decay Peleg model [2] or power type behavior 
models [3] are used to approximate the experimentally 
obtained relaxation modulus or creep compliance data. 
Also, the experimental results obtained by other authors 
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2 A. STANKIEWICZ 
have shown that the behavior of some viscoelastic biolog-
ical materials agrees well with that of the fractional mod-
els [7, 21, 26, 27, 29]. By replacing the springs and dash-
pots of the classical viscoelastic models by the Scott-Blair 
elements, several fractional models, including the frac-
tional Maxwell, fractional Voigt and fractional Kelvin 
models, have been proposed [20, 28]. For details concern-
ing the construction of fractional differential constitutive 
equations on the basis of classical mechanical viscoelastic 
models, such as the Maxwell, Kelvin-Voight and Zener 
ones, see also [20].  

In this paper we introduce a new viscoelestic model. 
This model is based on fractional Scott-Blair elements 
combined in parallel with multiplicative exponential type 
weight function. In result, the parallel Scott-Blair model 
admits the closed form of linear exponential type 
weighted combination of two power functions of elemen-
tary fractional model type. The main properties of the 
parallel Scott-Blair model are summarized. An important 
task in understanding the rheology of viscoelastic materi-
als is to construct models that allow one to describe the 
behavior of a material using the minimal number of phys-
ical parameters [22]. A new model is described by means 
of only five parameters. 

 
 

FRACTIONAL DERIVATIVE 
 

The Caputo’s fractional derivative of a function 𝑓𝑓(𝑥𝑥) 
of non-integer order 𝛼𝛼 with respect to variable 𝑡𝑡 and with 
starting point at 𝑡𝑡 = 0 is defined by [17]: 

 

 𝐷𝐷𝑡𝑡𝛼𝛼𝑓𝑓(𝑡𝑡) =
1

Γ(𝑛𝑛−𝛼𝛼) ∫ (𝑡𝑡 − 1)𝑛𝑛−𝛼𝛼−1𝑡𝑡
0

𝑑𝑑𝑛𝑛

𝑑𝑑𝑡𝑡𝑛𝑛 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑, (1) 

 
where: 𝑛𝑛 − 1 < 𝛼𝛼 < 𝑛𝑛 and Γ(𝑛𝑛) is Euler’s gamma func-
tion defined by the integral: 
 
 𝛤𝛤(𝑥𝑥) = ∫ 𝑡𝑡𝑥𝑥−1𝑒𝑒−𝑡𝑡𝑑𝑑𝑑𝑑∞

0 . (2) 
 
 

FRACTIONAL MODELS 
 

We consider a linear viscoelastic material subjected to 
small deformations for which the uniaxial, unaging and 
izotropic stress-strain equation can be represented by a 
Boltzmann superposition integral [5]: 

 
 𝜎𝜎(𝑡𝑡) = ∫ 𝐺𝐺(𝑡𝑡 − 𝜆𝜆)𝜀𝜀̇(𝜆𝜆)𝑑𝑑𝑑𝑑𝑡𝑡

−∞ , (3) 
 
where: 𝜎𝜎(𝑡𝑡) and 𝜀𝜀(𝑡𝑡) denotes the stress and strain, respec-
tively, and 𝐺𝐺(𝑡𝑡) is the linear time-dependent relaxation 
modulus. The modulus 𝐺𝐺(𝑡𝑡) is the stress, which is in-

duced in the viscoelastic material described by equation 
(3) when the unit-step strain 𝜀𝜀(𝑡𝑡) is imposed.  

Fractional Scott-Blair model [9, 21] is described by 
the fractional differential equation:  

 

 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼 𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼 , (4) 

 
where: 𝐸𝐸 and τ are the elastic modulus and relaxation 
time, respectively, 𝛼𝛼 is non-integer positive order of frac-
tional derivative of the strain 𝜀𝜀(𝑡𝑡). Here, 𝑑𝑑𝛼𝛼 𝑑𝑑𝑡𝑡𝛼𝛼⁄ = 𝐷𝐷𝑡𝑡𝛼𝛼 
means the fractional derivative operator in the sense of 
Caputo derivative (1). Fractional Scott Blair model is 
intermediate model between ideal spring (see Fig. 1a) 
Hooke’s model:  
 
 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝐸𝐸(𝑡𝑡) (5) 
 
and Newton’s model:  
 
 𝜎𝜎(𝑡𝑡) = 𝜂𝜂 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 ,  (6) 
 
of ideal fluids represented by means of an ideal dashpot 
(see Fig. 1b). To illustrate the structure of fractional mod-
els, a fractional element, in addition to the standard purely 
elastic (5) and purely viscous (6) elements, must be intro-
duced – see Fig. 1c [4]. Assuming unit-step strain 𝜀𝜀(𝑡𝑡) the 
uniaxial stress response of elementary fractional element 
(4), i.e. the time-dependent relaxation modulus 𝐺𝐺(𝑡𝑡) is 
given by [9, 20]: 
 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏)

−𝛼𝛼
. (7) 

 
Thus the elementary fractional element is uniquely de-
scribed by three parameters (𝐸𝐸, 𝜏𝜏, 𝛼𝛼), as shown in Fig. 1c. 
A deep insight into the complex properties of elementary 
fractional model gives the infinite hierarchical three struc-
ture of spring-dashpot fractal network model derived in 
[10] and presented in Fig. 2. It is shown to be 𝛼𝛼 = 1

2 order 
model (4). Other hierarchical arrangements of springs and 
dashpot, which compose the elements of classical Max-
well model, such as ladders, trees or fractal structures can 
be found in the literature [10, 19]. 
 
 
 
 
 
 
 
 
Fig. 1. From left to right: Hooke (a), Newton (b) and 
elementary fractional (c) elements 
Fig. 1 From left to right: Hooke

a 
From left to right: Hooke

b 
, Newton 
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𝐸𝐸

 

(𝐸𝐸, 𝜏𝜏, 𝛼𝛼)

 PARALLEL SCOTT-BLAIR FRACTIONAL MODEL 3 

 

Fig. 2. Tree model of fractional Scott-Blair element (4) 
for 𝛼𝛼 = 1

2 [10]  
 
The classic Maxwell model is a viscoelastic body that 

stores energy like a linearized elastic spring and dissipates 
energy like a classical fluid dashpot. Precisely, classic 
viscoelastic Maxwell model is the arrangement of ideal 
spring in series with a dashpot (see Fig. 3a) described by 
the first order differential equation: 

 
 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 + 𝐸𝐸
𝜂𝜂 𝜎𝜎(𝑡𝑡) = 𝐸𝐸 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 , (8) 

 
which for unit-step strain 𝜀𝜀(𝑡𝑡) has the exponential type 
response: 
 
 𝐺𝐺(𝑡𝑡) = 𝐸𝐸𝑒𝑒−𝑡𝑡 𝜏𝜏⁄ , 
 
with the relaxation time 𝜏𝜏 = 𝜂𝜂 𝐸𝐸⁄ .  

Connecting in series, by analogy to classic Maxwell 
model, two elementary fractional Scott-Blair elements 
(𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and (𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽) – see Fig. 3b – we obtain frac-
tional Maxwell model described by the fractional differ-
ential equation [9, 20, 26, 28]: 

 

 𝜏𝜏𝛼𝛼−𝛽𝛽 𝑑𝑑𝛼𝛼−𝛽𝛽𝜎𝜎(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼−𝛽𝛽 + 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼 𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)

𝑑𝑑𝑡𝑡𝛼𝛼 , (9) 
 
where the parameters of the fractional Maxwell model (9) 
are functions of the parameters (𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and (𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽) 
of the model components given by [26]:  
 

 𝜏𝜏 = [𝐸𝐸1(𝜏𝜏1)
𝛼𝛼

𝐸𝐸2(𝜏𝜏2)𝛽𝛽
]

1
𝛼𝛼−𝛽𝛽, 

 

 𝐸𝐸 = [(𝐸𝐸1𝜏𝜏1)
−𝛽𝛽(𝜏𝜏1)𝛼𝛼(1−𝛼𝛼)

[𝐸𝐸2(𝜏𝜏2)𝛽𝛽]
−𝛼𝛼 ]

1
𝛼𝛼−𝛽𝛽

. 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Classic Maxwell model (a) followed by the frac-
tional Maxwell model (b)  

 
The assumption 𝛼𝛼 ≥ 𝛽𝛽 is taken, usually [9, 20, 26, 

28]. For details of the fractional Maxwell model (9) con-
struction see [20] or [9]. For the unit-step strain the solu-
tion 𝜎𝜎(𝑡𝑡) = 𝐺𝐺(𝑡𝑡) of the fractional Maxwell model (9) is 
known for an arbitrary 1 ≥ 𝛼𝛼 ≥ 𝛽𝛽 ≥ 0 and given by the 
formula [9, 20, 28]: 

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸 (𝑡𝑡𝜏𝜏)
−𝛽𝛽

𝐸𝐸𝛼𝛼−𝛽𝛽,1−𝛽𝛽 (− (𝑡𝑡𝜏𝜏)
𝛼𝛼−𝛽𝛽

), (10) 

 
where: 𝐸𝐸𝜅𝜅,𝜇𝜇(𝑥𝑥) is the generalized Mittag-Leffler function 
defined by series representation, convergent in the whole 
z-complex plane [8, 17]: 
 

 𝐸𝐸𝜅𝜅,𝜇𝜇(𝑥𝑥) = ∑ 𝑥𝑥𝑛𝑛

𝛤𝛤(𝜅𝜅𝜅𝜅+𝜇𝜇)
∞
𝑛𝑛=0 . (11) 

 
The course of the relaxation modulus 𝐺𝐺(𝑡𝑡) (10) for 

fixed 𝛼𝛼 parameter and a few values of the 𝛽𝛽 order are 
shown in Fig. 4a, for fixed 𝛽𝛽 and a few values of 𝛼𝛼 the 
respective modulus 𝐺𝐺(𝑡𝑡) are plotted in Fig. 4b.  

The classic Kelvin-Voight model consisting in a pure-
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Fig. 4. The fractional Maxwell model relaxation modulus for E = 1 [Pa], τ = 20 [s] and: (a) fixed β = 0.15, (b) fixed 
α = 0.9 
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2 A. STANKIEWICZ 
have shown that the behavior of some viscoelastic biolog-
ical materials agrees well with that of the fractional mod-
els [7, 21, 26, 27, 29]. By replacing the springs and dash-
pots of the classical viscoelastic models by the Scott-Blair 
elements, several fractional models, including the frac-
tional Maxwell, fractional Voigt and fractional Kelvin 
models, have been proposed [20, 28]. For details concern-
ing the construction of fractional differential constitutive 
equations on the basis of classical mechanical viscoelastic 
models, such as the Maxwell, Kelvin-Voight and Zener 
ones, see also [20].  

In this paper we introduce a new viscoelestic model. 
This model is based on fractional Scott-Blair elements 
combined in parallel with multiplicative exponential type 
weight function. In result, the parallel Scott-Blair model 
admits the closed form of linear exponential type 
weighted combination of two power functions of elemen-
tary fractional model type. The main properties of the 
parallel Scott-Blair model are summarized. An important 
task in understanding the rheology of viscoelastic materi-
als is to construct models that allow one to describe the 
behavior of a material using the minimal number of phys-
ical parameters [22]. A new model is described by means 
of only five parameters. 

 
 

FRACTIONAL DERIVATIVE 
 

The Caputo’s fractional derivative of a function 𝑓𝑓(𝑥𝑥) 
of non-integer order 𝛼𝛼 with respect to variable 𝑡𝑡 and with 
starting point at 𝑡𝑡 = 0 is defined by [17]: 

 

 𝐷𝐷𝑡𝑡𝛼𝛼𝑓𝑓(𝑡𝑡) =
1

Γ(𝑛𝑛−𝛼𝛼) ∫ (𝑡𝑡 − 1)𝑛𝑛−𝛼𝛼−1𝑡𝑡
0

𝑑𝑑𝑛𝑛

𝑑𝑑𝑡𝑡𝑛𝑛 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑, (1) 

 
where: 𝑛𝑛 − 1 < 𝛼𝛼 < 𝑛𝑛 and Γ(𝑛𝑛) is Euler’s gamma func-
tion defined by the integral: 
 
 𝛤𝛤(𝑥𝑥) = ∫ 𝑡𝑡𝑥𝑥−1𝑒𝑒−𝑡𝑡𝑑𝑑𝑑𝑑∞

0 . (2) 
 
 

FRACTIONAL MODELS 
 

We consider a linear viscoelastic material subjected to 
small deformations for which the uniaxial, unaging and 
izotropic stress-strain equation can be represented by a 
Boltzmann superposition integral [5]: 

 
 𝜎𝜎(𝑡𝑡) = ∫ 𝐺𝐺(𝑡𝑡 − 𝜆𝜆)𝜀𝜀̇(𝜆𝜆)𝑑𝑑𝑑𝑑𝑡𝑡

−∞ , (3) 
 
where: 𝜎𝜎(𝑡𝑡) and 𝜀𝜀(𝑡𝑡) denotes the stress and strain, respec-
tively, and 𝐺𝐺(𝑡𝑡) is the linear time-dependent relaxation 
modulus. The modulus 𝐺𝐺(𝑡𝑡) is the stress, which is in-

duced in the viscoelastic material described by equation 
(3) when the unit-step strain 𝜀𝜀(𝑡𝑡) is imposed.  

Fractional Scott-Blair model [9, 21] is described by 
the fractional differential equation:  

 

 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼 𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼 , (4) 

 
where: 𝐸𝐸 and τ are the elastic modulus and relaxation 
time, respectively, 𝛼𝛼 is non-integer positive order of frac-
tional derivative of the strain 𝜀𝜀(𝑡𝑡). Here, 𝑑𝑑𝛼𝛼 𝑑𝑑𝑡𝑡𝛼𝛼⁄ = 𝐷𝐷𝑡𝑡𝛼𝛼 
means the fractional derivative operator in the sense of 
Caputo derivative (1). Fractional Scott Blair model is 
intermediate model between ideal spring (see Fig. 1a) 
Hooke’s model:  
 
 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝐸𝐸(𝑡𝑡) (5) 
 
and Newton’s model:  
 
 𝜎𝜎(𝑡𝑡) = 𝜂𝜂 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 ,  (6) 
 
of ideal fluids represented by means of an ideal dashpot 
(see Fig. 1b). To illustrate the structure of fractional mod-
els, a fractional element, in addition to the standard purely 
elastic (5) and purely viscous (6) elements, must be intro-
duced – see Fig. 1c [4]. Assuming unit-step strain 𝜀𝜀(𝑡𝑡) the 
uniaxial stress response of elementary fractional element 
(4), i.e. the time-dependent relaxation modulus 𝐺𝐺(𝑡𝑡) is 
given by [9, 20]: 
 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏)

−𝛼𝛼
. (7) 

 
Thus the elementary fractional element is uniquely de-
scribed by three parameters (𝐸𝐸, 𝜏𝜏, 𝛼𝛼), as shown in Fig. 1c. 
A deep insight into the complex properties of elementary 
fractional model gives the infinite hierarchical three struc-
ture of spring-dashpot fractal network model derived in 
[10] and presented in Fig. 2. It is shown to be 𝛼𝛼 = 1

2 order 
model (4). Other hierarchical arrangements of springs and 
dashpot, which compose the elements of classical Max-
well model, such as ladders, trees or fractal structures can 
be found in the literature [10, 19]. 
 
 
 
 
 
 
 
 
Fig. 1. From left to right: Hooke (a), Newton (b) and 
elementary fractional (c) elements 

a b c 
 

𝐸𝐸

 

(𝐸𝐸, 𝜏𝜏, 𝛼𝛼)
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Fig. 2. Tree model of fractional Scott-Blair element (4) 
for 𝛼𝛼 = 1

2 [10]  
 
The classic Maxwell model is a viscoelastic body that 

stores energy like a linearized elastic spring and dissipates 
energy like a classical fluid dashpot. Precisely, classic 
viscoelastic Maxwell model is the arrangement of ideal 
spring in series with a dashpot (see Fig. 3a) described by 
the first order differential equation: 

 
 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 + 𝐸𝐸
𝜂𝜂 𝜎𝜎(𝑡𝑡) = 𝐸𝐸 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 , (8) 

 
which for unit-step strain 𝜀𝜀(𝑡𝑡) has the exponential type 
response: 
 
 𝐺𝐺(𝑡𝑡) = 𝐸𝐸𝑒𝑒−𝑡𝑡 𝜏𝜏⁄ , 
 
with the relaxation time 𝜏𝜏 = 𝜂𝜂 𝐸𝐸⁄ .  

Connecting in series, by analogy to classic Maxwell 
model, two elementary fractional Scott-Blair elements 
(𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and (𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽) – see Fig. 3b – we obtain frac-
tional Maxwell model described by the fractional differ-
ential equation [9, 20, 26, 28]: 

 

 𝜏𝜏𝛼𝛼−𝛽𝛽 𝑑𝑑𝛼𝛼−𝛽𝛽𝜎𝜎(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼−𝛽𝛽 + 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼 𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)

𝑑𝑑𝑡𝑡𝛼𝛼 , (9) 
 
where the parameters of the fractional Maxwell model (9) 
are functions of the parameters (𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and (𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽) 
of the model components given by [26]:  
 

 𝜏𝜏 = [𝐸𝐸1(𝜏𝜏1)
𝛼𝛼

𝐸𝐸2(𝜏𝜏2)𝛽𝛽
]

1
𝛼𝛼−𝛽𝛽, 

 

 𝐸𝐸 = [(𝐸𝐸1𝜏𝜏1)
−𝛽𝛽(𝜏𝜏1)𝛼𝛼(1−𝛼𝛼)

[𝐸𝐸2(𝜏𝜏2)𝛽𝛽]
−𝛼𝛼 ]

1
𝛼𝛼−𝛽𝛽

. 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Classic Maxwell model (a) followed by the frac-
tional Maxwell model (b)  

 
The assumption 𝛼𝛼 ≥ 𝛽𝛽 is taken, usually [9, 20, 26, 

28]. For details of the fractional Maxwell model (9) con-
struction see [20] or [9]. For the unit-step strain the solu-
tion 𝜎𝜎(𝑡𝑡) = 𝐺𝐺(𝑡𝑡) of the fractional Maxwell model (9) is 
known for an arbitrary 1 ≥ 𝛼𝛼 ≥ 𝛽𝛽 ≥ 0 and given by the 
formula [9, 20, 28]: 

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸 (𝑡𝑡𝜏𝜏)
−𝛽𝛽

𝐸𝐸𝛼𝛼−𝛽𝛽,1−𝛽𝛽 (− (𝑡𝑡𝜏𝜏)
𝛼𝛼−𝛽𝛽

), (10) 

 
where: 𝐸𝐸𝜅𝜅,𝜇𝜇(𝑥𝑥) is the generalized Mittag-Leffler function 
defined by series representation, convergent in the whole 
z-complex plane [8, 17]: 
 

 𝐸𝐸𝜅𝜅,𝜇𝜇(𝑥𝑥) = ∑ 𝑥𝑥𝑛𝑛

𝛤𝛤(𝜅𝜅𝜅𝜅+𝜇𝜇)
∞
𝑛𝑛=0 . (11) 

 
The course of the relaxation modulus 𝐺𝐺(𝑡𝑡) (10) for 

fixed 𝛼𝛼 parameter and a few values of the 𝛽𝛽 order are 
shown in Fig. 4a, for fixed 𝛽𝛽 and a few values of 𝛼𝛼 the 
respective modulus 𝐺𝐺(𝑡𝑡) are plotted in Fig. 4b.  

The classic Kelvin-Voight model consisting in a pure-

𝐸𝐸

 

b 
Classic 
a 

(𝐸𝐸1, 𝜏𝜏1,𝛼𝛼) 

(𝐸𝐸2, 𝜏𝜏2,𝛽𝛽) 

1  2 

⋮ ⋮ ⋮⋮ ⋮ ⋮ ⋮⋮ ⋮ ⋮ ⋮⋮ ⋮ ⋮ ⋮⋮

 
Fig. 4. The fractional Maxwell model relaxation modulus for E = 1 [Pa], τ = 20 [s] and: (a) fixed β = 0.15, (b) fixed 
α = 0.9 
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4 A. STANKIEWICZ 
ly elastic element, i.e. spring, arranged in parallel with a 
purely viscous element, a dashpot (see Fig 5a), is de-
scribed by the well-known first order differential equa-
tion: 
 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝐸𝐸(𝑡𝑡) + 𝜂𝜂 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 . 
 
However, the Kelvin-Voight model exhibits an expo-

nential strain creep, but not stress relaxation, which is 
described by the relaxation modulus: 

 
 𝐺𝐺(𝑡𝑡) = 𝐸𝐸 + 𝜂𝜂𝜂𝜂(𝑡𝑡), 
 
here 𝛿𝛿(𝑡𝑡) denotes the Dirac impulse. 

Fig. 5. Classic Kelvin-Voight model (a) followed by the 
fractional Kelvin-Voight model (b)  

 
By replacing the spring and dashpot of the classical 

Kelvin-Voight model by two fractional Scott–Blair ele-
ments (𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and (𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽) – see Fig. 5b – we obtain 
fractional Kelvin-Voight model described by the non-
integer order differential equation. We assume that 
1 > 𝛼𝛼 ≥ 0 and 1 > 𝛽𝛽 ≥ 0. In view of (4) for the same 
strain 𝜀𝜀(𝑡𝑡) the stresses for these sub-elements are de-
scribed by: 

 

 𝜎𝜎1(𝑡𝑡) = 𝐸𝐸1(𝜏𝜏1)𝛼𝛼
𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼 , 

 

 𝜎𝜎2(𝑡𝑡) = 𝐸𝐸2(𝜏𝜏2)𝛽𝛽
𝑑𝑑𝛽𝛽𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛽𝛽 . 

 

Thus, the sum stress 𝜎𝜎(𝑡𝑡) = 𝜎𝜎1(𝑡𝑡) + 𝜎𝜎2(𝑡𝑡) of the parallel 
connection of two elementary fractional elements is de-
scribed by the fractional differential equation: 
 

 𝜎𝜎(𝑡𝑡) = 𝐸𝐸1(𝜏𝜏1)𝛼𝛼
𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼 + 𝐸𝐸2(𝜏𝜏2)𝛽𝛽

𝑑𝑑𝛽𝛽𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛽𝛽 . 

The respective relaxation modulus is given by:  
 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸1
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏1
)
−𝛼𝛼

+ 𝐸𝐸2
𝛤𝛤(1−𝛽𝛽) (

𝑡𝑡
𝜏𝜏2
)
−𝛽𝛽

. (12) 

 
The course of the relaxation modulus (12) for fixed 𝛼𝛼 

and a few values of the 𝛽𝛽 order are shown in Fig. 6a, for 
fixed 𝛽𝛽 and a few values of 𝛼𝛼 the modulus are plotted in 
Fig. 6b.  

As can be seen, the performance of the three models: 
classic Maxwell, fractional Maxwell and fractional Kel-
vin-Voight models, although non identical, are compara-
ble to typical shape of the relaxation modulus of different 
physical viscoelastic materials.  

In order to make quantitative predictions about the be-
havior of viscoelastic materials, the rheological models 
should be chosen in a form that is convenient not only for 
mathematical analysis but also for derivation from exper-
imental data.  

Note, that the fractional Kelvin-Voight model (12) is 
uniquely defined by six parameters (𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and 
(𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽). The relaxation modulus (12) can be rewritten 
as follows: 

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸1(𝜏𝜏1)𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼 + 𝐸𝐸2(𝜏𝜏2)𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽, (13) 

 
thus the parameters (𝐸𝐸1, 𝜏𝜏1) can not be determined 

uniquely, since only the quotient 𝐸𝐸1(𝜏𝜏1)
𝛼𝛼

𝛤𝛤(1−𝛼𝛼) can be uniquely 

determined if no additional conditions are imposed. Simi-
larly, the uniqueness of the elastic modulus 𝐸𝐸2 and relaxa-
tion time 𝜏𝜏2 identifiability is unattainable. If we shall 
allow that 𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸 and 𝜏𝜏1 = 𝜏𝜏2 = 𝜏𝜏 in (13), which 
yields the simplified model: 

 
Fig. 6. The relaxation modulus of the fractional Kelvin-Voight models for E1 = E2 = 1 [Pa], τ1 = 2 [s], τ2 = 20 [s] 
and: (a) fixed β = 0.15, (b) fixed α = 0.9 
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 𝐺𝐺(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼 + 𝐸𝐸𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽, 

 
the unique identification of the model parameters 
(𝐸𝐸, 𝜏𝜏, 𝛼𝛼, 𝛽𝛽) can be readily obtained. However, this relaxa-
tion modulus description is poorer than (12). The parallel 
structure fractional model with two Scott-Blair elements 
of common elastic modulus 𝐸𝐸 and relaxation time 𝜏𝜏 but 
arbitrary non-integer order 𝛼𝛼 and 𝛽𝛽 parameters is pro-
posed in the next section, for which this drawback is 
overcome.  
 
 

PARALLEL SCOTT-BLAIR MODEL 
 

Let us consider now the arrangement of two elemen-
tary fractional Scott-Blair elements (𝐸𝐸, 𝜏𝜏, 𝛼𝛼) and (𝐸𝐸, 𝜏𝜏, 𝛽𝛽) 
in parallel (Fig. 7) with additional multiplicative elements 
of product operation using the weight function 𝜑𝜑(𝑡𝑡), the 
relaxation modulus of which is described by:  

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏)

−𝛼𝛼
𝜑𝜑(𝑡𝑡) + 𝐸𝐸

𝛤𝛤(1−𝛽𝛽) (
𝑡𝑡
𝜏𝜏)

−𝛽𝛽
(1 − 𝜑𝜑(𝑡𝑡)).(14) 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. Parallel Scott-Blair model  
 
In Fig. 7 the product operations in (14) are symbolically 
marked by the product blocks in two parallel branches. 
We assume the Debye type weight function: 
 
 𝜑𝜑(𝑡𝑡) = 𝑒𝑒−𝛾𝛾𝛾𝛾 
 
of exponential decay represented by the parameter 𝛾𝛾 > 0. 
Thus, the relaxation modulus (14) has the following exact 
form: 
 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏)

−𝛼𝛼
𝑒𝑒−𝛾𝛾𝛾𝛾 + 𝐸𝐸

𝛤𝛤(1−𝛽𝛽) (
𝑡𝑡
𝜏𝜏)

−𝛽𝛽
(1 − 𝑒𝑒−𝛾𝛾𝛾𝛾).(15) 

 
We assume that 1 > 𝛼𝛼 ≥ 0 and 1 > 𝛽𝛽 ≥ 0. We also 

allow one, but not both, of the 𝛼𝛼 and 𝛽𝛽 values to be zero.  
 

MONOTONICITY OF THE MODEL 
 

It is assumed in the rheology literature that the relaxa-
tion modulus is positive definite and non-increasing (or 
decreasing) function. To study the relaxation modulus 
(15) monotonicity, let us rewrite it as follows: 

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼𝑒𝑒−𝛾𝛾𝛾𝛾 + 𝐸𝐸𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽(1 − 𝑒𝑒−𝛾𝛾𝛾𝛾). (17) 

 
Now, differentiation it with respect to the time yields: 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑 = −𝛼𝛼𝛼𝛼𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼−1𝑒𝑒−𝛾𝛾𝛾𝛾 − 𝛾𝛾𝛾𝛾𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼𝑒𝑒−𝛾𝛾𝛾𝛾 −

𝛽𝛽𝛽𝛽𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽−1(1 − 𝑒𝑒−𝛾𝛾𝛾𝛾) + 𝐸𝐸𝜏𝜏𝛽𝛽𝛾𝛾

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽𝑒𝑒−𝛾𝛾𝛾𝛾. 

 
We examine whether 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 = 𝐺𝐺′(𝑡𝑡) < 0, thus whether 

𝐺𝐺(𝑡𝑡) decreases. By multiplying 𝐺𝐺′(𝑡𝑡) by 𝑒𝑒𝛾𝛾𝛾𝛾𝑡𝑡𝛽𝛽+1 this 
requirement is equivalent to:  
 

−𝛼𝛼𝛼𝛼𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼+𝛽𝛽 − 𝜏𝜏𝛼𝛼𝛾𝛾

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
𝛽𝛽−𝛼𝛼+1 − 𝜏𝜏𝛽𝛽𝛽𝛽

𝛤𝛤(1−𝛽𝛽) (𝑒𝑒
𝛾𝛾𝛾𝛾 − 1) +

𝜏𝜏𝛽𝛽𝛾𝛾𝛾𝛾
𝛤𝛤(1−𝛽𝛽) < 0, 

 
whence, after some rearrangement of terms, it is easy to 
see that the condition 𝐺𝐺′(𝑡𝑡) < 0 holds if and only the 
following inequality is satisfied: 
 

Φ(𝑡𝑡) = 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼)
[𝛼𝛼 + 𝛾𝛾𝛾𝛾]𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽)
[𝛽𝛽𝑒𝑒𝛾𝛾𝛾𝛾 − 𝛽𝛽 − 𝛾𝛾𝛾𝛾] > 0. (18) 

 
Since 𝛽𝛽 − 𝛼𝛼 + 1 > 0, then [𝛼𝛼 + 𝛾𝛾𝛾𝛾]𝑡𝑡𝛽𝛽−𝛼𝛼 → ∞ as 𝑡𝑡 → ∞. 
Similarly, 𝑒𝑒𝛾𝛾𝛾𝛾 → ∞ if 𝑡𝑡 → ∞. Thus there exists such 𝑡𝑡, 
call it 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚, that Φ(𝑡𝑡) > 0 for every 𝑡𝑡 ≥ 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 , by (18) 
above. Then we have the following. 
Property 1. There exists 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 ≥ 0 such that for any 
𝑡𝑡 ≥ 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 the relaxation modulus 𝐺𝐺(𝑡𝑡) (15) of the parallel 
Scott-Blair model is monotonically decreasing function.  
 In view of the above, the relaxation modulus may be 
non-decreasing (increasing) function in some time inter-
val. For examples of relaxation modulus of such courses 
see, e.g. [24] and the example of the relaxation modulus 
recorded in the relaxation test for the real biological mate-
rial given herein (sample 2 in the Example below). We 
propose now some upper bounds of minimal time 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚, 
after which 𝐺𝐺(𝑡𝑡) is decreasing in time.  
Property 2. The parallel Scott-Blair model relaxation 
modulus 𝐺𝐺(𝑡𝑡) (15) is a monotonically decreasing function 
for any time such that: 
 
 𝑡𝑡 ≥ 2(1−𝛽𝛽)

𝛽𝛽𝛽𝛽 = 𝑡𝑡1. (19) 

 

 

(𝐸𝐸, 𝜏𝜏, 𝛼𝛼) (𝐸𝐸, 𝜏𝜏, 𝛽𝛽) 
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ly elastic element, i.e. spring, arranged in parallel with a 
purely viscous element, a dashpot (see Fig 5a), is de-
scribed by the well-known first order differential equa-
tion: 
 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝐸𝐸(𝑡𝑡) + 𝜂𝜂 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 . 
 
However, the Kelvin-Voight model exhibits an expo-

nential strain creep, but not stress relaxation, which is 
described by the relaxation modulus: 

 
 𝐺𝐺(𝑡𝑡) = 𝐸𝐸 + 𝜂𝜂𝜂𝜂(𝑡𝑡), 
 
here 𝛿𝛿(𝑡𝑡) denotes the Dirac impulse. 

Fig. 5. Classic Kelvin-Voight model (a) followed by the 
fractional Kelvin-Voight model (b)  

 
By replacing the spring and dashpot of the classical 

Kelvin-Voight model by two fractional Scott–Blair ele-
ments (𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and (𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽) – see Fig. 5b – we obtain 
fractional Kelvin-Voight model described by the non-
integer order differential equation. We assume that 
1 > 𝛼𝛼 ≥ 0 and 1 > 𝛽𝛽 ≥ 0. In view of (4) for the same 
strain 𝜀𝜀(𝑡𝑡) the stresses for these sub-elements are de-
scribed by: 

 

 𝜎𝜎1(𝑡𝑡) = 𝐸𝐸1(𝜏𝜏1)𝛼𝛼
𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼 , 

 

 𝜎𝜎2(𝑡𝑡) = 𝐸𝐸2(𝜏𝜏2)𝛽𝛽
𝑑𝑑𝛽𝛽𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛽𝛽 . 

 

Thus, the sum stress 𝜎𝜎(𝑡𝑡) = 𝜎𝜎1(𝑡𝑡) + 𝜎𝜎2(𝑡𝑡) of the parallel 
connection of two elementary fractional elements is de-
scribed by the fractional differential equation: 
 

 𝜎𝜎(𝑡𝑡) = 𝐸𝐸1(𝜏𝜏1)𝛼𝛼
𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼 + 𝐸𝐸2(𝜏𝜏2)𝛽𝛽

𝑑𝑑𝛽𝛽𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛽𝛽 . 

The respective relaxation modulus is given by:  
 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸1
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏1
)
−𝛼𝛼

+ 𝐸𝐸2
𝛤𝛤(1−𝛽𝛽) (

𝑡𝑡
𝜏𝜏2
)
−𝛽𝛽

. (12) 

 
The course of the relaxation modulus (12) for fixed 𝛼𝛼 

and a few values of the 𝛽𝛽 order are shown in Fig. 6a, for 
fixed 𝛽𝛽 and a few values of 𝛼𝛼 the modulus are plotted in 
Fig. 6b.  

As can be seen, the performance of the three models: 
classic Maxwell, fractional Maxwell and fractional Kel-
vin-Voight models, although non identical, are compara-
ble to typical shape of the relaxation modulus of different 
physical viscoelastic materials.  

In order to make quantitative predictions about the be-
havior of viscoelastic materials, the rheological models 
should be chosen in a form that is convenient not only for 
mathematical analysis but also for derivation from exper-
imental data.  

Note, that the fractional Kelvin-Voight model (12) is 
uniquely defined by six parameters (𝐸𝐸1, 𝜏𝜏1, 𝛼𝛼) and 
(𝐸𝐸2, 𝜏𝜏2, 𝛽𝛽). The relaxation modulus (12) can be rewritten 
as follows: 

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸1(𝜏𝜏1)𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼 + 𝐸𝐸2(𝜏𝜏2)𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽, (13) 

 
thus the parameters (𝐸𝐸1, 𝜏𝜏1) can not be determined 

uniquely, since only the quotient 𝐸𝐸1(𝜏𝜏1)
𝛼𝛼

𝛤𝛤(1−𝛼𝛼) can be uniquely 

determined if no additional conditions are imposed. Simi-
larly, the uniqueness of the elastic modulus 𝐸𝐸2 and relaxa-
tion time 𝜏𝜏2 identifiability is unattainable. If we shall 
allow that 𝐸𝐸1 = 𝐸𝐸2 = 𝐸𝐸 and 𝜏𝜏1 = 𝜏𝜏2 = 𝜏𝜏 in (13), which 
yields the simplified model: 

 
Fig. 6. The relaxation modulus of the fractional Kelvin-Voight models for E1 = E2 = 1 [Pa], τ1 = 2 [s], τ2 = 20 [s] 
and: (a) fixed β = 0.15, (b) fixed α = 0.9 
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 𝐺𝐺(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼 + 𝐸𝐸𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽, 

 
the unique identification of the model parameters 
(𝐸𝐸, 𝜏𝜏, 𝛼𝛼, 𝛽𝛽) can be readily obtained. However, this relaxa-
tion modulus description is poorer than (12). The parallel 
structure fractional model with two Scott-Blair elements 
of common elastic modulus 𝐸𝐸 and relaxation time 𝜏𝜏 but 
arbitrary non-integer order 𝛼𝛼 and 𝛽𝛽 parameters is pro-
posed in the next section, for which this drawback is 
overcome.  
 
 

PARALLEL SCOTT-BLAIR MODEL 
 

Let us consider now the arrangement of two elemen-
tary fractional Scott-Blair elements (𝐸𝐸, 𝜏𝜏, 𝛼𝛼) and (𝐸𝐸, 𝜏𝜏, 𝛽𝛽) 
in parallel (Fig. 7) with additional multiplicative elements 
of product operation using the weight function 𝜑𝜑(𝑡𝑡), the 
relaxation modulus of which is described by:  

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏)

−𝛼𝛼
𝜑𝜑(𝑡𝑡) + 𝐸𝐸

𝛤𝛤(1−𝛽𝛽) (
𝑡𝑡
𝜏𝜏)

−𝛽𝛽
(1 − 𝜑𝜑(𝑡𝑡)).(14) 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. Parallel Scott-Blair model  
 
In Fig. 7 the product operations in (14) are symbolically 
marked by the product blocks in two parallel branches. 
We assume the Debye type weight function: 
 
 𝜑𝜑(𝑡𝑡) = 𝑒𝑒−𝛾𝛾𝛾𝛾 
 
of exponential decay represented by the parameter 𝛾𝛾 > 0. 
Thus, the relaxation modulus (14) has the following exact 
form: 
 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸
𝛤𝛤(1−𝛼𝛼) (

𝑡𝑡
𝜏𝜏)

−𝛼𝛼
𝑒𝑒−𝛾𝛾𝛾𝛾 + 𝐸𝐸

𝛤𝛤(1−𝛽𝛽) (
𝑡𝑡
𝜏𝜏)

−𝛽𝛽
(1 − 𝑒𝑒−𝛾𝛾𝛾𝛾).(15) 

 
We assume that 1 > 𝛼𝛼 ≥ 0 and 1 > 𝛽𝛽 ≥ 0. We also 

allow one, but not both, of the 𝛼𝛼 and 𝛽𝛽 values to be zero.  
 

MONOTONICITY OF THE MODEL 
 

It is assumed in the rheology literature that the relaxa-
tion modulus is positive definite and non-increasing (or 
decreasing) function. To study the relaxation modulus 
(15) monotonicity, let us rewrite it as follows: 

 

 𝐺𝐺(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼𝑒𝑒−𝛾𝛾𝛾𝛾 + 𝐸𝐸𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽(1 − 𝑒𝑒−𝛾𝛾𝛾𝛾). (17) 

 
Now, differentiation it with respect to the time yields: 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑 = −𝛼𝛼𝛼𝛼𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼−1𝑒𝑒−𝛾𝛾𝛾𝛾 − 𝛾𝛾𝛾𝛾𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼𝑒𝑒−𝛾𝛾𝛾𝛾 −

𝛽𝛽𝛽𝛽𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽−1(1 − 𝑒𝑒−𝛾𝛾𝛾𝛾) + 𝐸𝐸𝜏𝜏𝛽𝛽𝛾𝛾

𝛤𝛤(1−𝛽𝛽) 𝑡𝑡
−𝛽𝛽𝑒𝑒−𝛾𝛾𝛾𝛾. 

 
We examine whether 𝑑𝑑𝑑𝑑(𝑡𝑡)

𝑑𝑑𝑑𝑑 = 𝐺𝐺′(𝑡𝑡) < 0, thus whether 

𝐺𝐺(𝑡𝑡) decreases. By multiplying 𝐺𝐺′(𝑡𝑡) by 𝑒𝑒𝛾𝛾𝛾𝛾𝑡𝑡𝛽𝛽+1 this 
requirement is equivalent to:  
 

−𝛼𝛼𝛼𝛼𝛼𝛼

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
−𝛼𝛼+𝛽𝛽 − 𝜏𝜏𝛼𝛼𝛾𝛾

𝛤𝛤(1−𝛼𝛼) 𝑡𝑡
𝛽𝛽−𝛼𝛼+1 − 𝜏𝜏𝛽𝛽𝛽𝛽

𝛤𝛤(1−𝛽𝛽) (𝑒𝑒
𝛾𝛾𝛾𝛾 − 1) +

𝜏𝜏𝛽𝛽𝛾𝛾𝛾𝛾
𝛤𝛤(1−𝛽𝛽) < 0, 

 
whence, after some rearrangement of terms, it is easy to 
see that the condition 𝐺𝐺′(𝑡𝑡) < 0 holds if and only the 
following inequality is satisfied: 
 

Φ(𝑡𝑡) = 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼)
[𝛼𝛼 + 𝛾𝛾𝛾𝛾]𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽)
[𝛽𝛽𝑒𝑒𝛾𝛾𝛾𝛾 − 𝛽𝛽 − 𝛾𝛾𝛾𝛾] > 0. (18) 

 
Since 𝛽𝛽 − 𝛼𝛼 + 1 > 0, then [𝛼𝛼 + 𝛾𝛾𝛾𝛾]𝑡𝑡𝛽𝛽−𝛼𝛼 → ∞ as 𝑡𝑡 → ∞. 
Similarly, 𝑒𝑒𝛾𝛾𝛾𝛾 → ∞ if 𝑡𝑡 → ∞. Thus there exists such 𝑡𝑡, 
call it 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚, that Φ(𝑡𝑡) > 0 for every 𝑡𝑡 ≥ 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 , by (18) 
above. Then we have the following. 
Property 1. There exists 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 ≥ 0 such that for any 
𝑡𝑡 ≥ 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 the relaxation modulus 𝐺𝐺(𝑡𝑡) (15) of the parallel 
Scott-Blair model is monotonically decreasing function.  
 In view of the above, the relaxation modulus may be 
non-decreasing (increasing) function in some time inter-
val. For examples of relaxation modulus of such courses 
see, e.g. [24] and the example of the relaxation modulus 
recorded in the relaxation test for the real biological mate-
rial given herein (sample 2 in the Example below). We 
propose now some upper bounds of minimal time 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚, 
after which 𝐺𝐺(𝑡𝑡) is decreasing in time.  
Property 2. The parallel Scott-Blair model relaxation 
modulus 𝐺𝐺(𝑡𝑡) (15) is a monotonically decreasing function 
for any time such that: 
 
 𝑡𝑡 ≥ 2(1−𝛽𝛽)

𝛽𝛽𝛽𝛽 = 𝑡𝑡1. (19) 

 

 

(𝐸𝐸, 𝜏𝜏, 𝛼𝛼) (𝐸𝐸, 𝜏𝜏, 𝛽𝛽) 
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6 A. STANKIEWICZ 
Proof. The inequality (18) is used. Since, based on the 
Taylor’s expansion of the exponential function for any 
positive 𝑡𝑡, we have: 
 

 𝑒𝑒𝛾𝛾𝛾𝛾 > 1 + ∑ (𝛾𝛾𝛾𝛾)𝑖𝑖

𝑖𝑖!
𝑝𝑝
𝑖𝑖=1 , 

 
if we set 𝑝𝑝 = 2, then for the function Φ(𝑡𝑡) defined by 
(18) the following upper bound is obtained: 
 

Φ(𝑡𝑡) > 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) (𝛽𝛽 − 1 + 𝛽𝛽 𝛾𝛾𝛾𝛾
2 ) 𝛾𝛾𝛾𝛾. (20) 

 
The first component of the right-hand side of (20) is posi-
tive for any 𝑡𝑡 > 0 and the second component is nonnega-
tive for any 𝑡𝑡 ≥ 𝑡𝑡1, where 𝑡𝑡1 is defined in (19). Thus, (18) 
gives 𝐺𝐺′(𝑡𝑡) < 0 and the result is proven.  

We now present the next upper bound for 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚, which 
will improve on upper bound given in Property 2. To 
prove this result, we use similar arguments. The third 
degree Taylor’s expansion of 𝑒𝑒𝛾𝛾𝛾𝛾, 𝑝𝑝 = 3, gives: 

 

Φ(𝑡𝑡) > 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) [𝛽𝛽 − 1 + 𝛽𝛽 𝛾𝛾𝛾𝛾
2 +

𝛽𝛽 (𝛾𝛾𝛾𝛾)2

6 ] 𝛾𝛾𝛾𝛾. 
 
Thus, Φ(𝑡𝑡) > 0 for any 𝑡𝑡 such that:  
 

 𝑡𝑡 ≥ −3𝛽𝛽+√24𝛽𝛽−15𝛽𝛽2
2𝛽𝛽𝛽𝛽 = 𝑡𝑡2, (21) 

 
and we established more restrictive condition.  
Property 3. The parallel Scott-Blair model relaxation 
modulus 𝐺𝐺(𝑡𝑡) (15) is a monotonically decreasing function 
for any time such that 𝑡𝑡 ≥ 𝑡𝑡2, where 𝑡𝑡2 is defined in (21). 

We shall now give another upper bound of 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 and 
next compare it to 𝑡𝑡1 and 𝑡𝑡2.  
Property 4. The parallel Scott-Blair model relaxation 
modulus 𝐺𝐺(𝑡𝑡) (15) is a monotonically decreasing function 
for any time:  
 
 𝑡𝑡 ≥ 1

𝛽𝛽𝛽𝛽 −
𝛽𝛽
𝛾𝛾 = 𝑡𝑡3. (22) 

 
Proof. Using the following upper bound [1; Theorem 
(1)]: 
 

 𝑒𝑒𝑥𝑥 > (1 + 𝑥𝑥
𝑎𝑎)

[𝑎𝑎(𝑎𝑎+𝑥𝑥)]1 2⁄

, 
 
valid for any positive 𝑎𝑎 and 𝑥𝑥, we establish the following 
estimation of the function Φ(𝑡𝑡): 
 

Φ(𝑡𝑡) > 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) [𝛽𝛽 (1 +

𝛾𝛾𝛾𝛾
𝑎𝑎 )

[𝑎𝑎(𝑎𝑎+𝛾𝛾𝛾𝛾)]1 2⁄

− 𝛽𝛽 − 𝛾𝛾𝛾𝛾]. 

 
Let 𝑎𝑎 = 𝛽𝛽. Then, we have: 
 

Φ(𝑡𝑡) >
𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)
𝛤𝛤(1−𝛽𝛽) [𝛽𝛽1−[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ (𝛽𝛽 +

𝛾𝛾𝛾𝛾)[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ −1 − 1].   (23) 
 
The second summand of the right-hand side of (23) is 
nonnegative if and only if: 
 
 𝛽𝛽1−[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ (𝛽𝛽 + 𝛾𝛾𝛾𝛾)[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ −1 ≥ 1, 
 
which is equivalent to: 
 

 (1 + 𝛾𝛾𝛾𝛾
𝛽𝛽 )

[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ −1
≥ 1. (24) 

 
The logarithm of both sides of (24) gives: 
 

 {[𝛽𝛽(𝛽𝛽 + 𝛾𝛾𝛾𝛾)]1 2⁄ − 1}𝑙𝑙𝑙𝑙𝑙𝑙 (1 + 𝛾𝛾𝛾𝛾
𝛽𝛽 ) ≥ 0. 

 
So for 𝑡𝑡 > 0 the second factor is positive, the following 
condition follows immediately: 
 
 [𝛽𝛽(𝛽𝛽 + 𝛾𝛾𝛾𝛾)]1 2⁄ > 1, 
 
whence, we obtain [𝛽𝛽(𝛽𝛽 + 𝛾𝛾𝛾𝛾)] > 1, which immediately 
implies (22) and proves the property. 

To show that for 𝛽𝛽 > 0 this upper bound of 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 is 
better than (19), note that the obvious inequality 
(1 − 𝛽𝛽)2 > 0 is equivalent to 1 − 𝛽𝛽2 < 2(1 − 𝛽𝛽), which 
for 𝛽𝛽 > 0 yields:  

 

 1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 <

2(1−𝛽𝛽)
𝛽𝛽𝛽𝛽 , 

 
whence:  
 
 𝑡𝑡3 =

1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 <

2(1−𝛽𝛽)
𝛽𝛽𝛽𝛽 = 𝑡𝑡1 

 
directly results.  

Next, we prove that for 𝛽𝛽 > 0 we have 𝑡𝑡2 < 𝑡𝑡3. Since 
𝛽𝛽2 − 𝛽𝛽 + 1 > 0, the inequality 0 < (𝛽𝛽 − 1)2(𝛽𝛽2 − 𝛽𝛽 +
1) implies:  

 
 0 < 4 + 16𝛽𝛽2 − 12𝛽𝛽 + 4𝛽𝛽4 − 12𝛽𝛽3, 
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and hence, after simple algebra, we obtain: 
 
 24𝛽𝛽−15𝛽𝛽2 < (2 + 3𝛽𝛽 − 2𝛽𝛽2)2. 

 
Since both sides of the above are positive, we have: 

 
 √24𝛽𝛽−15𝛽𝛽2 < 2 + 3𝛽𝛽 − 2𝛽𝛽2, 
 
whence: 
 

 𝑡𝑡2 =
−3𝛽𝛽+√24𝛽𝛽−15𝛽𝛽2

2𝛽𝛽𝛽𝛽 < 1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 = 𝑡𝑡3 

results after algebraic manipulations. Thus, the upper 
bound 𝑡𝑡3 is better that 𝑡𝑡1 and is sometimes at least as good 
as 𝑡𝑡2 - see Fig. 8, in which the times 𝑡𝑡1 (19), 𝑡𝑡2 (21) and 
𝑡𝑡3 (22) as a functions of the order 𝛽𝛽 are summarized. In 
Fig. 8 the logarithmic scale is used for the times scale. 
However, 𝑡𝑡1 and 𝑡𝑡3 are more useful, they provide less 
restrictive estimation of the time interval for which the 
relaxation modulus monotonically decreases. The estima-
tions 𝑡𝑡1, 𝑡𝑡2 and 𝑡𝑡3 depend only on 𝛽𝛽 and 𝛾𝛾. They are 𝛼𝛼 
and 𝜏𝜏 independent, since only the second summand of 
Φ(𝑡𝑡) (18) has been taken into account in the above rea-
soning. The analysis here is fundamental for the model 
𝐺𝐺(𝑡𝑡) (15) monotonicity, but the results obtained are, how-
ever, sufficient (but not necessary, of course) conditions 
for the relaxation modulus monotonicity. Note finally, 
that if 𝛽𝛽 → 1, then the upper bound 𝑡𝑡2 (21):  
 

 𝑡𝑡2 =
−3
2𝛾𝛾 +

√24
𝛽𝛽−15

2𝛾𝛾 → 0.  

 
Similarly 𝑡𝑡3 =

1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 → 0 and 𝑡𝑡1 =

2(1−𝛽𝛽)
𝛽𝛽𝛽𝛽 → 0 as 𝛽𝛽 → 1.  

 
 
The course of the relaxation modulus 𝐺𝐺(𝑡𝑡) (15) for the 

fixed 𝛼𝛼 parameter and a few values of the 𝛽𝛽 order are 
shown in Fig. 9a, for fixed 𝛽𝛽 and a few values of 𝛼𝛼 the 
respective 𝐺𝐺(𝑡𝑡) are plotted in Fig. 9b. The following rule 
holds: the greater the parameter 𝛼𝛼 is, the shorter the relax-

ation times are for the order 𝛽𝛽 being fixed. A similar rule 
holds for the model order 𝛽𝛽. 

 

 
Fig. 8. The times 𝑡𝑡1 (19), 𝑡𝑡2 (21) and 𝑡𝑡3 (22) a

𝛽𝛽 𝛾𝛾 = 0.9
 
 

EXAMPLE 
 

In Fig. 10 the relaxation modulus 𝐺𝐺(𝑡𝑡) (15) of the par-
allel Scott-Blair model is plotted for sample 1 of the root 
of sugar beet Janus variety in the state of uniaxial defor-
mation (for details concerning the respective stress relaxa-
tion test and measurement data see, e.g., [24]), where the 
measurements 𝐺̅𝐺(𝑡𝑡𝑖𝑖) are also marked, 𝑖𝑖 = 1, … , 𝑁𝑁 and the 
number of measurements 𝑁𝑁 = 400. The relaxation modu-
lus of the classic four-parameter, optimal in the least-
squares sense, Maxwell model: 

 
 𝐺𝐺𝑀𝑀(𝑡𝑡) = 𝐸𝐸1𝑒𝑒−𝑣𝑣1𝑡𝑡 + 𝐸𝐸2𝑒𝑒−𝑣𝑣2𝑡𝑡, (25) 
 
where: 𝐸𝐸𝑗𝑗 and 𝑣𝑣𝑗𝑗 represent the elastic modulus and relaxa-
tion frequencies, respectively, are also depicted in Fig. 10. 
The parameters of parallel Scott-Blair model and Max-
well model (25) are given in Table 1; the relaxation times 
𝜏𝜏𝑗𝑗 = 1 𝑣𝑣𝑗𝑗⁄ . The course of relaxation modulus (15) and 
(25) for sample 2 are plotted in Fig. 11, the model param-
eters are given in Table 1, as above. 
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Fig. 9. The parallel Scott-Blair model relaxation modulus for E = 1 [Pa], τ = 2 [s], γ = 0.9 and: (a) fixed β = 0.8, (b) 
fixed α = 0.5 
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6 A. STANKIEWICZ 
Proof. The inequality (18) is used. Since, based on the 
Taylor’s expansion of the exponential function for any 
positive 𝑡𝑡, we have: 
 

 𝑒𝑒𝛾𝛾𝛾𝛾 > 1 + ∑ (𝛾𝛾𝛾𝛾)𝑖𝑖

𝑖𝑖!
𝑝𝑝
𝑖𝑖=1 , 

 
if we set 𝑝𝑝 = 2, then for the function Φ(𝑡𝑡) defined by 
(18) the following upper bound is obtained: 
 

Φ(𝑡𝑡) > 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) (𝛽𝛽 − 1 + 𝛽𝛽 𝛾𝛾𝛾𝛾
2 ) 𝛾𝛾𝛾𝛾. (20) 

 
The first component of the right-hand side of (20) is posi-
tive for any 𝑡𝑡 > 0 and the second component is nonnega-
tive for any 𝑡𝑡 ≥ 𝑡𝑡1, where 𝑡𝑡1 is defined in (19). Thus, (18) 
gives 𝐺𝐺′(𝑡𝑡) < 0 and the result is proven.  

We now present the next upper bound for 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚, which 
will improve on upper bound given in Property 2. To 
prove this result, we use similar arguments. The third 
degree Taylor’s expansion of 𝑒𝑒𝛾𝛾𝛾𝛾, 𝑝𝑝 = 3, gives: 

 

Φ(𝑡𝑡) > 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) [𝛽𝛽 − 1 + 𝛽𝛽 𝛾𝛾𝛾𝛾
2 +

𝛽𝛽 (𝛾𝛾𝛾𝛾)2

6 ] 𝛾𝛾𝛾𝛾. 
 
Thus, Φ(𝑡𝑡) > 0 for any 𝑡𝑡 such that:  
 

 𝑡𝑡 ≥ −3𝛽𝛽+√24𝛽𝛽−15𝛽𝛽2
2𝛽𝛽𝛽𝛽 = 𝑡𝑡2, (21) 

 
and we established more restrictive condition.  
Property 3. The parallel Scott-Blair model relaxation 
modulus 𝐺𝐺(𝑡𝑡) (15) is a monotonically decreasing function 
for any time such that 𝑡𝑡 ≥ 𝑡𝑡2, where 𝑡𝑡2 is defined in (21). 

We shall now give another upper bound of 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 and 
next compare it to 𝑡𝑡1 and 𝑡𝑡2.  
Property 4. The parallel Scott-Blair model relaxation 
modulus 𝐺𝐺(𝑡𝑡) (15) is a monotonically decreasing function 
for any time:  
 
 𝑡𝑡 ≥ 1

𝛽𝛽𝛽𝛽 −
𝛽𝛽
𝛾𝛾 = 𝑡𝑡3. (22) 

 
Proof. Using the following upper bound [1; Theorem 
(1)]: 
 

 𝑒𝑒𝑥𝑥 > (1 + 𝑥𝑥
𝑎𝑎)

[𝑎𝑎(𝑎𝑎+𝑥𝑥)]1 2⁄

, 
 
valid for any positive 𝑎𝑎 and 𝑥𝑥, we establish the following 
estimation of the function Φ(𝑡𝑡): 
 

Φ(𝑡𝑡) > 𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽

𝛤𝛤(1−𝛽𝛽) [𝛽𝛽 (1 +

𝛾𝛾𝛾𝛾
𝑎𝑎 )

[𝑎𝑎(𝑎𝑎+𝛾𝛾𝛾𝛾)]1 2⁄

− 𝛽𝛽 − 𝛾𝛾𝛾𝛾]. 

 
Let 𝑎𝑎 = 𝛽𝛽. Then, we have: 
 

Φ(𝑡𝑡) >
𝜏𝜏𝛼𝛼

𝛤𝛤(1−𝛼𝛼) (𝛼𝛼 + 𝛾𝛾𝛾𝛾)𝑡𝑡𝛽𝛽−𝛼𝛼 + 𝜏𝜏𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)
𝛤𝛤(1−𝛽𝛽) [𝛽𝛽1−[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ (𝛽𝛽 +

𝛾𝛾𝛾𝛾)[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ −1 − 1].   (23) 
 
The second summand of the right-hand side of (23) is 
nonnegative if and only if: 
 
 𝛽𝛽1−[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ (𝛽𝛽 + 𝛾𝛾𝛾𝛾)[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ −1 ≥ 1, 
 
which is equivalent to: 
 

 (1 + 𝛾𝛾𝛾𝛾
𝛽𝛽 )

[𝛽𝛽(𝛽𝛽+𝛾𝛾𝛾𝛾)]1 2⁄ −1
≥ 1. (24) 

 
The logarithm of both sides of (24) gives: 
 

 {[𝛽𝛽(𝛽𝛽 + 𝛾𝛾𝛾𝛾)]1 2⁄ − 1}𝑙𝑙𝑙𝑙𝑙𝑙 (1 + 𝛾𝛾𝛾𝛾
𝛽𝛽 ) ≥ 0. 

 
So for 𝑡𝑡 > 0 the second factor is positive, the following 
condition follows immediately: 
 
 [𝛽𝛽(𝛽𝛽 + 𝛾𝛾𝛾𝛾)]1 2⁄ > 1, 
 
whence, we obtain [𝛽𝛽(𝛽𝛽 + 𝛾𝛾𝛾𝛾)] > 1, which immediately 
implies (22) and proves the property. 

To show that for 𝛽𝛽 > 0 this upper bound of 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 is 
better than (19), note that the obvious inequality 
(1 − 𝛽𝛽)2 > 0 is equivalent to 1 − 𝛽𝛽2 < 2(1 − 𝛽𝛽), which 
for 𝛽𝛽 > 0 yields:  

 

 1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 <

2(1−𝛽𝛽)
𝛽𝛽𝛽𝛽 , 

 
whence:  
 
 𝑡𝑡3 =

1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 <

2(1−𝛽𝛽)
𝛽𝛽𝛽𝛽 = 𝑡𝑡1 

 
directly results.  

Next, we prove that for 𝛽𝛽 > 0 we have 𝑡𝑡2 < 𝑡𝑡3. Since 
𝛽𝛽2 − 𝛽𝛽 + 1 > 0, the inequality 0 < (𝛽𝛽 − 1)2(𝛽𝛽2 − 𝛽𝛽 +
1) implies:  

 
 0 < 4 + 16𝛽𝛽2 − 12𝛽𝛽 + 4𝛽𝛽4 − 12𝛽𝛽3, 
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and hence, after simple algebra, we obtain: 
 
 24𝛽𝛽−15𝛽𝛽2 < (2 + 3𝛽𝛽 − 2𝛽𝛽2)2. 

 
Since both sides of the above are positive, we have: 

 
 √24𝛽𝛽−15𝛽𝛽2 < 2 + 3𝛽𝛽 − 2𝛽𝛽2, 
 
whence: 
 

 𝑡𝑡2 =
−3𝛽𝛽+√24𝛽𝛽−15𝛽𝛽2

2𝛽𝛽𝛽𝛽 < 1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 = 𝑡𝑡3 

results after algebraic manipulations. Thus, the upper 
bound 𝑡𝑡3 is better that 𝑡𝑡1 and is sometimes at least as good 
as 𝑡𝑡2 - see Fig. 8, in which the times 𝑡𝑡1 (19), 𝑡𝑡2 (21) and 
𝑡𝑡3 (22) as a functions of the order 𝛽𝛽 are summarized. In 
Fig. 8 the logarithmic scale is used for the times scale. 
However, 𝑡𝑡1 and 𝑡𝑡3 are more useful, they provide less 
restrictive estimation of the time interval for which the 
relaxation modulus monotonically decreases. The estima-
tions 𝑡𝑡1, 𝑡𝑡2 and 𝑡𝑡3 depend only on 𝛽𝛽 and 𝛾𝛾. They are 𝛼𝛼 
and 𝜏𝜏 independent, since only the second summand of 
Φ(𝑡𝑡) (18) has been taken into account in the above rea-
soning. The analysis here is fundamental for the model 
𝐺𝐺(𝑡𝑡) (15) monotonicity, but the results obtained are, how-
ever, sufficient (but not necessary, of course) conditions 
for the relaxation modulus monotonicity. Note finally, 
that if 𝛽𝛽 → 1, then the upper bound 𝑡𝑡2 (21):  
 

 𝑡𝑡2 =
−3
2𝛾𝛾 +

√24
𝛽𝛽−15

2𝛾𝛾 → 0.  

 
Similarly 𝑡𝑡3 =

1
𝛽𝛽𝛽𝛽 −

𝛽𝛽
𝛾𝛾 → 0 and 𝑡𝑡1 =

2(1−𝛽𝛽)
𝛽𝛽𝛽𝛽 → 0 as 𝛽𝛽 → 1.  

 
 
The course of the relaxation modulus 𝐺𝐺(𝑡𝑡) (15) for the 

fixed 𝛼𝛼 parameter and a few values of the 𝛽𝛽 order are 
shown in Fig. 9a, for fixed 𝛽𝛽 and a few values of 𝛼𝛼 the 
respective 𝐺𝐺(𝑡𝑡) are plotted in Fig. 9b. The following rule 
holds: the greater the parameter 𝛼𝛼 is, the shorter the relax-

ation times are for the order 𝛽𝛽 being fixed. A similar rule 
holds for the model order 𝛽𝛽. 

 

 
Fig. 8. The times 𝑡𝑡1 (19), 𝑡𝑡2 (21) and 𝑡𝑡3 (22) a

𝛽𝛽 𝛾𝛾 = 0.9
 
 

EXAMPLE 
 

In Fig. 10 the relaxation modulus 𝐺𝐺(𝑡𝑡) (15) of the par-
allel Scott-Blair model is plotted for sample 1 of the root 
of sugar beet Janus variety in the state of uniaxial defor-
mation (for details concerning the respective stress relaxa-
tion test and measurement data see, e.g., [24]), where the 
measurements 𝐺̅𝐺(𝑡𝑡𝑖𝑖) are also marked, 𝑖𝑖 = 1,… , 𝑁𝑁 and the 
number of measurements 𝑁𝑁 = 400. The relaxation modu-
lus of the classic four-parameter, optimal in the least-
squares sense, Maxwell model: 

 
 𝐺𝐺𝑀𝑀(𝑡𝑡) = 𝐸𝐸1𝑒𝑒−𝑣𝑣1𝑡𝑡 + 𝐸𝐸2𝑒𝑒−𝑣𝑣2𝑡𝑡, (25) 
 
where: 𝐸𝐸𝑗𝑗 and 𝑣𝑣𝑗𝑗 represent the elastic modulus and relaxa-
tion frequencies, respectively, are also depicted in Fig. 10. 
The parameters of parallel Scott-Blair model and Max-
well model (25) are given in Table 1; the relaxation times 
𝜏𝜏𝑗𝑗 = 1 𝑣𝑣𝑗𝑗⁄ . The course of relaxation modulus (15) and 
(25) for sample 2 are plotted in Fig. 11, the model param-
eters are given in Table 1, as above. 
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Fig. 9. The parallel Scott-Blair model relaxation modulus for E = 1 [Pa], τ = 2 [s], γ = 0.9 and: (a) fixed β = 0.8, (b) 
fixed α = 0.5 
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8 A. STANKIEWICZ 

 
Fig. 10. The fit of parallel Scott-Blair model (15) and 
four-parameter optimal Maxwell model (25) to the exper-
imental data in the state of uniaxial deformation for sam-
ple 1 of the root of sugar beet Janus variety 
 

 
Fig. 11. The fit of parallel Scott-Blair model (15) and 
four-parameter optimal Maxwell model (25) to  the exper-
imental  data in the state of uniaxial deformation for sam-
ple 2 of the root of sugar beet Janus variety 
 

Note, that for sample 1 the parallel Scott-Blair model 
relaxation modulus decreases for any time 𝑡𝑡 > 0, while 
for sample 2 this monotonicity is obtained only for 
𝑡𝑡 > 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 = 8.01 [𝑠𝑠]. However, the parallel Scott-Blair 
model is adequate for description of the real stress relaxa-
tion, which is also non monotonic.  

It is also easy to observe, that the Maxwell model is 
inappropriate for description of the relaxation processes 
for both the samples, i.e., the classic Maxwell models do 
not fully characterize the true viscoelastic behavior of the 
biological material. A better fit to the experimental data 
can be obtained if the fractional model proposed is used.  

 
Table 1. Parallel Scott-Blair (15) and classic Maxwell 
(25) models parameters for two samples of the root of 
sugar beet Janus in the state of uniaxial deformation 

Sample 1 
Four-parameter  
Maxwell model 

Parallel Scott-Blair  
fractional model 

𝐸𝐸1 [𝑀𝑀𝑀𝑀𝑀𝑀] 10.5899 𝐸𝐸 [𝑀𝑀𝑀𝑀𝑀𝑀] 9.2346 
𝑣𝑣1 [𝑠𝑠−1] 0.000892 𝜏𝜏 [𝑠𝑠] 1.0232e+3 
𝜏𝜏1 [𝑠𝑠] 1.1205e+3  𝛼𝛼 [−] 0.0232 
 𝐸𝐸2 [𝑀𝑀𝑀𝑀𝑀𝑀] 1.4208  𝛽𝛽 [−] 0.0359 
𝑣𝑣2 [𝑠𝑠−1] 6.100486 𝛾𝛾 [𝑠𝑠−1 0.1387 
𝜏𝜏2 [𝑠𝑠] 0.1639   

Sample 2 
𝐸𝐸1 [𝑀𝑀𝑀𝑀𝑀𝑀] 10.68289 𝐸𝐸 [𝑀𝑀𝑀𝑀𝑀𝑀] 12.4696 
𝑣𝑣1 [𝑠𝑠−1] 0.000769 𝜏𝜏 [𝑠𝑠] 0.0687 
𝜏𝜏1 [𝑠𝑠] 1.29933e+3  𝛼𝛼 [−] 0.0563 
 𝐸𝐸2 [𝑀𝑀𝑀𝑀𝑀𝑀] 2.52574  𝛽𝛽 [−] 0.0271 
𝑣𝑣2 [𝑠𝑠−1] 7.16436  𝛾𝛾 [𝑠𝑠−1 0.2805 
𝜏𝜏2 [𝑠𝑠] 0.13958   

 
 

FINAL REMARKS 
 

A new fractional model, which combines the Debye 
decay of Maxwell model with the time power decay of 
Scott-Blair elementary fractional model, has been pro-
posed. It can be treated as a generalization of classic Kel-
vin-Voight model to non-integer order derivatives.  

Some important advantage of the new model must be 
emphasized. First, it describes the complex phenomena 
with only five parameters, secondly, it has a simple ana-
lytical form, especially if compared with the infinite se-
ries of Mittag-Leffler function (11) response of fractional 
Maxwell model (9) and thirdly, simple identification 
procedure can be proposed for the fitting of relaxation 
modulus data. It has been demonstrated here that the 
relaxation modulus of real biological material is more 
accurately modeled using parallel Scott-Blair model than 
by the classic Maxwell model approximation.  

Future work will deal with the model identification. 
Two asymptotic approximate models for short times and 
for large times will be found in the next paper, where we 
shall provide a two-stage, two-interval near optimal iden-
tification routine for the determination of a parallel Scott-
Blair model with arbitrary order parameters. The effec-
tiveness of the new model and the two-stage identification 
scheme will be demonstrated for sugar beet root.  
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Fig. 10. The fit of parallel Scott-Blair model (15) and 
four-parameter optimal Maxwell model (25) to the exper-
imental data in the state of uniaxial deformation for sam-
ple 1 of the root of sugar beet Janus variety 
 

 
Fig. 11. The fit of parallel Scott-Blair model (15) and 
four-parameter optimal Maxwell model (25) to  the exper-
imental  data in the state of uniaxial deformation for sam-
ple 2 of the root of sugar beet Janus variety 
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by the classic Maxwell model approximation.  

Future work will deal with the model identification. 
Two asymptotic approximate models for short times and 
for large times will be found in the next paper, where we 
shall provide a two-stage, two-interval near optimal iden-
tification routine for the determination of a parallel Scott-
Blair model with arbitrary order parameters. The effec-
tiveness of the new model and the two-stage identification 
scheme will be demonstrated for sugar beet root.  

 
 

REFERENCES 
 

1. Alzer H. 1993. Some gamma function inequalities. 
Math. Comp. Vol. 60, 337-346. 

2. Bohdziewicz J. 2007. Modelowanie przebiegu od-
kształceń tkanek parenchymy warzyw w warunkach 
quasi-statycznych zmian obciążeń. Wyd. Uniwersyte-
tu Przyrodniczego, Wrocław. 

3. Bohdziewicz J., Czachor G. 2016. The rheological 
properties of redcurrant and highbush blueberry ber-
ries. Agricultural Engineering, Vol. 20, No. 2, 15-22. 

4. Cai W., Chen W., Xu W. 2016. Characterizing the 
creep of viscoelastic materials by fractal derivative 
Models. International Journal of Non-Linear Me-
chanics, Vol. 87, 58-63. 

t s

G
t

M
Pa

 

 

t s

G
t

M
Pa

 

 

 PARALLEL SCOTT-BLAIR FRACTIONAL MODEL 9 

 

5. Christensen R.M. 2013. Theory of Viscoelasticity. 
Dover Publications, Mineola, New York. 

6. Debnath L. 2003. Recent applications of fractional 
calculus to science and engineering. International 
Journal of Mathematics and Mathematical Sciences, 
Vol. 54, 3413-3442. 

7. Freeborn T.J. 2013. A survey of fractional-order 
circuit models for biology and biomedicine. IEEE J. 
Emerging Select. Topics Circuits Syst. Vol. 3, 416-
424. 

8. Gorenflo R., Kilbas A.A., Mainardi F., Rogosin 
S.V. 2014. Mittag-Leffler Functions, Related Topics 
and Applications. Theory and Applications. Springer, 
Heidelberg, New York, London. 

9. Hernández-Jiménez A., Hernández-Santiago J., 
Macias-García A., Sánchez-González J., 2002. Re-
laxation modulus in PMMA and PTFE fitting by 
fractional Maxwell model. Polymer Testing, Vol. 21, 
325–331. 

10. Heymans N., Bauwens J.C. 1994. Fractal rheologi-
cal models and fractional differential equations for 
viscoelastic behavior. Rheol. Acta, Vol. 33, 210-219. 

11. Hilfer R. 2000. Applications of Fractional Calculus 
in Physics. World Scientific, Singapore, London, 
Hong Kong. 

12. Kaczorek T., Rogowski K. 2014. Fractional Linear 
Systems and Electrical Circuits. Printing House of 
Bialystok University of Technology, Białystok.  

13. Machado J., Tenreiro V.K., Mainardi F. 2011. 
Recent history of fractional calculus. Commun. Non-
linear Sci. Numer. Simul. Vol. 16, No. 3, 1140–1153. 

14. Mainardi F., Spada G. 2011. Creep, relaxation and 
viscosity properties for basic fractional models in 
rheology. The European Physical Journal Special 
Topics. Vol. 193, No. 1, 133-160. 

15. Moreles M.A., Lainez R. 2017. Mathematical mod-
elling of fractional order circuit elements and bioim-
pedance applications. Commun. Nonlinear Sci. Nu-
mer. Simulat., Vol. 46, 81-88. 

16. Ortigueira M.D. 2008. An introduction to the frac-
tional continuous-time linear systems, the 21st centu-
ry systems. IEEE Circuits and Systems Magazine, 
Vol. 8, No. 3, 19-26. 

17. Podlubny I. 1999. Fractional Differential Equations. 
Academic Press, London. 

18. Rao M.A. 2014. Rheology of Fluid, Semisolid, and 
Solid Foods. Principles and Applications. Springer 
Science & Business Media, New York. 

19. Schiessel H., Blumen A. 1993. Hierarchical ana-
logues to fractional relaxation equations. J. Phys. A: 
Math. Gen. Vol. 26, 5057-5069. 

20. Schiessel H., Metzler R, Blumen A., Nonnejuna-
cher T.F. 1995. Generalized viscoelastic models: 
their fractional equations with solutions. J. Phys. A: 
Math. Gen. Vol. 28, 6567-6584. 

21. Scott Blair G.W. 1972. Rheology of foodstuffs, 
lecture to the technical university in Budapest. Peri-
odica Polytechnica Chemical Engineering, Vol. 16, 
No. 1, 81-84. 

22. Semakov A.V., Kulichikhin V.G., Malkin A.Y. 
2015. Self-Organization of Polymeric Fluids in 
Strong Stress Fields. Advances in Condensed Matter 
Physics, vol. 2015, Article ID 172862, 17 pages, 
doi:10.1155/2015/172862. 

23. Shapovalov Yu.. Mandziy B., Bachyk D. 2013. 
Optimization of linear parametric circuits in the fre-
quency domain. Econtechmod, Vol. 2, No. 4, 73-77. 

24. Stankiewicz A. 2007. Identification of the relaxation 
spectrum of viscoelastic plant materials. PhD Thesis, 
Agriculture University of Lublin, Lublin. 

25. Stankiewicz A. 2013. Selected methods and algo-
rithms for the identification of models used in the 
rheology of biological materials. Tow. Wyd. Nauk. 
Libropolis, Lublin. 

26. Stankiewicz A. 2018. Fractional Maxwell model of 
viscoelastic biological materials. Proc. Contemporary 
Research Trends in Agricultural Engineering, BIO 
Web Conf. Vol. 10, 2018, Article No. 02032, Pages: 8, 
DOI: https://doi.org/10.1051/bioconf/20181002032.  

27. Wagner C.E., Barbati A.C., Engmann J., Bur-
bidge A.S., McKinley G.H. 2017. Quantifying the 
consistency and rheology of liquid foods using frac-
tional calculus. Food Hydrocolloids Vol. 69, 242-
254. 

28. Yang F., Ke-Qin Zhu, 2011. A note on the defini-
tion of fractional derivatives applied in rheology. Ac-
ta Mech. Sin. Vol. 27, No. 6, 866–876. 

29. Zhao J., Zheng L., Chen X., Zhang X., Liu F. 
2017. Unsteady Marangoni convection heat transfer 
of fractional Maxwell fluid with Cattaneo heat flux. 
Applied Mathematical Modelling, Vol. 44, 497–507.  

115



ECONTECHMOD. AN INTERNATIONAL QUARTERLY JOURNAL – 2018, Vol. 07, No. 1, ??–?? 

 
On the monotonicity of the relaxation spectrum of fractional Maxwell model  

of viscoelastic materials 
 

Anna Stankiewicz 
 

Department of Technology Fundamentals, University of Life Sciences in Lublin, Poland 
e-mail: anna.stankiewicz@up.lublin.pl 

 
Received: ???? 17, 2018; Accepted: ????? 07, 2018 

 
 
Abstract. This article focuses on the relaxation spectrum 
of fractional Maxwell model, which is a generalization of 
classic viscoelastic Maxwell model to non-integer order 
derivatives. The analytical formula for the spectrum of 
relaxation frequencies is derived. Theoretical analysis of 
the relaxation spectrum monotonicity is conducted by 
using simple analytical methods and illustrated by means 
of numerical examples. The necessary and sufficient 
conditions for the existence and uniqueness of the 
maximum of relaxation spectrum are stated and proved. 
The analytical formulas for minimum and maximum of 
the relaxation spectrum are derived. Also, a few useful 
properties concerning the relaxation spectrum 
monotonicity and concavity are given in the mathematical 
form of simple inequalities expressed directly in terms of 
the fractional Maxwell model parameters, which can be 
used to simplify the calculations and analysis.  
Key words: fractional calculus, viscoelasticity, fractional 
Maxwell model, relaxation spectrum, maximum of 
relaxation spectrum.  
 
 

INTRODUCTION 
 

Rheology is concerned with time-dependent 
deformation of solids and fluids [4,13]. For over five 
decades classical exponential behavior models such as 
Maxwell, Kelvin-Voight and Zener models have been 
used for mathematical modelling stress relaxation and 
creep processes [4,13,23]. For these models the 
relationship between the stress and deformation of the 
material is approximated though an ordinary differential 
[4,11,13] or integral [4,13,20] equations.  

By replacing the springs and dashpots of the classical 
viscoelastic models with the Scott-Blair fractional 
elements, several fractional models, including the 
fractional Maxwell, fractional Voigt and fractional Kelvin 
models, have been proposed [3,7,18]. The fractional 
Maxwell model is, perhaps, the most representative 

example of such models. To this end, fractional 
rheological models have proven to be a concise and 
elegant framework for predicting the response of complex 
viscoelastic materials using a small number of parameters 
[7,17,18,24]. In this paper fractional Maxwell model is 
considered, which relates the stress to the strain in the 
material by means of using differential fractional equation 
[7,18,23] and admit the closed form of analytical solution 
in terms of the known Mittag-Leffler function [5].  

The mechanical properties of linear viscoelastic 
materials are characterized by relaxation spectrum 
[2,4,9,10,17,23]. From the relaxation spectrum other 
material functions such as the relaxation modulus or the 
creep compliance can be calculated without difficulty, and 
next both the constant and time-variable bulk or shear 
modulus or Poisson’s ratio can be determined. Thus, the 
spectrum is vital not only for constitutive models but also 
for the insight into the properties of a viscoelastic material 
[9,10,23]. 

The spectrum is the density of distribution of 
relaxation modulus. The maximum of the spectrum 
corresponds to the concentration of relaxation processes 
[2,17]. Thus, the estimation of the maximum and, in 
general, the analysis of the spectrum monotonicity is 
basic for detailed knowledge of mechanical material [13]. 

The aim of the paper is to develop a concise analytical 
formula describing the relaxation spectrum. To examine 
the relaxation spectrum monotonicity and, in particular, 
the maximum of the spectrum is also a basic concern. 

 
 

FRACTIONAL MAXWELL MODEL 
 

The elementary fractional Scott-Blair model [7] is 
described by the fractional differential equation:  

 

 𝜎𝜎(𝑡𝑡) = 𝐸𝐸𝜏𝜏𝛼𝛼 𝑑𝑑𝛼𝛼𝜀𝜀(𝑡𝑡)
𝑑𝑑𝑡𝑡𝛼𝛼 , (1) 

 


