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Abstract

This paper presents a mathematical model for the analysis of the 105Na tram trolley small
vibrations. In the paper there is also presented a physical model of the analysed tram trolley,
according to which the mathematical model was created. The leads were made using the
methods of analytical mechanics. For the model, the Lagrange Il type equations were
determined in matrices form. Using the model it is possible to create simulations of the 105Na
tram trolley motion.

1. Introduction

In railway vehicle's dynamic modeling the Lagrange Il type equations are widely used.
These equations allow obtaining a set of differential equations, which describes the physical
model without internal reactions occurring between the objects of the model. To describe
the physical models using the Lagrange equations, it is necessary to introduce the concept
of generalized coordinates. The generalized coordinates are the least numerous set of
variables, which clearly describes the position of an element of the physical model. These
variables' number is defined as a number of degrees of freedom of the analyzed model.
Therefore, geometrical coordinates of each object forming part of the analyzed model can
be represented by generalized coordinates and written as:
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% =X (G- s Ay 1)
: (1.1)

X, =X, (0y,---,q,,t)

where
X1,...,Xn — geometrical coordinates of each object forming part of the analyzed physical
model

n — number of geometrical coordinates of the physical model
a,,---,0,— generalized coordinates of the physical model
t —time

For the physical model where generalized coordinates were defined the Lagrange Il type
equations can be written as:

d(6E) 6E U oD
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: 1 i 1 il (12)
d (aE] E U D
—_ — —— __+Qm
dt\ag,) o, o9, o,
where
E  —kinetic energy of the analyzed model described in generalized coordinates
U  —potential energy of the analyzed model described in generalized coordinates
D - dissipation function of the analyzed model's energy described in generalized
coordinates
m  —number of generalized coordinates
Q1,...,Qm —external generalized forces described as [5]:
0X, OX,
=P—+..+P =
Ry
: (1.3)
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where

Pi1,....Pn — external forces related to movements or external torques related to rotation
angle for geometrical coordinates: X,...,Xn.
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For the purpose of this study the set of equations (1.2) of the 105Na tram trolley was
written assuming linearity and stationarity of the analyzed physical objects. These
equations were transformed into a set of equations described by generalized coordinates
and time (1.4) and (1.5), stored using quadratic forms (1.6) [5].

U =U [ % (GreesGpt)ees X, (Gprens G )| (1.4)
E=E[X (GG Gpreons Gt e Xy (GG Gy G ) (1.5)
E-1y.Ex (1.6)

D==x"-D-x

U==x"-U-x

where
e. o, u — quadratic form matrices of: kinetic energy, dissipation function and potential

energy.
X, X—geometrical and velocity coordinates vectors described as (1.7)

>f1 X (1.7)

For the stationary, linear set of equations of geometric coordinates and their velocities,
their relationship to general coordinates is presented in (1.8).

x=W-x,, X=W-X, (1.8)

Xg = (- qn)T — general coordinates vector 19)

W — constraints matrix,
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o %] ox . O% ] (1.10)
oq, aq, aq, oq,
W'=| : : 0=| : :
oX, OX, 0%, OX,
B -

When the matrices in equation (1.2) are invariant in time, the Lagrange 1l type equations
can be written as:

W' -E;-W-%, =-W"-U;-W-x, ~WT-Dy-W-%, +W-P (1.11)

where

P — external forces vector
P=[P...P ] (1.12)

E,,.D,,U, — gradient matrices of kinetic energy, dissipation function and potential

energy
| 0] 0]
0% %
V = : V = : (1.13)
(x) (¥ )
5 9
| OX, | | X, |
VigE =By WX (1.14)
V,D=D, WX
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2. Description of the Analyzed Tram Trolley, its
Kinematic Analysis and Physical Model

The analyzed tram trolley is a part of 105Na tram's power transmission system. It was
being produced in 1979 — 1992 by Konstal industries in Chorzow. Nowadays it is the most
numerously exploited tram trolley in Poland.

The characteristic feature of the described tram trolley is a frame consisting of two parts
joint—connected.

Figure 2.1 presents functional model of the analyzed tram trolley. In this model zero
degree suspension was omitted.

To describe the motion of each of the objects in the model there were used two sets of
coordinates (figure 2.2). The first set of coordinates (with the superscript " ' "), which is
rigidly connected to an object and its coordinate origin is situated in the object's centre of
inertia. The second set of coordinates (without the superscript " ' "), moves with the
undisturbed movement of the vehicle. When the object moves only with the undisturbed
movement, both sets of coordinates are the same. The position of any point of the object in
the second set for small range of rotation angles changes is described by approximate
relations (2.1):

X=X +X'=¢,-y+4, -7’
y=yC—I_¢z'X'—|—y'_¢x'ZI (21)
1=7.—¢, X+ y+7'

In the analyzed tram trolley the frame is constructed from two parts, which are
connected by joints A and B (figure 2.1). These joints limit mutual movement of the two
parts of the frame. The frame's system has 7 degrees of freedom. As the generalized
coordinates we can choose six coordinates describing the position of the right-side frame in
3D coordinate system and rotation angle between the frame's halves (the halves can rotate
relatively to each other only around the straight line connecting the joints A and B). Since
both parts of the frame, considered as independent objects, have 12 degrees of freedom,
and after combining them by bonds the number of degrees of freedom decreased to 7.
Therefore five bond equations were written.

In order to determine these equations there were set A and B points locations in the
second set of coordinates Cip, Xip , Yip, Zip.
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Xip = Xp +K =i -0y = o -
Yo =Y+ -k +d,+d,-h
Zp =T — P K + Bp -0y =
Xi?’ =Xp Ky + ¢ -d, _¢yip'h
Vi = Yo~ o Ky =0, + o -
Zp = Zp + o Ky~ -d, —h

(2.2)

The same points in the set of coordinates related to the left-side frame are described:

X =X +k, — ¢y -d, g -h
ye =y, +é, k+d,+g, -h
i =1, 4, K+ -d,-h (2.3)
X =X~k +d, -d =g, -h
ye =Y, —d, -k +d +g, -h
zi =7+ -k~ -0, =h
The location of a point in the set of coordinates Cip, Xip , Yip, Zip, Can be described by use

of the location in the set of coordinates Cic, XiL , Vi, ziL, using their relation (these sets of
coordinates are mutually shifted — figure 3.2):

Xpp =X +k =k,
Yio =Y —d, +d;

Zip = Lp

(2.4)

Since both parts of the frame have together seven degrees of freedom, in the obtained
relations there are seven independent variables: Xip, Vi, Zip, @xip, Qyir, PziP, PyiL.
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Fig. 2.1. 105Na tram trolley's model




62

Andrzej Grzyb, Karol Bryk, Marek Dudzik

1 X'iL

B [ & s N
= ”/ \ = =N
L M o iA 23 Wy | ]
) =
EE< CiL Tt :}_ﬂ:
- . T ML YL »
Ct % CBY & e Cit T "
ViB YIig
cgjb yig V2 | Cip .‘!:'- g yil Vit
//)/(I’EL\\X v&‘f\M
Ly &
UL WL eyl ¢ EEHOL T | [
A \\\_,/ / A i @ 7

Fig. 2.2. Sets of coordinates used in the model

In the considered model there are 30 geometric coordinates (the number of rigid blocks
multiplied by 6) and 23 general coordinates (the number of geometrical coordinates minus
number of independent bonds).

where:

x=W-x

q

(2.5)
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w — bonds matrix
x  —geometrical coordinates vector

X:[XiP’ Yior Zios ios Bios ios Xiio Yoo Zis s s s Xiso Vi Ziss

T (2'6)
hier Bisr Bier X Yo Zis B Bis Bins Xz Viz Zios B Bios Qiz}
x, —Qeneralized (independent) coordinates vector
Xq =[Xier Yier Zips Gipr Bies Pier Rir Yier Zi» Kis» B
q[PPP@P@PﬁP@LBB@B@B (2.7)

Xar Yior Zos v Bivs B Xizo Yior Zioo Bz Bz @iz]T

3. The Movement Equation

For the linear and stationary model the Lagrange Il type equations of tram trolley can be
written as:

W™ -Ey W%, =—W"-Dy-W-%,+W"-Ug -W-x, + W' -F (3.1)

where
X, generalized (independent) coordinates vector,
w  —bonds matrix
c — energy gradient matrix, determined by the relation:

V(X)E =E, X (3.2)
5 — energy dissipation gradient matrix:

Vi D=Dy (3.3)
U - potential energy gradient matrix:

- 3.4
Uy, =U, X (3.4)
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v — gradient operator — In the analyzed case it refers to differentiation by geometrical
coordinates or geometrical velocities:
.
v |2 .2 (3:5)
& ox, ox
F  —external forces vector

After the calculations the matrices E, and U, take the (3.7) and (3.8) forms.
The matrix DV has similar form to the matrix U, however it has attenuation factors
instead of elasticity coefficients.

In each of the matrices, to the elements of the i—row or the j—column there were assigned:

L =] Xip» Yier Zie s Par > P Pair > Xit Yie» Zits Prar» Poi» Poi» Xim» Yier Zimr Prin+ Poin > Prinr X1 Yirr Zins Prar» Poin» Poirs Xizs Yiz» Zizs Prazs Pozs Pae |

1 -h d,—d, h
1 h*k/d  k -k, h*k/d
1 d-d, K -k,
1 —k/d k/d
1
1
1 (h+a)/2 (d,-d,)/2 (h-a)/2
1
e 1
1
1
(a-h)/d 1 —(a=h)/d

1 (3.6)

E, =(E,;) (3.7)

The non-zero elements of the matrix EV are:
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E1,1 = Ez,z = E3,3 =M ElO 1= E1110 = 2‘]xy|L E19,19 =M
E..o =Jw Eior = B0 =23 Exozo =Epa=my
Eis =Es.= 2‘]xy|P Ein = ‘] Bz =
E.e =Ees=-2),p Enw = ZJYZ"_ Bz =dyn
Ess = yiP B =Ja Eai2e =z
Ese =Ess=—2) Eis1s =Eia1a =Ei505 =M Essos =Eo2s =Ep =My
Eee =Jup Eieis =Jxie Ezs26 = Jsis
E;7 =Egg=Ego=my By = ‘Jle Eo20 = ‘]yil
Eo10 = s Eie1s = Jus B30 =Jz1
U =(u) (3.8)

The non—zero elements of the matrix Uv are:



66

Andrzej Grzyb, Karol Bryk, Marek Dudzik

U, = 2kxl
Upg =Ug, = 2kxl H
Ujg =Ug, = _2kx1'd1

Upjg = U, = _kxl

d
u124 u241 kxl_
Upps = Uy, = _kxl

d
Upgo = Uy, ==K =
1,30 30,1 X1y
Uy, = 2Ky, +K,

Uy, =Uy, = 2k H+K 8,

Uy =Ug, = kyl(pl —p,)+ kyzf
Uyyy = Uy, = -k

y2
Upie = Ugr = ky2 (a _a1)
Uy oo = Uy, = _kyl
Upgo = Uz, = _kyl

Ugs = 2k21 + kzz
Uy =Uys = 2k21d1 + kzzd1
Ugs =Ug3 = kzl(pZ - pl) - kzzf

Ugis = U3 = _kzz

d
Ussp = U3 = _kzz E

Ugpy = Uy s = kzl

d
Ugp =Ups = _kz1§
Uy = Uy s = kz1

d
Ugog =Uggs = _kzlE

Uy, = 2K,,07 +2,, H? +k,,df
+ky a5 +2K,,

Uys =Us, =K, d,(p, —py)
—k,,d,f
Uyg=Ugys = _kylH(pl - pz)
+k,,a,f

Uugo = Uy =—2K,,
Uygg = Uy =—K08

Ugis = U5 4 = _kzzdl

d
Uyig =Ugq = _kzzdl E

+kya,(a-a,)
Uy =Ups = k H
Uppp =Up s = _kzldl

d
u 422 = 22 4 k d

u4,26 264 k H
u4,27 274 k d

d
l'14 28 uzs 4 kzldl E

u5,5 = kzl(p12 + pg) + 2kx1H2
+2k %+ 2k,
2k, -H-d,

Ugyy = Upys = -2k

Usg =Ugs =

oy
Uss = Usss k f

d
Ugig =Ugs = kz2]c -

Ugig =Ujgs = _kle
Ug gy = Uy s =K, P,

Ug o =Uys = zlpl

d
2
d
Us oy = Uy s = kle 5

u5,25 255 k H

Uspy =Upys = _kzlpz

d
Ug g = Usgs = _kzlpz E
d
Ugzp = Ugps = kle E
Uss = 2kx1dl2 + kyl(plz + p;)

+k,f% +2k,,
Ugi, = Uppg = -2k

u6,14 146 k f

Ugs = Usse = kny (a-a,)

Ugyg = Upge = kxldl

Uga =Uyg = _kylpl

d
Ugos =Upg = _kxldl E
Ugos =Upxsg k d
Ugas = Upge = kylpz

d
Ugp = Uzgg = k d 1

U, = 2k><1
U7p = Uy, Zk H
Urp =Uppy = 2kx1d1

Upgg =Upg;7 = _kxl

d

Upos =Uy, = _kxla
Uyos = Uy = _kxl

Uyg = Uy, ==K, —
730 = Y307 )

Ugg = 2kyl + ky2

Ugio = Uypg = _Zkyl H+ kyZ g

Ugs, =Uppg = kyl(_pl +P,) - kyzf

Ugis =Upyg = _ky2

Ug1s = Usgg = ky2 (a _a1)
Ugo =Ugg = _kyl
Ugzg = Uzpg = -k

Uge = 2K, +K,,

yl

Ugyp = Uggq = —2K, .0, —K,,0,
Ugyy = Uy = kzl(_pz + pl) + kzzf

Ugs = Ujs = _kzz
Ugs = U = kzZ
Ugp = Uy = _kzl

d
Ugp =Upg = kzlE
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Ugoy =Ugyg = _kzl Upps = Upsyy = _kzzf Upp o5 =Upsyp = _kxldl
d = =k
Ugss = Upgg =Ky 2 Uy g = Usg gy = Koo f d e R T d
Uypy0 = 2K, d2 +2, Hz +kK, dz Uy g = Uygqy = —KH Uiza0 = Usoz2 = k"ld
+ky2a +2K,, Uy g1 = Upygg =Koy, Usgsa = 2Ky,
Uy = 1110 kzld (pz pl) - kzzd f u =Uu =-k d u14,15 - Ule'm - —2ky2 (a - al)
' 12 = Upy =—KaP ~ ) U 2k
U1 = Uppz0 = kylH(pZ pl) kyza f d 1515 = =722
2
Uiog4 =Uggp0 = _kyzal Uyoe =Uppn = —KyH 7 2 Us1s = Kyo d?"‘ 2ky2 (a—-a,)
Ujpus =Ugs10 = k,,d, Uy g5 =Upgyy = -k,,H U =2k
d ~ - 199 x1
Upgsg = Uggso = —K,,0; §+ ky,a,(a-a,) Ui o7 = Uppa1 ==Ky Ugg z = 2Ky,
d U, ,, =2k
ulo 20 — uzo 10 — kylH u11,28 285 kzlpl 2121 7 S0
2
Upg o1 = Ugiq = K;i0; d u =k d—
d Upyag = Ugoyy = Kk H- 2 )
Uo,22 = Uz 10 kzld ) PRY d?
Upyp = 2kx1d1 + kyl(pl + pz) Uppon = kxl?
u10,26:u2610:k H +k f2+2k =2k
u —k,d, y2 Uy 25
10,27 = Uz710 21 ; Upss = Usgrp = k f(a a ) U = 2k
Uso28 = Uzgo ~ kzld1§ Uppo =gz =K,y Uy a7 = 2Ky
Uy = kzl(plz + p;) + 2kx1H2 Hiz20 = Uzosz = _kylpl u =k d_2
d 28,28 17
2
+2k22f + 2k¢y Upp oy =Uppp = _kxldl E RE
Uppp = Uy = 2kled1 U0 = kxl ?
where
k=k, +k,
G (3.9)
K, =k,-d, etk
d, +d,
ok (3.10)
K, =k, +d,1—2%
+d,
[o o 0 o 0 o 0 0 0 0 0 O, IZX|B7 Fle7 FZIB’ MXIB7M MZIB’(FXI1P +F><|1L) ( I:y|1P +F|1L)7 (311)
( 7P zilL)' ( FZI].PS+ FZI].LS+ FyllP yllLr) ( ><|1Pr+ F><|1Lr) ( ><|1PS+F S) ( ><|2P ><|2L) ( y|2P iZL)’
( zi2p ZIZL)’( Fz|2PS+FZ|2LS+Fy|2P y|2Lr) ( ><|2Pr+F><|2Lr) ( ><|2PS+F><|2L ):'
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The information on kinematic excitations, which may be the basis to complete the
elements of the F matrix, can be used on the basis of the materials contained in the paper

[2].

4.Summary

In the paper there was presented the mathematical model of 105Na tram trolley using
the Lagrange 11 type equations' matrix form. For this purpose there were determined bonds
occurring in the analyzed model. There were also set kinematic energy, potential energy
and energy dissipation function equations, which served to create wanted mathematical
model's equations. These equations after connecting with box's or torsion pivot's equations
and with equations modeling the wheel-rail contact forces can be written after transforming
to the set of differential equations form and then can be used to the analysis of small
vibrations and stabilization of the vehicle's movement in mathematical programs such as
Matlab or Mathematica.
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