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Abstract 

 
This paper presents a mathematical model for the analysis of the 105Na tram trolley small 

vibrations. In the paper there is also presented a physical model of the analysed tram trolley, 

according to which the mathematical model was created. The leads were made using the 

methods of analytical mechanics. For the model, the Lagrange II type equations were 

determined in matrices form. Using the model it is possible to create simulations of the 105Na 

tram trolley motion. 

 

 

1. Introduction 

 

In railway vehicle's dynamic modeling the Lagrange II type equations are widely used. 

These equations allow obtaining a set of differential equations, which describes the physical 

model without internal reactions occurring between the objects of the model. To describe 

the physical models using the Lagrange equations, it is necessary to introduce the concept 

of generalized coordinates. The generalized coordinates are the least numerous set of 

variables, which clearly describes the position of an element of the physical model. These 

variables' number is defined as a number of degrees of freedom of the analyzed model. 

Therefore, geometrical coordinates of each object forming part of the analyzed model can 

be represented by generalized coordinates and written as: 
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where 

x1,…,xn – geometrical coordinates of each object forming part of the analyzed physical 

model 

n  – number of geometrical coordinates of the physical model 

1 m, ,q q – generalized coordinates of the physical model 

t – time 

 

For the physical model where generalized coordinates were defined the Lagrange II type 

equations can be written as: 
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(1.2) 

 

where 
 

E – kinetic energy of the analyzed model described in generalized coordinates 

U – potential energy of the analyzed model described in generalized coordinates 

D – dissipation function of the analyzed model's energy described in generalized 

coordinates 

m – number of generalized coordinates 

Q1,…,Qm  – external generalized  forces described as [5]: 
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(1.3) 

 

where 
 

P1,...,Pn  – external forces  related to movements or external torques related to rotation 

angle for geometrical coordinates: x1,…,xn. 
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For the purpose of this study the set of equations (1.2) of the 105Na tram trolley was 

written assuming linearity and stationarity of the analyzed physical objects. These 

equations were transformed into a set of equations described by generalized coordinates 

and time (1.4) and (1.5), stored using quadratic forms (1.6) [5]. 
 

    1 1 m 1 s, , , , , , , ,nU U x q q t x q q t     
(1.4) 

    1 1 m 1 m n 1 m 1 m, , , , , , , , , , , , , ,E E x q q q q t x q q q q t     
(1.5) 
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(1.6) 

 

where 

 

E, D, U  – quadratic form matrices of: kinetic energy, dissipation function and potential 

energy.  

x,x– geometrical and velocity coordinates vectors described as (1.7) 
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(1.7) 

 

For the stationary, linear set of equations of geometric coordinates and their velocities, 

their relationship to general coordinates is presented in (1.8). 
 

 q q
x W x , x W x     

(1.8) 

 

where 

 

 
T

1 n, ,q qqx  – general coordinates vector (1.9) 

 

W  – constraints matrix, 
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When the matrices in equation (1.2) are invariant in time, the Lagrange II type equations 

can be written as: 
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q q q
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where 
 

P  – external forces vector 
 

 

 
T
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(1.12) 

 

∇ ∇ ∇E D U, ,  – gradient matrices of kinetic energy, dissipation function and potential 

energy 
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2. Description of the Analyzed Tram Trolley, its 

Kinematic Analysis and Physical Model 

 

The analyzed tram trolley is a part of 105Na tram's power transmission system. It was 

being produced in 1979 – 1992 by Konstal industries in Chorzów. Nowadays it is the most 

numerously exploited tram trolley in Poland. 

The characteristic feature of the described tram trolley is a frame consisting of two parts 

joint–connected. 

Figure 2.1 presents functional model of the analyzed tram trolley. In this model zero 

degree suspension was omitted. 

To describe the motion of each of the objects in the model there were used two sets of 

coordinates (figure 2.2). The first set of coordinates (with the superscript " ' "), which is 

rigidly connected to an object and its coordinate origin is situated in the object's centre of 

inertia. The second set of coordinates (without the superscript " ' "), moves with the 

undisturbed movement of the vehicle. When the object moves only with the undisturbed 

movement, both sets of coordinates are the same. The position of any point of the object in 

the second set for small range of rotation angles changes is described by approximate 

relations (2.1): 

 

C z y

C z x

C y x

' ' '

' ' '

' ' '

x x x y z

y y x y z

z z x y z

 

 

 

     

     

     
 

(2.1) 

 

In the analyzed tram trolley the frame is constructed from two parts, which are 

connected by joints A and B (figure 2.1). These joints limit mutual movement of the two 

parts of the frame. The frame's system has 7 degrees of freedom. As the generalized 

coordinates we can choose six coordinates describing the position of the right-side frame in 

3D coordinate system and rotation angle between the frame's halves (the halves can rotate 

relatively to each other only around the straight line connecting the joints A and B). Since 

both parts of the frame, considered as independent objects, have 12 degrees of freedom, 

and after combining them by bonds the number of degrees of freedom decreased to 7. 

Therefore five bond equations were written. 

In order to determine these equations there were set A and B points locations in the 

second set of coordinates CiP, xip , yiP, zip. 
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(2.2) 

 

The same points in the set of coordinates related to the left–side frame are described: 
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The location of a point in the set of coordinates CiP, xip , yiP, zip, can be described by use 

of the location in the set of coordinates CiL, xiL , yiL, ziL, using their relation (these sets of 

coordinates are mutually shifted – figure 3.2): 
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zz

ddyy

kkxx


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12

21

 

(2.4) 

 

Since both parts of the frame have together seven degrees of freedom, in the obtained 

relations there are seven independent variables: xiP, yiP, ziP, φxiP, φyiP, φziP, φyiL. 
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 Fig. 2.1. 105Na tram trolley's model 
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Fig. 2.2. Sets of coordinates used in the model 

 

In the considered model there are 30 geometric coordinates (the number of rigid blocks 

multiplied by 6) and 23 general coordinates (the number of geometrical coordinates minus 

number of independent bonds). 
 

 
q

x = W x  
(2.5) 

 

where: 
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W – bonds matrix 

x  – geometrical coordinates vector 
 

 

 iP iP iP xiP yiP ziP iL iL iL xiL yiL ziL iB iB iB

T
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, , , , , , , , , , , , , , ,

, , , , , , , , , , , , , ,
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(2.6) 

 

qx  – generalized (independent) coordinates vector 

 

 

 iP iP iP xiP yiP ziP yiL iB iB xiB yiB

T

i1 i1 i1 xi1 zi1 zi1 i2 i2 i2 xi2 yi2 zi2

, , , , , , , , , , ,

, , , , , , , , , , ,

x y z y z

x y z x y z

     

     





qx

 

(2.7) 

 

 

 3. The Movement Equation 
 

For the linear and stationary model the Lagrange II type equations of tram trolley can be 

written as: 
 

              T T T T

q q qW W x W W x W W x W F∇ ∇ ∇E D U  (3.1) 

 

where 

q
x  – generalized (independent) coordinates vector, 

W – bonds matrix 

∇E
 – energy gradient matrix, determined by the relation: 

 

 
 

x∇X
∇ E =E

 (3.2) 

 

∇D
 – energy dissipation gradient matrix: 

 

 
 

x∇X
∇ D =D

 (3.3) 

 

∇U  – potential energy gradient matrix: 

 

  
x∇X

∇U =U
 (3.4) 
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  – gradient operator – In the analyzed case it refers to differentiation by geometrical 

coordinates  or geometrical velocities: 

 

 

 

T

1 ix x

  
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x

∇
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F  – external forces vector 

After the calculations the matrices 
∇E  and 

∇U  take the (3.7) and (3.8) forms. 

The matrix 
∇D  has similar form to the matrix 

∇U , however it has attenuation factors 

instead of elasticity coefficients. 

In each of the matrices, to the elements of the i–row or the j–column there were assigned: 
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The non–zero elements of the matrix 
∇E  are: 
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1,1 2,2 3,3 iP

4,4 xiP

4,5 5,4 xyiP

4,6 6,4 zxiP

5,5 yiP

5,6 6,5 yziP

6,6 ziP

7,7 8,8 9,9 iL

10,10 xiL

E E E m

E J

E E 2J
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  



 

10,11 11,10 xyiL
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19,19 iB
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22,22 xi1
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The non–zero elements of the matrix 
∇U  are: 
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1,1 x1

1,5 5,1 x1

1,6 6,1 x1 1

1,19 19,1 x1

1,24 24,1 x1

1,25 25,1 x1

1,30 30,1 x1

2,2 y1 y2

2,4 4,2 y1 y2 1

2,6 6,2 y1 1 2 y2
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3,27 27,3 z1

3,28 28,3 z1

(a a )

u u k
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y2 z

6,12 12,6 z

6,14 14,6 y2

d k (p p )

k f 2k

u u 2k

u u k f





 

 

  

  

 

6,16 16,6 y2 1

6,19 19,6 x1 1

6,20 20,6 y1 1

6,24 24,6 x1 1

6,25 25,6 x1 1

6,26 26,6 y1 2

6,30 30,6 x1 1

7,7 x1

7,11 11,7 x1

7,12 12,7 x1 1

7,19 19,7 x1

7,24 24

u u k f (a a )

u u k d

u u k p

d
u u k d

2

u u k d

u u k p

d
u u k d

2

u 2k

u u 2k H

u u 2k d

u u k

u u

  

 

  

  

 

 

  



 

 

  

 ,7 x1

7,25 25,7 x1

7,30 30,7 x1

8,8 y1 y2

8,10 10,8 y1 y2 1

8,12 12,8 y1 1 2 y2

8,14 14,8 y2

8,16 16,8 y2 1

8,20 20,8 y1

8,30 30,8 y1

9,9 z1 z2

9,10 1

d
k

2

u u k

d
u u k

2

u 2k k

u u 2k H k a

u u k ( p p ) k f

u u k

u u k (a a )

u u k

u u k

u 2k k

u u

 

  

  

 

     

    

  

  

  

  

 

 0,9 z1 1 z2 1

9,11 11,9 z1 2 1 z2

9,15 15,9 z2

9,16 16,9 z2

9,21 21,9 z1

9,22 22,9 z1

2k d k d

u u k ( p p ) k f

u u k

d
u u k

2

u u k

d
u u k

2

  

    

  

 

  

 
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9,27 27,9 z1

9,28 28,9 z1

2 2 2

10,10 z1 1 y1 z2 1

2

y2 1 x

10,11 11,10 z1 1 2 1 z2 1

10,12 12,10 y1 2 1 y2 1

10,14 14,10 y2 1

10,15 15,10 z2 1

10,16 16,10 z2 1

u u k

d
u u k

2

u 2k d 2 H k d

k a 2k

u u k d (p p ) k d f

u u k H(p p ) k a f

u u k a

u u k d

d
u u k d

2



  

 

  

 

   

    

  

 

    y2 1 1

10,20 20,10 y1

10,21 21,10 z1 1

10,22 22,10 z1 1

10,26 26,10 y1

10,27 27,10 z1 1

10,28 28,10 z1 1

2 2 2

11,11 z1 1 2 x1

2

z2 y

11,12 12,11 x1 1

k a (a a )

u u k H

u u k d

d
u u k d

2

u u k H

u u k d

d
u u k d

2

u k (p p ) 2k H

2k f 2k

u u 2k Hd





 

 

 

 

 

 

  

 

 

 

11,15 15,11 z2

11,16 16,11 z2

11,19 19,11 x1

11,21 21,11 z1 2

11,22 22,11 z1 2

11,24 24,11 x1

11,25 25,11 x1

11,27 27,11 z1 1

11,28 28,5 z1 1

11,30 30,11 x1

u u k f

d
u u k f

2

u u k H

u u k p

d
u u k p

2

d
u u k H

2

u u k H

u u k p

d
u u k p

2

d
u u k H

2

  

 

  

 

  

  

  

  

 

  

2 2 2

12,12 x1 1 y1 1 2

2

y2 z

12,16 16,12 y2 1

12,19 19,12 x1 1

12,20 20,12 y1 1

12,24 24,12 x1 1

u 2k d k (p p )

k f 2k

u u k f (a a )

u u k d

u u k p

d
u u k d

2



  

 

   

  

  

  

 

12,25 25,12 x1 1

12,26 26,12 y1 2

12,30 30,12 x1 1

14,14 y2

14,16 16,14 y2 1

15,15 z2

2

16,16 z2 y2 1

19,19 x1

20,20 y1

21,21 z1

2

22,22 z1

2

24,24 x1

25,25

u u k d

u u k p

d
u u k d

2

u 2k

u u 2k (a a )

u 2k

d
u k 2k (a a )

2

u 2k

u 2k

u 2k

d
u k

2

d
u k

2

u 2k

  

 

  



   



  











 x1

26,26 y1

27,27 z1

2

28,28 z1

2

30,30 x1

u 2k

u 2k

d
u k

2

d
u k

2









 

 

where 

 

1 2

1 2

k = k + k

d = d + d  
(3.9) 

 

1 2
3 2 1

1 2

1 2
4 1 1

1 2

k + k
-k = k -d

d + d

k + k
-k = -k +d

d + d  

(3.10) 

 
 

 xiB yiB ziB xiB yiB ziB xi1P xi1L yi1P yi1L

zi1P zi1L zi1P zi1L yi1P yi1L xi1P xi1L xi1P xi1L xi2P xi2L yi2P yi2L

zi2P

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, F , F , F , M ,M , M ,(F F ), ( F F ),

( F F ), ( F s F s F r F r), (F r F r),( F s F s),(F F ),( F F ),

( F

   

           



F

T

zi2L zi2P zi2L yi2P yi2L xi2P xi2L xi2P xi2LF ),( F s F s F r F r),(F r F r),( F s F s)        

 
(3.11) 
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The information on kinematic excitations, which may be the basis to complete the 

elements of the F matrix, can be used on the basis of the materials contained in the paper 

[2]. 
 

 

4. Summary 
 

In the paper there was presented the mathematical model of 105Na tram trolley using 

the Lagrange  II type equations' matrix form. For this purpose there were determined bonds 

occurring in the analyzed model. There were also set kinematic energy, potential energy 

and energy dissipation function equations, which served to create wanted mathematical 

model's equations. These equations after connecting with box's or torsion pivot's equations 

and with equations modeling the wheel-rail contact forces can be written after transforming 

to the set of differential equations form and then can be used to the analysis of small 

vibrations and stabilization of the vehicle's movement in mathematical programs such as 

Matlab or Mathematica. 
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