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Abstract — Transfer matrices with positive coefficients of descriptor positive linear continuous-time
systems are addressed. Two methods of checking of the positivity of descriptor linear systems are
proposed. It is shown that if the positive descriptor system is asymptotically stable then all
coefficients of its transfer matrix are positive.
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1 INTRODUCTION

In positive systems inputs, state variables and outputs take only nonnegative values. Examples
of positive systems are industrial processes involving chemical reactors, heat exchangers and
distillation columns, storage systems, compartmental systems, water and atmospheric pollutions
models. A variety of models having positive behavior can be found in engineering, management
science, economics, social sciences, biology and medicine, etc. Positive linear systems are defined
on cones and not on linear spaces. Therefore, the theory of positive systems is more complicated
and less advanced. An overview of state of the art in positive systems theory is given in the
monographs [1], [4], [7].

Positive linear systems with different fractional orders have been addressed in [8], [9], [13].
Stability of standard and positive systems has been investigated in [5], [12] and of fractional
systems in [3], [6]. Descriptor positive systems have been analyzed in [2], [10], [11], [12].

In this paper the positivity of descriptor linear continuoustime systems and its transfer matrices
with positive coefficients are addressed. The paper is organized as follows. In section 2 some
preliminaries concerning standard positive linear continuous-time and discrete-time systems are
recalled. Two methods of checking of the positivity of descriptor linear continuous-time and
discrete-time systems are proposed in section 3. In section 4 it is shown that if the positive
descriptor system is asymptotically stable then its transfer matrix has positive coefficients.
Concluding remarks are given in section 5.



Transfer matrices with positive coefficients of descriptor linear systems

The following notation will be used: R - the set of real numbers, R™*™- the set of n X m real
matrices, R’:*™- the set of n X m real matrices with nonnegative entries and R = R}*1, M,, -
the set of n X n Metzler matrices (real matrices with nonnegative off-diagonal entries), I»-then X
m identity matrix.

2  STANDARD POSITIVE LINEAR SYSTEMS

Consider the continuous-time linear system

x(t) = Ax(t) + Bu(b), (1a)
y(®) = Cx(t) + Du(t), (1b)

where x(t) € R", u(t) € R™, y(t) € RP are the state, input and output vectors and A €
RPN B € RM, C € RP*", D € RPX™,

Definition 1. [7] The system (1) is called (internally) positive if x(t) € R}
andy(t) € R%, t > 0 forany initial conditions x(0) € R} and allinputs u(t) € RT,t = 0.

Theorem 1. [7] The system (1) is positive if and only if
A€M,,BeRYP™CeR"DeRY™ @)
The transfer matrix of the system (1) is given by
T(s) = C[l,s —A]"* B+ D. 3)
Definition 2. [7] The positive system (1) is called asymptotically stable and the matrix A € M, is

Hurwitz if
tlim x(t) =0, foru(t) = 0. (€))

Theorem 2. [7] The positive system (1) is asymptotically stable (the matrix A is Hurwitz) if and
only if one of the following equivalent conditions is satisfied:
All coefficients of the polynommial
Det[l;s —Al =s"+a,_;s"1 + .. + a;s+a, (5)
are positive, i.e.ay > 0fork=10,1,...,n— 1.
There exists a strictly positive vector A = [ A; ... A, ]T, A >0,k = 1,...,nsuchthat

AL < 0. (6)

Now let us consider the discrete-time linear system



JAEEE Volume 6, No. 1/2024

Xi+1 = AXi + Bui,i € Z+ = 0, 1, ey (78)
yi = CXi + Dui, (7b)

where x; € R™, u; € R™,y; € RP are the state, input and output vectorsand A € R, B €
mnxm’ Ce mpxn, D € Rpxm

Definition 3. [7] The system (7) is called (internally) positive if x; € R} and y; € SRR for any
initial conditions x, € R and allinputs u; € RY, i € Z,.

Theorem 3. [7] The system (7) is positive if and only if
A € RP™, B € RP™, C € RYD € RY™. (8)
Definition 4. [7] The positive system (7) is called asymptotically stable and the matrix A € R}

is Schur if
limx; = 0, for u; = 0. 9

iboo

Theorem 4. [7] The positive system (7) is asymptotically stable (the matrix A is Schur) if and only
if one of the following equivalent conditions is satisfied:
All coefficients of the polynomial

det[l,(z+ 1) —A]l=z"+a,_z" 1+ +a;z+a, (10)

are positive, i.e.a, > 0fork=0,1,...,n — 1.
There exists a strictly positive vector A = [A; ... A, ]T, A4 > 0,k = 1,...,nsuchthat

AL < A (11)

3 DESCRIPTOR POSITIVE LINEAR SYSTEMS

Consider the descriptor continuous-time linear system

Ex(t) = Ax(t) + Bu(t), (12a)
y(® = Cx(v), (12b)

where x(t) € R", u(t) € R™, y(t) € RP are the state, input and output vectors and E, A €
RN B e R™M C € RP*", Itis assumed that the pencil (E, A) of (12a) is regular, i.e.

det[Es — A] # 0 for some s € C (13)
(the field of complex numbers)
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Definition 5. The descriptor system (12) is called (internally) positive if x(t) € R% and y(t) €
RE, t > 0 for every consistent nonnegative initial conditions x(0) € R% and all inputs u® () =

dku(t) m . .
Tk € RM,t=>0,k=0,1,..,qandqistheindex of E.

The transfer matrix of the system (12) is given by
T(s) = C[Es — A]"'B € RPX™(s), (14)

where RP*™(s) is the set of p X m rational matrices in s. The transfer matrix (14) can be always
decomposed into the strictly proper transfer matrix

-1
Tep(s) = Cy[In,s —A;] By (15a)
and the polynomial matrix

P(s) =Dy + D;s + ...+ Dgs% € RP™M[s], (15b)
where RP*™[s] is the set of p X m polynomial matricesin s.
Theorem 5. The descriptor system (12) is positive if and only if

A, €M, B, € R, C, e Y™ (16a)
and
Dy ERY™Mfork = 0,1, ...,q. (16b)

Proof. By Theorem 1 the system with (15a) is positive if and only if the conditions (16a) are
satisfied. Taking into account that T(s) = Ty, + P(s) we conclude that the descriptor system
(12) is positive if and only if the conditions (16a) and (16b) are satisfied.

Example 1. Consider the descriptor system (12) with the transfer matrix

3 2 3 2
T(s)=[s + 7s*+16s+ 11 2s®+ 15s +36s+25' 17)
s2+4s+3 s2+4s+3

The transfer matrix decomposed into the strictly proper part

s+2 2s+4
TSP(S) - [sz+4s+3 sz+4s+3] (18)
and the polynomial part
P(s)=Dy+D;s=[s+3 2s+7]. (19)
From (18) we have
-2 1 M o2 _
Al_[1 _2],81— . 0],cl_[1 ol. (20)

10
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The matrices (20) satisfy the condition (16a) and

Do=[3 7],D,=[1 2] (21)
Therefore, by Theorem 5 the descriptor system (12) with (17) is positive.
Now let us consider the descriptor discrete-time linear system

EXH_]_ = AXi + Bui, i€ Z+ (223)
yi = Cx;, (22b)

where x; € R", u; € R™, y; € RP are the state, input and output vectors and E, A € R™®,
B € R™™M C € RP*™ |tis assumed that the pencil (E, A) of (22) is regular, i.e.

det[Ez — A] # 0 for some z € C (23)

Definition 6. The descriptor system (22) is called (internally) positive if x; € R, y; € ERE, i€
Z, for every consistent nonnegative initial conditions x, € R} and allu; € RY,i € Z,.
The transfer matrix of the system (22) is given by

T(z) = C[Ez — A]"'B € RP*™(z) (24)
and can be decomposed into the strictly proper part

Tsp (2) = Cy[Inyz — Al]_lBl (25a)
and the polynomial part

P(z) =Dy + Dyz + ..+ Dqz9 € RP*™[z]. (25b)
Theorem 6. The descriptor system (22) is positive if and only if

A, ERPM B, e RV, ¢ eRE™ (26a)
and
Dy € RV ™ fork = 0,1,...,q. (26b)

Proof. Proof is similar to the proof of Theorem 5.

It is assumed that in (12) and (22):
e thesingular matrix E has only n; < n linearly independent columns,
e the pencil (E,A)is regular, i.e. (13) or (23) is satisfied.

In this case there exist nonsingular matrices P € R™*™ and Q € R™™ monomial (in each row
and in each column only one entry is positive and the remaining entries are zero) such that

11
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I 0 A 0
ey Yo 2]
0 N
n=n,+n, (27)

where N € R"2*"2 s the nilpotent matrix such that N* = 0, N*~1 # 0, u is the nilpotency
index, A; € R™*™ and n1= degdet[Es - A].

Premultiplying the equation (12a) by the matrix P € R™*™ and defining new state vector

X (t) =0 ni nz
o) =00, @ ewm, @ e n 28)
we obtain
xl(t) = Alxl(t) + Blu(t), (29a)
Nx,(t) = x,(t) + Byu(t), (29b)

where A; € R™*™ B, € R™*™ B, € R"2*™ and
Bl _
Bz] = PB.
Note that if Q € R*™ is monomial then Q™! € R¥*™ and x, (t) € R}* and x,(t) € R} for
t >0 if x(t) € RY, t = 0. Defining CQ = [C; C,], C; € RZ™, C, € Y™ for any C €
ERT” from (12b)
y(@) = €, (6) + Cox, (2), (30)
it is easy to verify that
T(s) = C[Es — A]"'B = CQ[P(Es — A)Q]~'PB
In,s — A 0 1B
=G G [ 0 Ns — Inz] [32]

= Cy[ln,s — 4] ' By
—Cy[In, + Ns + -+ N~ 1si1]B,. (31)

From (31) we have the following theorem.
Theorem 7. The descriptor continuous-time system (12) is positive if and only if

A, € M, B, € R}, —B, € R},
C, ERV™M,C, € R, (32)

12
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Example 2. Consider the descriptor system (12) with matrixes

0 025 0 O 0 0 05 O
|0 0 0 0 |0 05 0 0
E‘o 0 01"4_0.50 0 -2
0.5 0 0 0 -1 0 0 1
0 -05
=71 ?|c=00 15 1 1] (33)
1 o[ )
0 2
The pencil of the system is regular since
0 0.25s —-0.5 0
_ 0 —-0.5 0 0
detlBs—Al=| _oc o7 0 s+2
0.5s+1 0 0 -1
= 0.125s% + 0.5s + 0.375 # 0. (34)
In this case the matrices P and Q have the forms
0 01 0 0 2 0 O
_10 0 0 1 _ |0 0 0 2
P‘zooo’Q_0010 (3%)
01 00 1 0 0 O
and
1 0 0 O
|0 1 0 0
PEQ = 0o 0 0 1|
0 0 0 O
-2 1 0 0
11 -2 0 0
PAQ = o o0 1 ol
] 0 0 1
1 0]
0 2
PB = 0o -1l cQ=[1 0 1 3] (36)
-1 -2
The equations (29) take the forms
. -2 1 1 0
n® =" Llmo+], j|u®,
0 17. _ 0 -1
R EAGEEAGES I O}
y@ =[1 0]x (&) +[1 3]x, (D). (37)

13
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By Theorem 7 the descriptor system (37) is positive since

A, = [_12 _12] €M, B, = [(1) (2)] € R2%2,

B =[] Slewre, =0 olewn,

C,=[1 3]eRi2, (38)

Repeating the considerations for the descriptor discrete-time system (22) we obtain the
following theorem.

Theorem 8. The descriptor discrete time system (22) is positive if and only if

Al E m:’:lxnl, Bl E m:’:lxm, _BZ E mizxm,
C, € RE™M, C, € RET? (39)

4  TRANSFER MATRICES OF POSITIVE DESCRIPTOR
LINEAR SYSTEMS

Consider the standard positive continuous-time linear system (1).

Theorem 9. If the matrix A € Mis Hurwitzand B € R¥*™,C € RY", D € RY*™ of the linear
positive system (1), then all coefficients of the transfer matrix (3) are positive.

Proof. First by induction with respect to n we shall show that the matrix

[I,s — A]™* € R™"(s) (40)

has positive coefficients. The hypothesis is true for n = 1 since

[s+a]t= (41)
st+a
andforn=2
_ -1 _ S + a11 _a12 -1
P —ap; S+ azz]
1 s+ ay, ai,
= , 42
Sz+a15+a0[ az1 5+a11] (42)

wherea; = aq; + az, = 0,ay = ay105, — a12a,1 = 0.
Assuming that the hypothesis is valid for n - 1 (the matrix [I,,_;s — A,,_;]~1) we shall show

that it is also true for n (the matrix [I,;s — 4,,]71). It is easy to check that the inverse matrix of the
matrix

14
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— I8 = Ap_q Un
ns = An] = [ Uy, s+ ag,l’
Ain
U, = —[ : ],un =—[An1 " Ann-1] (43)
an—l,n
has the form
/T_l + AﬁllunvnA;ll _Agllun
n—-1
a a
L,s—A,]"' = _ L 44
[ys = 4,] it X (44)
aTI. an
where4,,_; = [I,_;s — A,,_,] and
an = (S + ann) - vn[ln—ls - An—l]_lun- (45)

By assumption the matrix [I,,_;5 — A,_1]"* has all positive coefficients and the rational
function (45) has positive coefficients. Taking into account that u,, and v,, have non-negative

[In—ls_An—l]_lun and 1Jn[In—ls_An—l]_l

entries, we conclude that — are column and row rational

an an
vectors with positive coefficients. By the same arguments the matrix

[In—ls - An—l]_lunvn[ln—ls - An—l]_1

(46)
an

has also all rational entries in s with positive coefficients and the matrix (43) has positive
coefficients. Therefore, if B € RP™, C € RY™ and D € R ™then all coefficients of the
transfer matrix (3) are positive.

Now Theorem 9 will be extended to the positive descriptor linear systems (12).

Theorem 10. If the positive descriptor system (12) is asymptotically stable, then all coefficients
of its transfer matrix are positive.

Proof. By Theorem 5 the descriptor system (12) is positive if the conditions (16) are satisfied. If
conditions (16a) are satisfied, then by Theorem 9 the transfer matrix of the strictly proper part has
positive coefficients. Note that by Theorem 5 if the descriptor system is positive then the conditions
(16b) are satisfied and the transfer matrix of the positive descriptor system (12) has positive
coefficients.

Example 3. (Continuation of Example 2) The transfer matrix of the positive descriptor linear
system (12) with (17) has the form (18) and its coefficients are positive. Note that the transfer
matrix (19) of its strictly proper part has also positive coefficients.

Theorem 11. If the matrix A € R}*™ of the descriptor discrete-time system (22) is a Schur
matrix then the matrix
[I,(z +1) — A]"t € RV (2) (47)
has positive coefficients.

15
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Proof. By Theorem 4 if A € R*™ of the discrete-time system is a Schur matrix then the matrix
A — I,, € M,, is the Hurwitz matrix. The remaining elements of the proof are similar as in the proof
of Theorem 9.

Example 4. The matrix

06 0 0.2
A=(01 04 0.2 (48)
0.2 01 0.5
of the discrete-time linear system is asymptotically stable (Schur) since the polynomial
z+ 0.4 0 -0.2
det[l;3(z+1)—Al=]| -01 2z+06 -0.2
-0.2 —-01 z+4+05
= z3 4+ 1.5z + 0.68z + 0.082 (49)
positive coefficients. The inverse matrix (47) for (48) has the form
z+ 0.4 0 -02 77!
det[l,(z+1)—A]™*=| —01 2z4+06 —0.2
—-0.2 -01 z+4+05
1
= X
z3 4+ 1.522 4+ 0.68z + 0.082
7z +1.1z+0.28 0.02 0.2z 4+ 0.12
01z+0.01  2z24+09z+0.16 0.2z +0.06 |- (50)
0.2z + 0.11 0.1z + 0.04 z> +2z+0.24

that all coefficients of the matrix (50) are positive. The transfer function of the positive
asymptotically stable system with (48) and

1
B=IO], C=[1 0 2] (51)
0

has the form
z? — 0.5z + 0.5

T(z) = C[I,(z) — A]"'B = '
(Z) [ n(Z) ] z3 — 1.5z22 + 0.68z — 0.094

(52)

Note that (52) has some negative coefficients. Therefore, Theorem 9 is not true for positive
discrete-time linear systems.

16
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5 CONCLUDING REMARKS

Transfer matrices with positive coefficients of descriptor positive linear continuous-time and
discrete-time systems have been addressed. Two methods for checking of the positivity of
descriptor linear systems have been proposed. It has been shown that if the positive descriptor
linear system is asymptotically stable then its transfer matrix has positive coefficients (Theorem 9).
The considerations have been illustrated by numerical examples.

The considerations can be easily extended to fractional descriptor linear continuous-time and
discrete-time systems.
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