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Abstract. In this article, we consider a class of nonlinear Dirichlet problems driven by
a Leray-Lions type operator with variable exponent. The main result establishes an existence
property by means of nonvariational arguments, that is, nonlinear monotone operator theory
and approximation method. Under some natural conditions, we show that a weak limit of
approximate solutions is a solution of the given quasilinear elliptic partial differential equation
involving variable exponent.
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1. INTRODUCTION

We are concerned with the following quasilinear elliptic partial differential equation
-V -a(z,Vu)=f in Q, (1)
u =0 on 91,

where 2 is a bounded domain in RY (N > 3) with smooth boundary 952,
a:QxRY RV is a vector-valued function, and f € W1 (#)(Q).

Equations of type (1.1) is an interesting topic of research due to its significant role
in the interplay between pure and applied nonlinear analysis as well as in many fields
of mathematics such as nonlinear partial differential equations, calculus of variations,
non-linear potential theory, non-Newtonian fluids, image processing to name a few
(see, e.g., [8,9,26,29] and references therein).

Operator —V - a(z,-) appearing in problem (1.1) is a Leray—Lions type operator
(see [25]) and can be particularised to many well-known operators. To be more precise,
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in case of a(z,&) = |£[P®)~2¢, where p(x) > 2, we get the p(x)-Laplace operator,
an operator acting from Wol’p(z)(ﬂ) to its dual W‘LY"/(:‘”)(Q)7 defined by
p(z)—2 9

There are many classes of problems which are driven by the p(x)-Laplace-type operators,
for example,

8.%‘k

(1.2)

—V - ([Vu[P®=2Vu) = f(z,u), z€Q,
u=0, x € 08,

which is the p(z)-Laplace Poisson equation.

If we set a;(z,&) = |¢[P@=2¢ for all i € {1,...,N}, where p : & — RV is
a vectorial function p(z) = (p1(x),...,pn(z)) with p; € C(Q), pi(z) > 2, problem
(1.1) turns into

{ - sz\; 3%(

u=0, x € 01,

Oy, U

(1.3)

which is the anisotropic B(~)—Lap1ace Poisson equation.
Moreover, if we set a(z,£) = (1 + [£2)P@)=2/2¢ where ¢ € RN and p(z) > 2,
then we obtain the generalized mean curvature operator

V- (1 + |Vul?)P@=2/2yy,)

which leads to the equation

{ —V - (14 |Vu[2)P@ 2>/2vu) flz,u), z€Q, 14

=0, x € 08,

See [6,27,28] for further examples and applications for the operator a(z, ).

We want to remark that application of nonlinear monotone operator theory and
approximation method to the problems of type (1.1) is not a new topic. For example,
n [5] the authors dealt with the equation

A(u) + g(z,u, Vu) = h, (1.5)

where A is a Leray-Lions type operator acting from Wol’p(Q) to W’l’p'(Q),
h e W17 (Q) and g is a nonlinear lower order term with natural growth of order p
with respect to |[Vu|. Using nonlinear monotone operator theory and approximation
method, the authors obtained unbounded solutions to problem (1.4).

Moreover, in [14] the authors studied the equation

X9
Z 6— (z,u, Vu) — colulP2u = f(z,u, Vu) (1.6)
k=1
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where a : Q x RY — RY is a Carathéodory function, f is a nonlinear Carathéodory
function which has the growth of order p with respect to |Vul, 1 < p < co is a real
number and ¢ is positive constant. Using nonlinear monotone operator theory, the
authors obtained bounded solutions to problem (1.5).

Recently, in [4], the authors studied the Dirichlet problem for multivalued elliptic
equations of the form

=V -a(x,Vu) 3V -h, ulgg=0, (1.7)

where a(z,-) : © x RY — R¥ is maximal monotone operator for almost all x €
Q, h is a given vector function in Musielak-Orlicz space W’l’“"/(Q). In this paper,
the authors consider the so-called Lavrentiev phenomenon (see [32]). By applying
maximal monotone operator theory and approximation method, they obtained H- and
W -solutions for the multivalued problem (1.6) and its singlevalued version.

We would like to notice that there are many papers dealt with equation of the form
(1.1) in which nonlinearity is given under the natural growth of order p via monotone
operator methods and approximation methods (see, e.g., [2,11,13,23] and references
therein). However, this is not the case for the equations of the form (1.1) involving
variable exponent of nonlinearity, that is, growth of order p(x). Rather, the authors
have usually applied variational methods along with critical point theory (see, e.g.,
[3,4,6,18,21,22,31] and references therein).

2. PRELIMINARIES

We start with some basic concepts of variable Lebesgue spaces. For more details
we refer the readers to the monographs [1,10,12,28], and the papers [15,19,24].
For any p € C(€2) with p~ > 1, we define the variable exponent Lebesgue space by

LP@(Q) = u|u: Q- R is measurable, / Ju(z)|P@dz < 0o p
Q

then LP(*)(Q) endowed with the norm

p(z)

u(x) de <1

|u|p(aj) =inf<¢ pu>0: /
Q

becomes a Banach space.

Proposition 2.1 (Hélder Inequality). For any u € LP@)(Q) and v € LP' (1),
we have

[ uvldz < €, o7l ol o

Q
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Proposition 2.2 (Young Inequality). Let p(x) > 1 for all x € Q and p(z)~' +
P@) =1 orp(x)= p(pgzl Then, for all a,b € RN

Jallbl < p(a)~Hal?® +p' () b ).

The convex functional p : LP(*)(Q) — R defined by

plu) = [ (o)
Q

is called modular on LP(*) ().
Proposition 2.3. If u,u, € LP®)(Q) (n=1,2,...), we have
(i) |ulp@)y <U(=1,>1) & pu) <1(=1,>1),
(i) Julpy > 1 = [u%,) < p(u) < [ully, [ulpey <1 = [ul2,) < plu) < [uf,,,

p P
(iif) nhﬁn;o [tn|pz) = 0 < nhﬁn;o p(uy) = 0; nl;ngo [tn |p(z) = 00 & nl;ngo p(uy) = 0.

Proposition 2.4. If u,u, € LP®)(Q) (n = 1,2,...), then the following statements
are equivalent:

(i) nlLH;O |un — u|p(m) =0,

(if) nh_}n;o p(uy, —u) =0,

(iii) w, — u in measure in Q and lim p(u,) = p(u).
n—oo

The variable exponent Sobolev space W'?(*)(Q) is defined by

N
e () = {u € L@ (Q): Vu e HL”(I)(Q)},

i=1

with the norm
ull1p(z) = [tlpa) + [Vlp@),

or equivalently
Jull ey = inf § >0 [ (\”
Q

4 |ule)

x
1

p(z)
dr <1
I

for all u € WP(®)(Q). The space Wol’p(r)(ﬂ) is defined as C’(‘)’O(Q)l"l‘l'p(z) = Whr@)(Q),
and hence, u € Wol’p(m)(ﬂ) iff there exists a sequence (u,) of C§°(€2) such that
l[tn = wll1,p(z) — O
As a consequence of the Poincaré inequality, ||ul|i p) and [Vul,,) are equiva-
lent norms on Wy ') (). Therefore, for any u € Wy ") () we can define an equivalent
norm ||u|| such that
[ull = [Vulp)-
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Proposition 2.5. If1 < p~ < pt < oo, then the spaces LP™®)(Q) and W) (Q) are
separable and reflerive Banach spaces.

Proposition 2.6. Let ¢ € C(Q). If 1 < q(z) < p*(x) for all x € Q, then the embedding
WLrE)(Q) «— L) (Q)is compact and continuous, where

Np(zx) Zf
N g o p(x) < N,
p(ﬂf)Z{N P (@)

+o0 if p(x) > N.

3. MAIN RESULTS

In the present paper, we show that if (u,,) C Wol’p(x)(Q) such that u,, — u € W&’p(w) (Q)
is a sequence of solutions to the approximate problem

(3.1)

=V -a(xz,Vu,)=fin Q,
Uy, =0 on 012,

then wu is a weak solution to problem (1.1) provided that f € W~=1#'()(().
To this end, we assume the following hypotheses.
Let us define p € C(Q2) as

1 <p™ =minp(z) < p(r) < p" = maxp(z) < co.
T€EQN z€EQ

(a0) a:Q x RY — RY is a Carathéodory function.
(al) There exists a positive constant ¢y such that

(a(z,€) —a(z,0) - (£ = ¢) > co(|€] + [¢))P™ 2] — ¢

for all £,¢ € RN and z € Q.
(a2) The following inequality holds

la(z,€)] < e1(ho (z) + [€PP7),

for all ¢ € RY and z € Q, where p € C(Q) such that 1 < p(z) < N, ¢; is
a positive real number, hy € L? (*)(Q) is a nonnegative function.
(a3)
a(z,0) =0, a.e. in .

(ad) The following inequality holds
(2, ) = alx, Q) < e2(1 +[g] + [P e = ¢,

for all £,¢ € RN and x € Q, where c; is a positive real number and 0 < o < p~ —1
is a constant.
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Remark 3.1. We want to notice that condition (a2) is a particular case of (a4) since
putting ¢ = 0 in (a4) leads to (a2). Therefore, (a4) is consistent with the nonlinear
growth condition (a2) which is accepted as a natural growth of order p(z). We would
also like to mention that condition (al) has been previously assumed in papers [20,30].

Let A be an operator from Wol’p(r)(Q) to its dual W~1%'(®)(Q) defined by
A(u) = =V - a(z, Vu).

Then the operator A is bounded, continuous and monotone due to the conditions
(a0)—(a3) (see [17, Theorem 2.1]).

Definition 3.2. We say that a function u € Wo"™(Q) is a solution of the operator
equation

A(u) = f (3.2)
provided that for given any f € W12 (@) (Q) we have

(A(u), ) = /a(:z:,Vu) -Vedr = /f(pdx = (f,¢), forallp in Wo ™ (Q), (3.3)
Q O

where (-, ) stands for the duality map between W, ™) (Q) and W=1#'() ().

Remark 3.3. Equation (3.2) means that we have an equality between A(u) and f in
W17 (@)(Q), where A(u) is capable of acting on any ¢ € Wol’p(x)(ﬂ) as

(A(u), ) = (f, )

In conclusion, this means that we can understand the nature of A(u) € W17 ) ()
through its effect on ¢ € Wy (Q).

First, we provide a-priori estimate.

Lemma 3.4. Let (u,) C Wol’p(m)(Q) be a sequence of solutions to (3.1). If f €
W*I’p/("”)(Q), then there exists a positive constant K such that

un| < K, forn=1,2,... (3.4)

that is, any sequence of solutions to problem (3.1) is uniformly bounded in Wol’p(x) (Q).

Proof. Since (u,) C W™ () is a sequence of solutions to problem (3.1), then by
Definition 3.2, for n = 1,2, ... we must have

/a(x,Vun) -Vu,dr = /fund:v. (3.5)
Q Q

If ||u,| <1 for any n =1,2,..., then there is nothing to prove. Therefore, without
loss of generality, we may assume that ||u,|| > 1 for all n = 1,2,.... Then, applying
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condition (al) for ¢ = 0 and using Proposition 2.3, the Holder inequality and the
continuous imbedding Wol’p(w)(Q) — LP(®)(Q) it reads

03||un||p_ §/00|Vun|p(r)dx§/fundm,
Q Q

esllunll® < | Flpr o) [unlpez) < calluall

which shows the uniform boundedness of sequence (||uy||) since p~ > 1, where c3, ¢4
are positive constants. O

Theorem 3.5. Suppose that (u,) C Wol’p(x)(ﬂ) is a sequence of solutions to the
approzimate problem (3.1). If u, — u € Wol’p(r)(Q) and f € WL (@)(Q), then u is
a weak solution to problem (1.1), that is, for every ¢ € Wol’p(x)(Q), u € Wol’p(m)(Q)
must satisfy the identity

/ a(z, Vu) - Vidr = Q/ fodz. (3.6)

Q

Proof. Let us assume that (u,) C VVO1 ple) () is a sequence of solutions to problem
(3.1). By Lemma 3.4 and reflexivity of I/VO1 P (x)(Q), we can extract a subsequence (not
relabelled) (uy,,) C Wol’p(z)(Q) such that u, — u € Wol’p(z)(Q) and u,, — u € LP@)(Q).
From (a2), and the Holder inequality, we have

la(z, Vug)| < e1(ho(@) + [Vun [P < elholy @ [un PO @) < cllug P

which means that (a(x, Vu,)) is bounded in LP'®) (Q)N | where py; = max{p~,p*}.
Therefore, up to a subsequence if necessary, we have

a(z, Vu,) — & € L@ @)V, (3.7)

for some & € LP'®)(Q)N = Hfil LP"(®)(Q). This writing is mandatory because we
can not conclude directly the convergence a(x, Vu,) — a(x, Vu) since nonlinearities
are not continuous with respect to weak convergence in general. Thus, combining (3.7)
and (3.5), we obtain

n—o0

lim [ a(xz,Vu,)- - Vedr = /{ -Vodr = /f(pdx, pE Wol’p(gg)(Q)7 (3.8)
Q Q Q

where we put u, = ¢. On the other hand, employing monotonicity condition (al)
we obtain that

/(a(z, Vuy,) — a(z, Vw)) - (Vu, — Vw)dz > 0 (3.9)
Q



298 Mustafa Avci

for all w € Wol’p(m)(Q). Next, if we substitute identity (3.5) in (3.9), and apply some
elementary calculations, we obtain

/[fun —a(z, Vuy,) - Vw — a(z, Vw) - (Vu, — Vw)|dz > 0. (3.10)
Q
Considering u, — u € W™ (Q) and u,, — u € LP®) () along with (3.6) lead us to
the inequality
/[fu —¢-Vw —a(z, Vw) - (Vu — Vw)]dz > 0. (3.11)
Q

Since (3.8) holds for every ¢ € W™ (), we can put ¢ = u. Then

/(§ —a(z,Vw)) - (Vu — Vw)dz > 0. (3.12)
Q
Next, we apply Minty’s trick allowing us passing to weak limit within the nonlinearity.
To this end, let us put w = u + ev for ¢ > 0, and let 0 # v € Wol’p(x)(Q) be fixed.
Then, if we let € — 0, it reads

/(5 —a(z,Vu)) - Vudz < 0. (3.13)
Q

Applying the same argument for —v leads to

/(f —a(z,Vu)) - Vodx > 0. (3.14)
Q

Then (3.13) and (3.14) yield & = a(z, Vu). Using this information along with (3.8),
we obtain

/a(x7 Vu) - Vudz = /fvdx, v e Wolm(w)(Q), (3.15)
Q Q
which shows that u € Wol’p(m)(ﬂ) is a weak solution to problem (1.1). O

Lemma 3.6 ([7]). Let X be a reflexive real Banach space. Moreover, let T : X — X*
be an operator satisfying the conditions:

(i) T is coercive, that is,
(T(u),w)

1um = +00,
fullx—oo  [lullx

(ii) T 4s hemicontinuous, that is, T is directionally weakly continuous, iff the function
V() = (T(u+yw),v)

is continuous in vy on [0,1] for every u,w,v € Wol’p(x)(ﬂ),
(iii) T is monotone on the space X, that is, for all u,v € X we have

(T (u) =T (v),u—wv)>0. (3.16)
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Then the operator equation
T(u)=g (3.17)

has at least one solution u € X for every g € X*. If, moreover, the inequality (3.16)
is strict for all u,v € X, u # v, then the equation (3.17) has precisely one solution
u € X for every g € X*.

In the sequel, we show that problem (1.1) has a unique solution.

Theorem 3.7 (Existence and uniqueness). Assume that (a0)—(ad) hold. Then,
for given any f € WP (@)(Q) the operator equation (3.2) has a unique solution

u € Wol’p(m) (Q) which in turn becomes a weak solution to problem (1.1).

Proof. First, we show that operator A is coercive. Without loss of generality, we may
suppose that ||u|| > 1. Then, by (al) for ¢ = 0, we have

(A(u) — A(0),u) = /a(amVu) -Vudz > co/ |VulP@dz > co||qu+,
Q Q

(Aw), ) > lim co||u|\p+_1:—|—oo7
llull oo ||ul] flul| 00

that is, A is coercive.
Next, we show that operator A is hemicontinuous. To this end, using (a4), the Holder
inequality and the inequality

lw + v|™ < 2™ (Jw|™ + [v|™), for allw,v € RN and m > 0, (3.18)
we have
(W (1) = ¥(2)] = [(Alu +nw) — A(u + 72w), )|

< /|(a(m,V(u+71w)) — ala, V(u + yow))||Vo|dz

<l —l® [ (L+[Tu] + [VulP@ 5 Tul | Telds,
Q

Let us define a function O : Wol’p(x)(Q) — LP®)(Q) by
O(u,w) =1+ |Vu| + |[Vuw|.
Then, for every u,w € Wol’p(ag)(Q)7 we obtain

/(1 + V| + [V P10 Y| Vo|da
Q

< / O 1= Q|| Vu|dz = / OFP@ | Vu|dz
Q Q

< ||9|p(l)_1||%|vv|p(r) = |@|Zé‘;;1|Vv|p(I) < oo.
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So we are multiplying a bounded function with a function getting very small. The end
result should be small, namely, we obtain

(W) = ¥(r2)] = 0as v = 72

which means that A is hemicontinuous. As for monotonicity of A, it is enough to apply
condition (al), that is,

(A(u) — A(v),u —v) = /(a(ac7 Vu) —a(z, Vo)) - (Vu — Vu)dz > 0
Q
for all u,v € Wol’p(z)(Q) provided u # v.

In conclusion, the operator equation (3.2) has a unique solution. O

Remark 3.8 (W;*(Q) regularity). In case of p(x) = 2, the assumption (al) turns
into

(a(x,€) = a(z,0)) - (€ = ¢) = col€ = ¢ (3.19)
or
N ‘ N
S (@i @,€) — @i m) - (& — G) = co S (& - G,
i=1 =1
where a = (a',a?,...,a"). Using (3.19), it can be obtained that any weak solution to

problem (1.1) belongs to W *(2), and hence, satisfies
-V -a(z,Vu) = f in Q. (3.20)
As for the illustration, pick n € R and h € R with h # 0 and put & = ¢ +hn in (3.19).
Then, dividing the obtained inequality by h2, it leads to
N

i i ol
3 (a (x,g+h2) —a (x,O)m > 00> . (3.21)
i=1 =1

If we take the derivative of a’ in the direction 7, that is, letting h — 0 in (3.21),
we have

N N
> ai(@, Qi = co Y i (3.22)
ij=1 i=1

where Ve, al = aé.. Therefore, (3.20) is an uniformly elliptic equation. For the proof of

W02 2(Q) regularity of the weak solution, one can follow the same arguments and steps
given in Theorem 1 in [16, §6.3.1], so it is omitted here.

4. EXAMPLES

In the sequel we provide an example to illustrate the use of results obtained
in the previous chapter.
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Theorem 4.1. Assume that (a0)—(ad) hold, p(z) > 2 and h € L*(Q). Then, the
following problem

v =— p(z)—2 ;
{ V- a(z, Vu) u|Vul + hinQ, (4.1)

u=0 on 99,
has a unique solution u € Wol’p(x)(Q).

Proof. We set the nonlinear term g(z,u, Vu) = u|Vu[P(*)=2 and approximate g by
functions

- - g(z,u, Vu)
n = gn(@,u, V) 1= + (1/n)|g(z, u, Vu)|

which is bounded, that is, |g,| < n. To this end, we consider the following approximate
problem of (4.1)

=V - a(x,Vup) = —gn(x, tn, Vu,) + h in Q,
Uy, =0 on 012,

and assume a sequence of solutions (u,) C I/VO1 P (I)(Q) satisfying

/a(x,Vun)-Vgodxz /gn(x,un,Vun)cpdx—F/hgodx (4.2)
Q Q Q

for all ¢ € Wol’p(z)(Q) provided w,, = u in Wol’p(z)(Q).
First, we want to notice that g, (z,un, Vuy) is LP @) ()-norm bounded. Indeed,

applying Young’s inequality for e = p(z) — 1 and &’ = i g;:; and considering u,, — u
in Wol’p(x)(ﬂ), we obtain

/\gn(m,un,Vunﬂp/(I)dx:/|un|p/(I)|Vun|p/(w)(p(1)_2)dx
Q Q

1 1

< / {|un|p(”) + —/|Vun\p(‘”) dz < Kj.
€ €

Q

Therefore, according to Theorem 3.5, u € Wy ") (Q) is a weak solution to problem
(4.1).

To proceed, we need to show that w, — u in Wol’p(x)(Q). From the weak lower
semicontinuity of modular p, we already have

lim inf p(Vuy,) > p(Vu) (4.3)

n—oo
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Without loss of generality we may choose a(z, £) = |£[P®)~2¢ in problem (4.1) since it
satisfies all conditions (a0)-(a4) under some proper constants. Then, for ¢ € (0,1) and
by (al) we can write

| — VulP® — | = Vu,|P® — p(x)a(z, —Vu,) - (Vu, — Vu)

d | = Vg + H(Vu, = Vo)P® e o
(dt p(x) a(z, =Vuy) - (Vu, =V )) dt
(a(@, =Vun +t(Vuy = Vu)) = a(z, =Vug)) - (Vi — VU))%dt

1
> cop(x) /(| — YV, + t(Vu, — V)| + | = Vun|)P@ =2 Vu,, — Vul*tdt >0
0

and hence

/ | — Vi, [P @ de - /| — Vu|P®dzr < —pm/a(ﬂc, —Vuy,) - (Vu, — Vu)dz, (4.4)
Q Q Q
where p,, = min{p~, p*}. On the other hand, since g, (z, u,, Vu,) is L *) (Q)-norm
bounded, u,, — u in Lp(””)(Q)7 and u,, — u a.e. in §2, by applying the Holder inequality,
we obtain

/CL(J?, _vu") ) (vu” - Vu)dx = /gn('r7 U, _vun)(un - u)d$ + / h(un - U;)d]}
Q Q P
Q
—0 as n— o0

which, along with (4.4), implies that

limsup/| — Vun|p("”)dx < /| _ vu|p(1)dx
Q Q

n—oo

or
lim sup p(Vuy,) < p(Vu). (4.5)

n—oo

Then, (4.3) and (4.5) lead to
lim p(Vuy,) = p(Vu).

n—oQ

From condition (al) and assumption u, — u in Wy (Q), (Vu,) converges in
measure to Vu in 2. In conclusion, by Proposition 2.4, we obtain that

nhHH;O |V, — Vulpm) =0 (4.6)
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that is,
U, — u in Wol’p(x)(fl) and Vu, — Vu a.e. in ) (4.7

Because of (4.6) and (4.7), the function g(z,u, Vu) = u|Vu[P(®)=2 is continuous in the
two last arguments. Therefore, by (4.7), we obtain

gn (T, Un, V) = g(z,u, Vu) a.e. in Q. (4.8)

On the other hand, by the Holder inequality we have

0< /gn(x,un,Vun)undx:/|un|2\Vun|p(r)_2d$
Q Q
< [tn o [VUn [P 72| oy < K.
5 7(2)—32

Let E C € be a measurable subset. Let us choose an arbitrary real number § > 0
such that |E| < §. Then, by considering the fact that sequences (u,), (Vuy,) converge
strongly in LP(*)(Q) and LP®)(Q)V, respectively, we have

/ (g (2 1, Vi)
E

= / |gn (2, tn, Vuy,)|dx + / |gn (2, up, Vu,)|dx

En{lun(z)|<k} En{|un(z)|>k}
1
< / |gn(x,un»vun)‘d1’+ E/gn(xaun;vun)undf
En{lun (z)|<k} Q

1
< / |t ||V [P 2 + %Kz

En{lun(z)|<k}

which means the equi-integrability of g, (z,u,, Vuy,). In conclusion, by (4.8) and
Vitali’s theorem, we obtain

Gn (T, U, Vuy) — g(x,u, Vu) strongly in L' (). (4.9)

Therefore, by (4.7) and (4.9), if we pass the limit in (4.2), we obtain that

/a(x,Vu)~Vg0dx = /g(x,u,Vu)godx—f—/hgodx
Q Q Q

which means that u € Wol’p(z)(ﬂ) is a nontrivial weak solution to problem (4.1).
Moreover, because of assumption (al), this solution is unique. O
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