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Abstract. In this article we consider the following fractional semilinear elliptic
equation

(=A)%u + |z|?u = wu + [u/*u  in RY,
where s € (0,1), N > 2s, 0 € (0, %255) and w € (0, A;). By using variational methods
we show the existence of a symmetric decreasing ground state solution of this equation.
Moreover, we study some continuity and differentiability properties of the ground state
level. Finally, we consider a bifurcation type result.
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1. INTRODUCTION
In this article we consider the following fractional semilinear elliptic equation
(=A)*u + |z)?u = wu + [u|*7u in RY, (1.1)

where N > 2s, s € (0,1), 0 € (0, 2%5), w € (0, A1).
The fractional Laplacian is characterized as

S(=A)*u(§)) = [E"u(d),

where §F(u) = u is the Fourier transform of v and for functions u smooth enough,
it can be defined by the principal value of the singular integral

(o u(z) — u(y)
RN
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The problem under consideration arises in the study of standing waves to the following
time-dependent fractional Schrédinger equation,

o

i = (AP + faf*u — [, (12)

where a standing wave solution to (1.2) has the following form
Y(t, ) = e “hu(z), weR.

This kind of solution reduces (1.1) to the following semi-linear fractional elliptic
equation
(—A)*u(x) + |z|?u(z) — |u(2)]*7u(r) = wu(z) in RY. (1.3)

Recently great attention has to paid to the existence of standing wave solutions to
equation (1.3). For example, Ding and Hajaiej [7] considered the existence of ground
state solutions of equation (1.2). Moreover, they considered the orbital stability of
standing waves and provided an interesting numerical result about the dynamics.
Guo [11] and Hajaiej and Song [12] have discussed the uniqueness result of the
ground state solution of (1.3). To other related results we refer to the readers to
[4, 5,9, 10, 13, 17, 19, 20] and the reference therein.

Motivated by these previous results this paper deal with the existence of ground
state solution of problem (1.1). Moreover we study some continuity and differentiability
properties of the ground state level. Finally we consider a bifurcation type result.

2. PRELIMINARIES AND EXISTENCE RESULT

We shall work in the Hilbert space

s [u(z) —u(y)|?
RN RN
endowed with the norm
(o ) 1/2
ul| = // ‘NHS dyda:+/|u J2dz | (2.1)

RN RN

Note that, if 0 < s < 1 be such that 2s < IV, then there exists a constant Cy: = C(N, s),
such that

||u||L2; (RN) < C?; (2.2)
for every u € H*(RY), where 2% = NQiVQS is the fractional critical exponent. Moreover,

the embedding H*(RY) c LP(RY) is continuous for any p € [2,2%] and is locally
compact whenever p € [2,2%) (for more details see [6]).
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Moreover, we introduce the following fractional Sobolev spaces
X*={uec HRY): / |z |u(x)|?dr < oo p

endowed with the norm

1/2

Uu
ull = /|:1c| ()| dx—i—//' y|n+25 Nayar| (2.3)

Considering this space we have the following embedding.

Lemma 2.1. The embedding X* — H*(RY) is continuous.

Proof. Let b > 0 such that the set A = {z € RY : |z|? < b} has finite measure and

2% -2 1

meas(A) % < o

where Cy- is given by (2.2). Then

Jlu@pas < ([ lu@p
RN RN

2% -2
< Ci. /\u |2d$+// [l z|N+2s dzdx meas(A) %2

RN RN

+5/umwmﬂm
RN

[V}
S

2*72
meas(A /|x\ lu(z)|?dx

This implies that

/mwww
RN

R Y TERTE O I

= 27 2 |z — 2|NT2s
1 — CZ.meas(A) % RN RN
s
Let
2% -2
1 — C2.meas(A) %
= . 2% 2

s

C2.meas(A) %
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This shows that )
2 (142 2
fulP < (14 ) 2
which yields that the embedding X* < H*(R") is continuous.
Remark 2.2.

O

1. Since the embedding H*(R™) C LP(RY) is continuous for any p € [2,2¥] and
is locally compact whenever p € [2,2}), then by Lemma 2.1, X* C LP(RY)

continuously for p € [2,2%] and locally compact for p € [2,2%).

2. Since the external potential V (z) = |z|? is coercive, we can show that the embedding

X* C LP(RYN) is compact for p € [2,2%).
Associated to problem (1.1), we have the functional I, : X* — R defined as

1 u(z) —u(z)]? w
RN RN RN RN
1
20 + 2

/ fu(z) |2 +2dz.

RN

Standard arguments prove that I, € C1(X*,R) and for all u,v € X* we have

I‘f)(u)v:// [u(z) _u(z)][v(x)_v(z)]dzdx—f—/x|2u(x)v(ac)dx

T — Z‘N+25

RN RN
fw/u(x)v(o:)d:z:f/|u(x)\2”u(sc)v(x)dx.
RN RN

Hence, the critical points of I, are weak solutions of problem (1.1).
Let A\ defined as

) —u(2)|?
o g Je e T dede o+ o PR (e)do
= 1m ’
1T uex\{o0) S~ u?(z)dx
which is the simple first eigenvalue of the following linear problem

(=A)su+ |z|?u = I, =z cRY.

Therefore,
MllulZagay < Jlull3:

Then, we have the following lemma.

(2.4)

(2.5)

(2.6)

Lemma 2.3. Ifw < A1, the functional 1, satisfies the Palais—Smale condition at any

level c € R, namely, any sequence (u,) C X° such that
I,(up) —c and I, (u,)—0 asn— oo

has a converging subsequence.

(2.7)
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Proof. Let (un)nen C X® be a sequence verifying (2.7). Hence, for n large enough
we have

w 1 -
2 = Ll — 5o I 2ty = e 0u)) (29
and
||un||3 - W”un”%?(RN) - HunHigjfz(RN) = on(1)|un]fs- (2.9)

Multiplying (2.9) by fﬁ and adding to (2.8) we have

1 1 ) 1 1 ) o(1)
a  a_ . a n - a  a_ . o n - n 1) — mn|ls-
(2 20+2> unlls —w (2 2o+2) lunlzz @y = €+ on(1) = 5 = flunll

Hence,

1 1 w on(1)
a a_ . Ao 1_7 n2< nl_ = nils-
(5-33) (1= 57 hunll < e on0) = 52

Together with w < A1, we know that (u,)nen is bounded in X*. Consequently, up to
a subsequence, u,, — v in X* and by Remark 2.2(2),

U, — u in L*(RY) and in L7 T2(RY).

Therefore, by using the following equality

<I<i;(un) - IL(U), Up — u)+onp(1) = Hun - u||§ - wHun - UH%%RN) — |lun — u||2La2jf2(RN)v

we conclude that u,, — u in X°. O

Theorem 2.4. Suppose that w < A;. Then, problem (1.1) has at least one radially
symmetric ground state solution.

Proof. We divide the proof into three parts. In the first step we use the mountain
pass theorem to study the existence of a weak solution. In the second step by using
Nehari’s manifold we show that this solution is a ground state solution. Finally, by
using symmetry rearrangement we show that this solution is radially symmetric.

Step 1. Clearly, 1,,(0) = 0, and, by Lemma 2.3, I, verifies the Palais—Smale condition.
Now, we claim that I, satisfies the geometry mountain pass condition. First, we note
that there exists wg > 0 such that for any u € X* we have

lull? = wllulZo @y = wollullZ- (2.10)

If not, since w < A1, for any @ < 0, there is ug € X* such that
w ~
0< (1= £2) ol < ol ~ wlvolls e, < ol <o

which is a contradiction. Therefore, (2.10) holds true. Remark 2.2 and (2.10) yield
that -
Wo 2 C2g+2 20+2
I (1) > 20 jq||2 — 2042 .
()2 L2 - S22 ful?
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Therefore, there are p > 0 and « > 0 such that, for any v € X*® with ||u|s = p,
I,(u) > a.
On the other hand, let ¢ € C§°(R"™) such that ||¢||s = 1, then

I 20
w(t<)0) / <p2(x)da: _ 5 t — / |@(x)|20+2d$,
o)

t2
supp(y) supp(¢)

| E

1
T2

which implies that I,(top) < 0 for ¢y large enough. Therefore, by applying the
mountain pass theorem [3], there exists @ € X* such that

I,(i)=c and I/ (a)=0,
where

c= inf sup I,(v(t
ot sup (v(®))

and
Ly, ={y€C([0,1}, X*) : v(0) =0, L,(v(1)) < 0}.

Step 2. We claim that @ is a ground state solution. In fact, let
N, ={ue X*\ {0} : I (u)u = 0}.

Note that N, # 0, since @ € N,,. Furthermore, I, is bounded from below on A, and
there exists A > 0 such that

I,(u) > A for every u € N,,.
Hence, there exists ¢ > 0 such that

é¢= inf I,(u).

uENw

Clearly ¢ < c¢. Let w, C N, be a minimizing sequence for ¢, so (wy)nen is
a (PS)-sequence. As in the proof of Lemma 2.3, (wp)nen is bounded in X° and
up to a subsequence w, — w in X?*. Furthermore, we can show that

I (wa)p > L(w)e, Vi € CERY), (2.11)
and, since w,, is a (PS)-sequence, we obtain
IL(w)g =0, Yo e CERY).
Therefore w is a nontrivial weak solution of (1.1). Since w € N,,, we know that
L(ww™ = ~[w™ |7 =0,

where w~ = max{—w,0}. Therefore, w is a ground state solution, that is,
a non-negative solution with lowest energy and by [11, Theorem 1.1], @ = w.
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Step 3. @ is radially symmetric. Setting a minimizing sequence (u,)nen C X?® such
that
I,(up) — ¢= inf I,(u).

uEN,,

Let v, = (u,)* the symmetric rearrangement of w,,. Since symmetric rearrangements
are continuous in X* (see [2]), then v, € X*. Moreover, it is well known that

/|u|2"+2dz=/|u*|2“+2da:, /|u|2dz=/|u*|2daj (2.12)
RN RN RN RN

|u (2 |u
// y|N+2s d dz < y|N+zs d dz,

R RN (2.13)
/|x\2|u*|2dac§/\x|2|u|2dx.
RN RN

Therefore, for n large enough, we get

and

¢ < I,(vy) <Iy(up) <é+ —, (2.14)

and by Ekeland’s variational principle there is a sequence (z,)neny C X® such that
I,(zn) = ¢ I (2,) >0 and |z, —vals — 0.

Consequently, by the continuity of symmetric rearrangement and Lemma 2.3, there
exists z € X® such that z, — z in X?®, I,(2) = ¢, I/,(z) = 0 and

lim ||z — v,]|s = 0.
n—oo

The last equality shows that z = 4. O

3. PROPERTIES OF THE LEAST ACTION LEVEL
By the previous section, the energy levels

Clw) = mf I,(u) and C(w)= inf sup I,(y(t)),
uEN v€lw tef0,1]

are well defined. Moreover as in [15, Lemma 4.2] we can show that

C(w)= inf 1,(tu) = C(w). 3.1
(w) weilf ) T (tu) = C(w) (3.1)
Now we will study their properties such as continuity and differentiability. Note that,
in the case s = 1, these properties where studied in [8, 14, 16]. We start our analysis
with the following result.
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Lemma 3.1. For every w < A1, the function w — C(w) is continuous.

Proof. To show this result we borrowed some ideas of [1]. Set (wn)nen C (0, A1) and
wo € (0, A1) such that
Wp — Wo.

The previous analysis implies that

liminf C(w,) >0 and limsup C(w,) < 40o0.
wn€(0,A1) wn€(0,A1)

Next, let u,, € X* the function which satisfy
L, (uy) = C(w,) and I, (u,) =0. (3.2)

In what follows, we will consider two sequences {w,} and {wp, } such that

C(wn].) Z C’(wo), an (33)

and

C(wn,) < C(wo), Vng. (3.4)

Analysis of (3.3): From the above results, we know that {C‘(wn])} is bounded. Conse-
quently, there are a subsequence {w,; } C {wy,} and Co > 0 such that

C(wnji) — Cp.
In the sequel, we will use the following notations:
Ui = Un,, and w; = W, -

Thereby,
wi > wy and C(w;) — Cp.

We claim that Cy = C(wp). In fact, from (3.3),
Co = lim C(wi) > C(wo). (3.5)
Let wg € X? be such that
Ly (wo) = C(wo) and I, (wp) = 0.
Moreover, we denote by t; > 0 the real number which verifies
I, (tiwg) = I?Zaé( I, (twy).

Thus, by definition of C'(w),

C(wi) S Iw (tiwo).

i
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It is possible to prove that {¢;} is a bounded sequence. Then without loss of generality
we can assume that t; — to. Now, the Lebesgue theorem gives

hm Iwi (ti’wo) = Iwo (to’u)o) S Iwo (U)()) = C’(WO)7
leading to _
Co S C(OJ()). (36)
From (3.5)—(3.6),

C(CU()) = Oo.
The above study implies that

lim C(wn,;,) = C(wo).

Analysis of (3.4): Note that (3.2) implies that {u,} is a bounded sequence in X*.

Consequently, there is ug € X*® such that up to a subsequence
u, — ug in  X°%.

The above information permits to conclude that ug is a nontrivial solution of the
problem

(=A)u+ |z)%u = wou + |[u/**u in RY, ue X*. (3.7)
By Fatous’ lemma, it is possible to prove that
liminf I, (un) > I, (uo). (3.8)

On the other hand, there is ¢, > 0 such that

C(wn) < 1, (Chup), Vn.

So
limsup I, (u,) = lim sup C’(wn) < limsup I, (Chug) = Ly, (uo). (3.9)

n n

From (3.8)-(3.9),
lim I, (un) = Iy, (uo)-

The last limit yields
Up — U In X%,

Since {C’(wnjk)} is bounded, there are a subsequence {wy; } C {wy,} and Cx > 0
such that

C(wn;,) = Cs.

In the sequel, we will use the following notations:

Uk = Un;, and wi = Wny, -
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Thus, ~
ug = up, wr —wo and Clwg) — Ci.

In what follows, we denote by ¢ > 0 the real number which verifies

I, (trug) = max I, (tug).

Thus, by definition of C'(w),
C(wo) < Ly, (trug).

It is possible to prove that {¢;} is a bounded sequence. Then without loss of generality

we can assume that ¢t — t.. Now, the Lebesgue theorem gives

lilgn Lo, (trug) = Ly, (tuo) = lilgn I, (trug) < liin C’(wk) =C,.

Thereby,
C(wo) S 0* .

On the other hand, from (3.4),

leading to
From (3.10)—(3.11),

The above study implies that

liin C’(wnjk) = C(wo).

From (3.3) and (3.4), ~ .
lirrln C(wn) = Clwy).

(3.10)

(3.11)

Lemma 3.2. The function w — C(w) is a decreasing function for every w < ;.

Proof. Let wy < wy < A1, then

1 Wo .
Loa(w) = Sl = 2l — 5 +2|| 125 vy
1 w1 20+2
< Sl = Ll ) — g 25 oy = T (),

which implies
I, (tu) < 1,,(tu), Vt>0 and ue€ X°,
and
< s,
max I, (tu) < max I, (tu), Yue X

Therefore, by (3.1), we get

O(LUQ) S C’(wl).

(3.12)
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Remark 3.3. Note that by (3.12) we have that C is a decreasing function. Furthermore,
we can show that the function C' is strictly decreasing, i.e.

wy < wy implies that C(wy) < C(wy). (3.13)
In fact, let u,,, be a critical point with critical value C'(w;). Then for any ¢ > 0 we have
Clwr) = Ly, (uy,) > Ly, (tug,) > L, (tug, ).
Let t* > 0 be such that t*u,, € N, and

Lo, (t* s, ) = sup Lo, (tue, ).
t>0

Consequently, 3 }
Cwr) > L, (t"uy,) > /i\Pf I,,(u) = C(ws).

w2

Now, let u,, € X?® be the ground state solution given by Theorem 2.4, that is,

I,(uy) = C(w) and I (uy)u, = 0. (3.14)
Then
Ow) = L) = 1wy = ( = - o 252 (3.15)
wl (Uw 9w w ) Uw 9 20+2 (3] L20+2(RN)

Theorem 3.4. The ground state level C(w) is differentiable at almost everywhere
w < A1. Moreover,

~ 1
C'(w) = _§”uwH%2(]RN)'

Proof. We borrowed some ideas from [18]. Consider the ground state level

T(w) = () = 1
Ow) = inf Lo(w) and C()= inf I(u). (3.16)
where
u(z )|2d dﬂc+/|m|2u2dx
|x _ Z|N+2s
RNRN (3.17)
ﬂ /|’U,‘20+2d$
2 2 +2
and

RN (3.18)

1
u?dr — |u|?° T2 d.
20 + 2
RN

|u(z 2,2
( / z|N+23 d dx + [ |z|*u”dx
RN RN
77
2
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Note that, for any n < A1, we can show that there exists u,, € X*®\ {0} such that
I,(uy) = C(n) and I (uy)uy = 0.

Furthermore, there exists ¢(w,n) > 0 such that ¢(w,n)u, € N, namely

/ |un(2) — uy(y)[? d dx+/|a:|2 2 10

|(E _ ‘n+23
R RN (3.19)
:w/u%dx—i—t%(w,n)/mn\%”dm
RN RN

and t(n,n) = 1. By the implicit function theorem, ¢(w,n) is differentiable with respect
to variable w < Aj.
Define the function

F(w,n) = L (t(w, n)uy)

Lt (] [t / .
= ydr + [ |z|*u; dx

2 |z — y|nt2s
RN RN
2 (w, n)w £27+2 (0, ) .
—— /u%dw— %0 1 2 /|“n|2 2.
RN
So
0 0
ain(wfr]) = %Iw(t(wan)un)
a o a g
= t(w,n)afwt(wm)l\unllﬁa — 127 (w, DlewdCE )] K [y
9 t*(w,m)
=t ) ot mwlfng 3 vy = g e
8 o
= t(w,m) 5t w,m) (gl = wliuglFagany =27 @)l 1352 ) )
t*(w,n)
- 9 HUWH%Z(RN)
t*(w,n)
= _THUWHZL?(RN)'
Therefore,

Clw) - C~’(77) < L (tH(w, 77)“77) Ly (uy) = F(w,n) — F(n,n)
~ (@) F(En)

2
= =) 2, € )

£€[w,m]
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From this we get

C(n) < _HunHQB(RN).
n

lim sup ( < >

)~ (3.20)
w—n W —
We claim that the map w — u,, from (0, ;) to X* is continuous. In fact, by con-
tradiction, suppose that there is wg < A1, a sequence (w,) C (—00, A1) with w, — wy
and ¢ > 0 such that

||uwn - qu”s Z 5
Note that (uy, ) C X* is a bounded Palais-Smale sequence for I, at the level C(wo).
In fact, by Lemma 3.1, the sequence (C(wy)) C R is bounded. Now we have

Wp — Wo
Loy (un) = Lo, (un) + THUHH%%RN)’

I (un)p = I, (ttn) o+ (wn — wo) / Unipds.
RN

Since I/, (un) = 0,(1) and (u,) C X* is bounded, we have
I, (un) =0, asn — oo.

Also

Wnp — Wo 2

D By

and we deduce that (I, (un))ney C R is a bounded sequence. This proves that
(uy,) C X* is a bounded Palais—-Smale sequence for I,,. As in Lemma 2.3, we
deduce that wu,,, — up with uy € X* a critical point of I,,. At this point, using the
uniqueness, we deduce that u,,, — u,, and this contradiction concludes the proof.
Consequently, since

C(w) = C(n) 2 Lo(t(w, w)uw) — Iy(t(n, w)us)
= F(w,w) - F(n,W)
F(&w) €€ wn]

5
t2(&, w)
=) (-2 ey )

=(w-n)

by the previous analysis, we obtain

~ 2
u
lim i S =€) ez ey (3.21)
w—n w—n 2
Therefore, by (3.20) and (3.21) we obtain
~ 1
C'(n) = —§||Un||2L2(RN)- (3:22)
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4. BIFURCATION TYPE RESULT
In this section we will prove a bifurcation type result via variational methods. More
precisely, we have the following result.

Theorem 4.1. For every w € (0, A1) there is a nonnegative and nontrivial solution
Uy of (1.1) such that
luwlls =0 asw — Aq.

Proof. Let ¢ € X° be such that

el = AullelZa gy

Next,

o< C < I,(tp).
(w)*t?[%,’f] (tw)

For every t € [0, 1], we have

L (te) = (A — W)”S”Hiz(RN) 2 t2o+2 I ||20_+2
W)= 2 20 42 LA @Y
Let 20+2
= Q=) o PGy b
IO =y Wl ey 2 + 2

By elementary computations, we can show that g attains its maximum at the point

1
_ (A1 — w)”‘/’”%z(mw) 2
to = 2042 :

H‘PHL20+2(RN)

Hence
2;4—2
5 =
i L1y [ =@l
< g(tg) = = —
O<O(w)_g( 0) (2 20_+2> ” ”2(;;2 )
Pl p2o+2(rN)
so that
lim C(w)=0.
(:J*))\l

From this it is easy to deduce that

lim |juy|ls =0,
w—))\l

where u,, is given by Theorem 2.4. Indeed, since
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and
0= (s = sl = [ fwa)uada,
BN
where
1 / ]2 1
ft) =|t| + ;|t|2"t and F(t) = O/f(T)dT =5+ mm?”“.

Moreover, this function satisfies the Ambrosetti-Rabinowitz condition with 6 = 20 + 2.
Hence,

~ 1 ,
C(w) = L,(uy) - % + QIw(UW)Uw

1 1 1
(33 ) Il o [ (g i — P ) do
RN

1 1 ,
> (= - .

This show that ||u,||s — 0 as w — A;. O
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