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1. Introduction 
 

Science achievements in methods of processing of the radar-tracking information define 
directions of development of antenna systems. These are expansion of aims and functions of 
antennas, achievement of optimal electric characteristics with regard to mass, dimensional 
and technological limits. Hybrid reflector antennas (HRA’s) have the important part of the 
radars and modern communication systems. In HRA the high directivity is provided by 
system of reflectors and form of the pattern of the feed, and scanning possibility is provided 
by feeding antenna array. Artificial network, generic synthesis and evolution strategy 
algorithms of the phased antenna arrays and HRA’s, numerical methods of the analysis and 
synthesis of HRA’s on the basis of any finite-domain methods of the theory of diffraction, 
the wavelet analysis and other methods, have been developed for the last decades. The 
theory and practice of antenna systems have in impact on the ways of development of 
radars: radio optical systems, digital antenna arrays, synthesed aperture radars (SAR), the 
solid-state active phased antenna arrays (Fourikis, 1996). 
However these HRA’s has a disadvantage – impossibility of scanning by a beam in a wide 
angle range without decrease of gain and are worse than HRA’s on the basis of reflector 
with a circular profile. In this antennas need to calibrate a phase and amplitude of a phased 
array feeds to yield a maximum directivity into diapason of beam scanning (Haupt, 2008). 
Extremely achievable electric characteristics HRA are reached by optimization of a profile of 
a reflector and amplitude-phase distribution of feeding antenna array (Bucci et al., 1996). 
Parabolic reflectors with one focus have a simple design, but their worse then multifocuses 
reflectors. For example, the spherical or circular cylindrical forms are capable of 
electromechanical scanning the main beam. However the reflectors with a circular profile 
have a spherical aberration that limits their application. 
The aim of this article is to elaborate the combined mathematical method of the diffraction 
theory for the analysis of spherical HRA’s of any electric radius and to demonstrate a novel 
method of spherical aberration correction. The developed mathematical method is based on 
a combination of eigenfunctions/geometrical theory diffraction (GTD) method.  

 
2. Methods of Analysis and Synthesis of Hybrid Reflector Antennas 
 

The majority of HRA’s use the parabolic and elliptic reflectors working in the range of 
submillimeter to decimeter ranges of wave’s lengths. A designs of multibeam space basing 



 

HRA’s have been developed by company Alcatel Alenia Space Italy (AAS-I) for SAR 
(Llombart et al., 2008). The first HRA for SAR was constructed in a Ku-range in 1997 for 
space born Cassini. These HRA are equipped with feeds presented as single multimode 
horns or based on clusters and have two orthogonal polarizations. The parabolic reflector of 
satellite HRA presented in (Young-Bae & Seong-Ook, 2008) is fed by horn antenna array and 
has a gain 37 dB in range of frequencies 30,085-30,885 GHz. A tri-band mobile HRA with 
operates by utilizing the geo-stationary satellite Koreasat-3 in tri-band (Ka, K, and Ku) was 
desined, and a pilot antenna was fabricated and tested (Eom et al., 2007). 
One of the ways of development of methods of detection of sources of a signal at an 
interference with hindrances is the use of adaptive HRA. The effective algorithm of an 
estimation of a direction of arrival of signals has been developed for estimation of spectral 
density of a signal (Jeffs & Warnick, 2008). The adaptive beamformer is used together with 
HRA and consist of a parabolic reflector and a multichannel feed as a planar antenna array. 
A mathematical method on the basis of the GTD and physical optics (PO), a design 
multibeam multifrequency HRA centimeter and millimeter ranges for a satellite 
communication, are presented in (Jung et al., 2008). In these antennas the basic reflector 
have a parabolic and elliptic forms that illuminated by compound feeds are used. Use of 
metamaterials as a part of the feed HRA of a range of 30 GHz is discussed in (Chantalat et 
al., 2008). The wide range of beam scanning is provided by parabolic cylindrical reflectors 
(Janpugdee et al., 2005), but only in once plane of the cylinder. A novel hybrid combination 
of an analytical asymptotic method with a numerical PO procedure was developed to 
efficiently and accurately predict the far-fields of extremely long, scanning, very high gain, 
offset cylindrical HRA’s, with large linear phased array feeds, for spaceborn application 
(Tap & Pathak, 2006). 
Application in HRA the reflectors with a circular profile is limited due to spherical 
aberration and lack of methods of it correction (Love, 1962). The field analysis in spherical 
reflectors was carried out by a methods PO, geometrical optics (GO), GTD (Tingye, 1959), 
integrated equations (Elsherbeni, 1989). The field analysis was carried out within a central 

region of reflector in the vicinity focus 2/aF = ( a - reflector radius), where beams are 

undergone unitary reflections. Because of it the central region of hemispherical reflectors 
was fed and their gain remained low. 
However it is known that diffraction on concave bodies gives a number of effects which 
have not been found for improvement of electric characteristics of spherical antennas. Such 
effects are multireflections and effect of “whispering gallery” which can be seen when the 
source of a field is located near a concave wall of a reflector. By means of surface waves 
additional excitation of peripheral areas of hemispherical reflector can raises the gain and 
decreases a side lobes level (SLL) of pattern (Ponomarev, 2008).  
Use of surface electromagnetic waves (EMW) together with traditional methods of 
correction of a spherical aberration are expedient for electronic and mechanical control of 
pattrn in the spherical antennas. 
The existing mathematical methods based on asymptotic techniques GTD, GO and PO does 
not produce correct solutions near asymptotic and focal regions. Numerical methods are 
suitable for electrically small  hemisphere. Another alternative for the analysis of HRA’s is 
combine method eigenfunctions/GTD technique. This method allows to prove use of 
surface EMW for improvement of electric characteristics spherical and cylindrical HRA’s 
and to give clear physical interpretation the phenomena’s of waves diffraction. 



 

3. Spherical Hybrid Reflector Antennas 
 

3.1 The Main Characteristics of Surfaces Electromagnetic Waves 
For the first time surface wave properties were investigated by Rayleigh and were named 
“whispering gallery” waves, which propagate on the concave surface of circumferential 
gallery (Rayleigh, 1945). It was determined that these waves propagate in thin layer with 
equal wave length. This layer covers concave surface. On the spherical surface the energy of 
Rayleigh waves is maximal and change on the spherical surface by value 
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kJ ′  is derivative of Bessel function about argument, a≈ν  is constant propagate of 

surface acoustic wave on cylinder with radius of curvature a , ),( ϕρ  are cylindrical 

coordinates (Grase & Goodman, 1966). In electromagnetic region the surface phenomena at 
the bent reflectors with perfect electric conducting of the wall, were investigated (Miller & 
Talanov, 1956). It was showed that their energy is concentrated at the layer with 

approximate width ( ) ka 3/1νν −− . The same conclusion was made after viewing the 

diffraction of waves on the bent metallic list that illuminated by waveguide source and in 
bent waveguides (Shevchenko, 1971).  
A lot of letters were aimed at investigating the properties of surface electromagnetic waves 
(EMW) on the reserved and unreserved isotropic and anisotropic boundaries. The generality 
of approaches can be clearly seen. To make mathematic model an impressed point current 
source as Green function. For example, for spiral-conducting parabolic reflector the feed 
source is a ring current, for elliptic and circumferential cylinder the feed source is an 
impressed thread current, for spherical perfect electric conducting surface the feed source is 
a twice magnetic sheet. So far surface phenomena of antenna engineering were considered 
to solve the problem of decreasing the SLL of pattern.  

 
3.2 Methods of Correction of Spherical Aberration 
A process of scanning pattern and making a multibeam pattern without moving the main 
reflector explains the advantage of spherical antennas. On the one hand the spherical 
aberration makes it difficult to get a tolerable phase errors on the aperture of the 
hemispherical dish. On the other hand the spherical aberration allows to extend 
functionalities of the spherical reflector antennas (Spencer et al., 1949). As a rule the 
diffraction field inside spherical reflector is analyzed by means of uniform GTD based for 

large electrical radius of curvature ka  of reflector. An interferential structure of the field 

along longitudinal coordinate of the hemispherical reflector z  has a powerful maximum 

near a paraxial focus 2/kaF =  (fig.1) (Schell, 1963). The change of parameter z  from 0 to 1 

is equal to the change of radial coordinate r  from 0 to a . As an angle value of the reflector 

has been reduced one can see the contribution of the diffraction field from the edges of the 
reflector. 



 

According to the field distribution shown at fig.1 a feed of the spherical reflector can consist 

of set of discrete sources disposed from paraxial focus 5,0=z  to apex of the reflector 1=z . 

The separate discrete source illuminates a part of ring on the aperture limited by the beams 
unitary reflected from concave surface of the reflector. 
 

 
Fig.1. Distribution of the electrical field component 

x
E  along axes of the spherical reflector 

at the wave length cm14,3=λ : thick line corresponds to curvature radius of the reflector 

cma 100= ; thin line - cma 50= ; points - cma 25=  

 
The results of the investigation of hemispherical reflector antenna with radius of curvature 

ma 32 = at frequency GHz2,11 , are discussed (Tingye, 1959). At the excitation of the central 

path of the reflector with diameter m1,1  phase errors at the aperture were less than 8π , SLL 

of the pattern were less -25 dB. 
Using the channel waveguides as a corrected line source of the spherical antennas seems to 
be an effective way to reduce the phase errors at the aperture of a spherical reflector (Love, 
1962). This line corrected source guarantees the required distribution of the field with 

illuminated edges of the reflector at the sector of o70  and guarantees electromechanical 

scattering of the pattern over sector of o110 . An array of waveguide slot sources with 

dielectric elements for correcting the amplitude-phase field distribution along aperture can 
be used as the line feed source (Spencer et al., 1949).  
Integral equations method is the effective way to solve the problem of spherical aberration 
correction for reflector with any electrical radius (Elsherbeni, 1989), but at the same time it 
has difficult physical interpretation of the results and the accuracy is not guaranteed. In 
theory and practice of correction of spherical aberration is considered within the limits of 
central area aperture where rays are unitary reflected from concave surface. The edges areas 
of aperture are not considered for illumination. However, when an incident wave falls on 
hemispherical reflector, surface EMW propagate along its concave surface. The amplitude of 

surface waves is concentrated in thin layer with width λ≈∆r  that is bordered with the 

reflecting surface. Using the amplitude stability of surface EMW with respect to surface 

curvature is very important for spherical aberration correction for reflectors with o1802 =θ . 

 
3.3 Solve of Helmholtz Equation in Spherical Coordinates and Diffraction Problems 
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It is known that diffraction on concave bodies gives a series of effects, which are still not 
practically used for improving electrical characteristics of spherical reflector antennas. These 
are the effects of multiple reflections and the effect of “whispering gallery”, that show 
themselves when the source of electromagnetic field is disposed near the reflector. 
Solve of Helmholtz equation about component of electrical field in the spherical coordinates 
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Taking into consideration the generalized spherical functions over joined associated 

Legendre functions )(cos1 θ
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P  and polynomial Jacobi )(cos)2,0(
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equation about components of electrical field can be written as follows 
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The analysis of the equations (1) shows that eigenwaves propagate into hemisphere with 

angles θ± . Each wave propagates with its constant of propagation 
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γ=  the aperture of reflector is coordinated 

with surrounding space under conditions of eigenwaves propagation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2. Waves propagation in to hemispherical reflector 
 

The amplitude of the electrical field strength vector E
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distribution of the field on the aperture of a hemispherical reflector. 
The distribution of electric field on the surface of virtual polarized cone inside hemispherical 

reflector with electrical radius of curvature 40=ka  and uniform distribution of incident 

field on the aperture 1)()( == krFzF  has two powerful interferential maximums. First 

maximum is placed near paraxial focus from 10=kr  to 30=kr , second maximum is placed 
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near reflected surface kakr =  (fig.3). It is possible to observe the redistribution of 

interferential maximums along radial axes on a virtual cone by increasing the angle value of 
the cone. 
 

  
 
Fig.3. Distribution of the electric field on the surface of virtual polarization cone with angle 

value o2=Θ  (a) and o10=Θ (b) 

 
Obviously the feed of hemispherical reflector presented as set of discrete sources that must 
be placed at the polarized cone according to a structure of power lines and amplitude-phase 
distribution of the field. According to distribution of electromagnetic field along radial axes 
on the arbitrary section (fig.3), the line phased feed can consist of discrete elements. It is 
obvious that this phased feed have an advantage about absence a shadow region of 

aperture. According to increase cone value Θ  of polarized cone is decrease an efficiency of 

excitation the aperture. 
Focusing properties of the edge areas of the hemispherical reflector are displayed when 
solving the problem of excitation a perfect electric conducting hemispherical surface by the 

symmetrical ring of electric current with coordinates ),( θ ′′rk , where .1sin >>′′ θrk  The ring 

of electric current is equivalent to double magnetic sheet with thickness d  and density of 

electrostatic charge σ±   for neighboring sheets (fig.4). 
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Fig.4. Geometry of excitation of hemispherical reflector by electric current ring 
 

Consider one-connected area D  on complex surface γ  and distinguish points 
m
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for this surface as solutions of Neumann boundary condition for Green function. In every 

point of the area D  function Г  is univalent analytic function, except points 
m

γγγ ,...,,
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where it has simple poles. Let us place the field source on the concave hemisphere surface 

)( kark =′ . Using Cauchy expression present (2) as a sum of waves and integral with contour 

that encloses part of the poles γ , satisfactory to the condition 3/1
kakaka −<< γ  and 

describing the geometrical optic rays field. In the distance from axis of symmetry )1( >>θγ
m

, 

the contour integral is given as 
 

{ } ν
θ

θ θθνπθθν

ν

ν dee
kaJ

krJ

kr

ka

C

ii

∫
′−+±+′++

+

+ +
′

′−

0

))(2/1(]2/))(2/1[(

2/1

2/1

2/3
)(

)(

sin

sin

)(

2
.  

 

The sign “+” at index exponent corresponds for θθ ′>  and the sign “–“ for θθ ′< . A factor 
2/1

)sin/(sin θθ ′  explains geometrical value of increasing of rays by double concave of the 

hemispherical reflector with comparison to cylindrical surface. First component in contour 
integral correspond a brighten point at the distance part of the ring with electrical current, 

second component – brighten point at the near part of the ring. Additional phase 2/π  is 

interlinked with passing of rays through the axis caustic. 

In the focal point area )1( ≤θγ
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In accordance with a stationary phase method the amplitude and phase structure of the field 
in tubes of the rays near a caustic can be investigated. 

The distribution of the radial component of the electrical field 
r

E  along axis of the 

hemisphere with radius of curvature cma 5,22=  for uniform distribution field on the 
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aperture 2/πθ =  has two powerful interferential maximums at the wave length cm28,6=λ  

(dotted line), cm513,2=λ  (thin line) and cm838,0=λ  (thick line) (fig.5). 

First maximum is near paraxial focus 2/kaF =  and is caused by diffraction of the rays, 

reflected from concave surface at the central area of the reflector. Second interferential 
maximum characterizes diffraction properties of the edges of hemispherical reflector.  In this 
area the rays test multiple reflections from concave surface and influenced by the 
“whispering gallery” waves. 

At decrease the wavelength λ  first diffraction maximum is displaced near a paraxial focus 

cmF 10= , a field at the area fr <  is decreasing quickly as well as the wavelength. Second 

diffraction maximum is narrow at decrease of the wavelength, one can see redistribution of 
the interferential maximums near paraxial focus. 
 

 

Fig.5. Diffraction properties of the hemisphere dish with radius of curvature cma 5,22=  

 
In accordance with the distribution of the field, a spherical antenna can have a feed that 
consists of two elements: central feed in the area near paraxial focus and additional feed 
near concave surface hemisphere. This additional feed illuminates the edge areas of aperture 
by surface EMW. The use of additional feed can increase the gain of the spherical antennas. 
 
3.4 Experimental Investigation of Pattern of Spherical Hybrid Antenna 

Accordingly a fig.5, the feed of the spherical HRA can consist of two sections. First section is 
ordinary feed as line source arrays that place near paraxial focus. Second section is 
additional feed near concave spherical surface and consists of four microstrip or waveguide 
sources of the surface EMW. An aperture of the additional feed must be placed as near as 
possible to longitudinal axis of the reflector. The direction of excitation of the additional 
sources is twice-opposite in two perpendicular planes. This compound feed of the spherical 
reflector can control the amplitude and phase distribution at the aperture of the spherical 
antenna. 
Extended method of spherical aberration correction shows that additional sources of surface 
EMW must be presented as the aperture of rectangular waveguides or as microstrip sources 
with illumination directions along the reflector at the opposite directions. By phasing of the 
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additional and main sources and by choosing their amplitude distribution one can control 
SLL of the pattern and increase the gain of the spherical antenna. 

Experimental investigations of the spherical reflector antenna with diameter cma 312 =  at 

wave length cm3=λ  show the possibility to reduce the SLL and increase the gain by 

%1210 −  by means of a system control of amplitude-phase distribution between the sources 

(fig.6a). For correction spherical aberration at full aperture the main feed 2 (for example 
horn or line phase source) used for correction spherical aberration in central region of 

reflector 1 and placed at region near paraxial focus 2/aF = . Additional feed 3 consist of 

two (four) sources that place near reflector and radiated surface EMW in opposite 
directions. Therefore additional feed excite ring region at the aperture. By means of mutual 
control of amplitude-phase distribution between feeds by phase shifters 4, 5, 9, attenuators 
6, 7, 10 and power dividers 8, 11 (waveguide tees), can be reduce SLL. There are 
experimental data of measurement pattern at far-field with SLL no more -36 dB (fig.7) 
(Ponomarev, 2008). 
 
 
 
 
 
 
 
 
 
 
 
 
   a)     b) 
 
Fig.6. Layout of spherical HRA with low SLL (a) and monopulse feed of spherical HRA (b) 
 
For allocation of the angular information about position of the objects in two mutually 
perpendicular planes the monopulse feed with the basic source 2 and additional souses 3 in 
two mutually perpendicular areas is under construction (fig. 6b). Error signals of elevation 

ε
∆  and azimuth 

β
∆  and a sum signal Σ  are allocated on the sum-difference devices (for 

example E- H-waveguide T-hybrid). 
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b) 

Fig.7. Pattern of spherical HRA excited with main feed (1); excited the main and additional 
feeds (2): a – main lobe; b – 1-st side lobe 

 
4. Conclusion 
 

The review of methods of the analysis, synthesis and design features of HRA is carried out. 
The ways of improvement of their electrical characteristics at the expense of usage of 
reflectors with the circular profile and the linear phased feeds with additional sources of 
surface EMW or leakage waves of waveguide type is defined. Disadvantages of methods of 
correction of a spherical aberration on the basis of usage of a subreflector of the special form 
and the linear phased irradiator are revealed. The new method of correction of a spherical 
aberration by illuminating of edge areas of aperture of hemispherical reflector surface EMW 

( )
2

max

2

F

F β
 

.deg,β  

1  

 

8,0  

 

6,0  

 

4,0  

 

2,0  

 

0  
0  5  10  15  20  25  30  35  

( )
2

max

2

F

F β
 

.deg,β  
2 

1 

0009,0  

0008,0  

0007,0  

0006,0  

0005,0  

0004,0  

0003,0  

0002,0  

0001,0  

0  
0  5  10  15  20  25  30  35  



 

is developed. Solves of the Maxwell equations with usage of techniques of the spherical 
rotates, diffractions of EMW precisely describing and explaining a physical picture on a 
hemispherical surface are received. The solution of a problem of diffraction of plane EMW 
on a hemispherical reflector has allowed to define borders and the form interference 
maximums in internal area of reflectors with any electric radius. By the solve of a problem of 
excitation of aperture of hemispherical reflector by current ring the additional requirements 
to form of the pattern of sources of surface EMW are developed. Expressions for Green's 
function as sum of waves and beam fields according to approaches of GTD are found. The 
behavior of a field in special zones is found out: near caustics and focal points. The method 
of control of amplitude and phase fields distribution on the aperture of spherical HRA is 
developed. At the expense of phasing of the basic and additional feeds and control of 
amplitudes and phases between them it was possible to reduce the SLL no more - 36 dB and 
to increase the gain by 10-12 %. The spherical HRA allows: to control amplitude end phase 
fields distribution on all aperture of HRA; to provide high efficiency because of active 
radiating units of feeds do not shade of aperture; to realize a combined 
amplitude/multibase phase method of direction finding, polarization  selection of signals. 
The HRA’s provide: increasing of range of radars operation by 8-10 %; reduce the error of 
measurement of coordinates at 6-8 times; reduction of probability of suppression of radar by 
active interferences by 20-30 %.  
On the basis of such antennas use of MMIC technology of fabricate integrated feeds 
millimeter and centimeter waves is perspective. Embedding the micromodules into integral 
feeding-source antennas for HRA’s for processing of the microwave information can be 
utilized for long-term evolution multifunctional radars. Future work includes a more 
detailed investigation the antennas for solving a problem of miniaturization of feeds for 
these antennas by means of MMIC technologies. 
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