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Abstract Abstract 
The aim of the work is to study the wave processes in three-winding power transformers caused by 
impulse overvoltage, to create an improved mathematical model for reproducing the process of 
distribution and transmission of the impulse in the windings of a three-winding power transformer. A 
mathematical model has been developed for the study of internal overvoltage in the windings of three-
winding power transformers, based on the proposed substitute circuit of an infinitesimal element, taking 
into account the longitudinal and transverse inductive connections between the turns of the winding, the 
electromagnetic connections between the windings and the flux splitting from the main magnetic flux of 
the magnetic wire, in the form of a system of differential equations in partial derivatives using a modified 
method of variable separation. The formation of initial and boundary conditions for this mathematical 
model is presented. The results of the study of the distribution of overvoltage along the windings of a 
three-winding power transformer as a function of distance and time during the action of a voltage pulse 
on them are presented, as well as the distribution of overvoltage at different points of the winding of high, 
medium and low voltage as a function of time. The study of the wave processes in the windings of a 
three-winding power transformer makes it possible to form new approaches to the coordination of the 
insulation in the windings of the transformer, replacing physical experiments. The choice of insulation for 
high and ultra-high-voltage power transformers remains a particularly difficult engineering task since it is 
necessary to know the maximum voltage values at different points of the winding. The mathematical 
model presented can be used to create more complex models that allow a more detailed study of the 
wave processes. 
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Abstract

The aim of the work is to study the wave processes in three-winding power transformers caused by impulse over-
voltage, to create an improved mathematical model for reproducing the process of distribution and transmission of the
impulse in the windings of a three-winding power transformer. A mathematical model has been developed for the study
of internal overvoltage in the windings of three-winding power transformers, based on the proposed substitute circuit of
an infinitesimal element, taking into account the longitudinal and transverse inductive connections between the turns of
the winding, the electromagnetic connections between the windings and the flux splitting from the main magnetic flux of
the magnetic wire, in the form of a system of differential equations in partial derivatives using a modified method of
variable separation. The formation of initial and boundary conditions for this mathematical model is presented. The
results of the study of the distribution of overvoltage along the windings of a three-winding power transformer as a
function of distance and time during the action of a voltage pulse on them are presented, as well as the distribution of
overvoltage at different points of the winding of high, medium and low voltage as a function of time. The study of the
wave processes in the windings of a three-winding power transformer makes it possible to form new approaches to the
coordination of the insulation in the windings of the transformer, replacing physical experiments. The choice of insu-
lation for high and ultra-high-voltage power transformers remains a particularly difficult engineering task since it is
necessary to know the maximum voltage values at different points of the winding. The mathematical model presented
can be used to create more complex models that allow a more detailed study of the wave processes.

Keywords: Managing the wave process, Mathematical model, Transformer, Differential equations with partial de-
rivatives, Initial and boundary conditions

1. Introduction

M anaging wave processes in three-winding
transformers requires a comprehensive un-

derstanding of their electrical behavior, modelling
techniques and system interactions. Careful
consideration of operating modes, impedance
matching, transient phenomena and protection
schemes is essential to ensure reliable and efficient
operation within the power system.

A three-winding transformer has three separate
sets of windings, each connected to a different
electrical circuit. These windings interact with each
other through the magnetic field they produce
when current flows through them [1]. The primary
winding produces the main magnetic flux, which
induces voltages in the secondary and tertiary
windings according to the turns ratio of the trans-
former and the magnetic coupling between the
windings [2].
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The magnetic flux in the core of a transformer is
responsible for transferring power from one wind-
ing to another. When an AC voltage is applied to the
primary winding, it creates an alternating magnetic
field that induces voltage in the secondary and ter-
tiary windings. This process allows power to be
transferred from the primary circuit to the second-
ary and tertiary circuits [3].
Consideration of the principal magnetic flux in a

three-winding transformer is important in under-
standing how the windings interact and how power
is transferred between them. When designing and
analysing such transformers, factors such as the
turns ratio of the windings, the core material and its
magnetic properties, and the degree of coupling
between the windings must be considered [4].
When analyzing the behavior of a three-winding

transformer, we can use mathematical models and
simulations that include the magnetic flux [5]. These
models help to predict how changes in voltage,
current and load on one winding can affect the
others, taking into account the magnetic coupling
and phase relationships involved [6]. The magnetic
flux and its interaction with the windings are crucial
for transformers, so this topic needs to be
researched on the basis of modern science and
technology [7]. Statistical data processing systems
and the formation of multi-purpose theorems [8],
including neural networks, can be involved in this
process [9].
The study of wave processes in the windings of

power transformers is a difficult engineering task,
especially for high and very high-voltage trans-
formers. This is due to the peculiarities of the
technical implementation and design, namely the
insulation of the winding of transformers of this
voltage class. One way of solving this problem is to
create mathematical models that adequately repro-
duce the processes that occur in transformers when
they are subjected to impulse overvoltage, i.e. to
create a mathematical model for the analysis of
wave processes in transformer windings.
The need to take into account the electromagnetic

connections between the windings and the wind-
ings of the three-winding transformer, taking into
account the main magnetic flux, ensures the
appropriate adequacy of the results of the mathe-
matical modelling. The development of mathemat-
ical models for the study of wave processes in
transformers taking into account these factors is
relevant [10]. The main purpose of such research is
to adequately reproduce the physical processes that
occur during wave processes in transformers.
Linnik et al. [11] developed a model to study the

electromagnetic processes in a power transformer,

taking into account the magnetic connections and
the saturation of the magnetic wire. The model is
based on differential equations in complete de-
rivatives of the electric and magnetic states of a
single-phase two-winding transformer, and the al-
gorithm for solving the system of differential equa-
tions using numerical simulation methods in Matlab
6.5 is presented. The results of the mathematical
modelling of the electromagnetic processes in the
no-load transformer are given.
High-frequency electromagnetic processes caused

by the interaction of the electrical network and the
power transformer are considered in [12]. The
model of the transformer is created on the basis of
the white-box modelling method, and the method-
ology for determining the impedance using the
finite element method is given.
Mombello et al. [13] enabled the use of the soft-

ware complex Alternative Transients Program
(ATP) for modelling detailed equivalent transformer
circuits. In creating these circuits, the following
considerations were taken into account: reducing
the size of the model, solving the magnetic circuit,
avoiding numerical instability, limiting and opti-
mizing the use of resistors, and creating versions of
ATP capable of handling large models [14].
Three transformer models are given in [15]: a

three-winding transformer, a tap-changer trans-
former (ULTC) and a phase-shift transformer (PST).
To evaluate the effectiveness of the presented
models, a test model of the IEEE 14-bus power
supply system was implemented in the Modelica
and PSAT software environments.
Frequency Response Analysis (FRA) is widely

recognized as a reliable diagnostic tool for detecting
damage, such as winding and core deformation due
to short circuits. This paper [16] proposes a model
for the study of high frequencies in a transformer,
taking into account the winding structure, interturn
capacitance and all mutual inductances [17].
High-frequency modeling in a three-winding

transformer using frequency response sweep anal-
ysis is given in [18]. A mathematical model con-
sisting of RLC sections and mutual inductance
parameters is developed, and the SFRA curve is
calculated and compared with that measured in
practical experiments. This allows the parameters of
the model to be adjusted and the accuracy of the
estimation to be achieved, which in turn allows the
parameters of the power transformer replacement
circuits to be estimated effectively and simply on the
basis of the SFRA data.
The study of partial discharges (PD) is also an

issue for power transformers, namely for moni-
toring their condition. In order to analyze the
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transient process in the winding of the transformer,
it is necessary to have a model that accurately re-
flects its behavior at high frequencies. The article
[19] presents an improved mathematical model for
the study of such processes. A generalized state
space algorithm for the study of PD in the trans-
former winding has also been developed. The
modelling of the layer and disc winding and the
propagation of the PD pulse are presented, and the
calculation is based on the finite element method.
The characteristics of resonant overvoltage for a

transformer winding of different types are consid-
ered in [20,21], even without considering the mutual
inductive connections between the turns of the
winding. In [22,23], Laplace transforms and transfer
functions are proposed to solve partial differential
equations without considering the mutual inductive
connections between windings.
Deatsonu et al. [24] present a study based on

methods of numerical modelling of electric circuits
of the SPICE family (Simulation Program with In-
tegrated Circuit Emphasis), which analyses the ef-
fect of changing the winding parameters of the
equivalent distributed circuit model of an electric
transformer on the propagation of the overvoltage
wave along the high-voltage winding of the trans-
former [25].
At present, methods of analyzing wave processes

in transformer windings are aimed at developing
mathematical models that take into account the
main magnetic flux, the own and mutual windings
and the mutual interwinding currents of the trans-
former winding dissipation. This approach requires
the formation of mathematical models of the ele-
ments of the power system, taking into account all
the parameters of the alternative circuit of the
element, which makes it possible to study its inter-
nal transient processes [26,27].
Methods for the calculation of wave processes in

two-turn transformers are given in works [28,29], on
the basis of which it is possible to analyze the
voltage distribution along the windings during the
action of impulse overvoltage on them, which
makes it possible to adjust their insulation capacity.
To study the wave processes in the windings of

three-winding power transformers, develop a
mathematical model based on the proposed sub-
stitute circuit of an infinitesimal element, taking into
account the longitudinal and transverse inductive
connections between the turns of the winding, the
electromagnetic connections between the windings
and the flux connection of the main magnetic flux of
the magnetic wire in the form of a system of dif-
ferential equations in partial derivatives. Form
initial and boundary conditions and solve a system

of partial differential equations using a modified
method of separation of variables. To study the
wave processes in the windings of three-winding
power transformers as a function of distance and
time and at different points of the winding of high,
medium and low voltage as a function of time,
caused by impulse overvoltage.

2. Materials and method

The formation of the mathematical model of the
transformer winding with a grounded or insulated
terminal is given in [30]. On the basis of the pro-
posed model, the voltage distribution along the
winding and the frequency characteristics for the
effect of overvoltage of various forms on the wind-
ing were obtained. The mathematical model [31] of
the three-winding transformer was developed on
the basis of the proposed substitution scheme,
which is shown in Figure 1.
The equations for the change in winding currents

based on Kirchhoff's first law are given below:

�vi1ðx; tÞ
vx

¼g01u1ðx; tÞ þ ðC012þC013þC01Þvu1ðx; tÞ
vt

�C012
vu2ðx; tÞ

vt
�C013

vu3ðx; tÞ
vt

�CM01
v3u1ðx; tÞ
vx2vt

; ð1Þ

�vi2ðx; tÞ
vx

¼g02u2ðx; tÞ �C012
vu1ðx; tÞ

vt

þ ðC012þC023þC02Þvu2ðx; tÞ
vt

�C023
vu3ðx; tÞ

vt

�CM02
v3u2ðx; tÞ
vx2vt

; ð2Þ

�vi3ðx; tÞ
vx

¼g03u3ðx; tÞ �C013
vu1ðx; tÞ

vt
�C023

vu2ðx; tÞ
vt

þ ðC013þC023þC03Þvu3ðx; tÞ
vt

�CM03
v3u3ðx; tÞ
vx2vt

:

ð3Þ

where i1; i2; i3; u1; u2; u3 denote transformer winding
currents and voltages, respectively; g1; g2; g3;C01;C01;
C03 denote conductivity and self-capacitance of the
transformer winding per unit of their length;
C012;C013;C023 denote mutual capacitances of the
transformer winding per unit of their length; and
CM01;CM02;CM03 denote inter-turn capacitance
winding along the axis per unit of its length.
In order to increase the adequacy and efficiency of

the mathematical model of the winding wave pro-
cesses, the second group of equations of the elec-
tromagnetic state of the transformer is improved by
taking into account the main magnetic flux Fm of its
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own and mutual interwinding and mutual inter-
winding fluxes of the winding dispersion.
The equation for the voltage drop per unit length

of the winding is written on the basis of Kirchhoff’s
second law:

�vu1ðx; tÞ
vx

¼ r01i1ðx; tÞ þ L01
vi1ðx; tÞ

vt
þM012

vi2ðx; tÞ
vt

þM013
vi3ðx; tÞ

vt
þ vjs1ðx; tÞ

vt
; ð4Þ

�vu2ðx; tÞ
vx

¼ r02i2ðx; tÞ þ L02
vi2ðx; tÞ

vt
þM012

vi1ðx; tÞ
vt

þM023
vi3ðx; tÞ

vt
þ vjs2ðx; tÞ

vt
; ð5Þ

�vu3ðx; tÞ
vx

¼ r03i2ðx; tÞ þ L03
vi3ðx; tÞ

vt
þM013

vi1ðx; tÞ
vt

þM023
vi2ðx; tÞ

vt
þ vjs3ðx; tÞ

vt
; ð6Þ

where L01 ¼ Lm0 þ Ls01; L02 ¼ Lm0
k212

þ Ls02; L03 ¼ Lm0
k212
þ

Ls03; M012 ¼ Lm0
k12

þMs012; M013 ¼ Lm0
k13

þMs013; M230 ¼
Lm0

k12k13
þ Ms230; Ls01;Ls02;Ls03;Ms012;Ms013;Ms023 e own

and mutual inductances of dissipation of winding
elements; js1; js2; js3 e flux leakage of length

elements from their own and mutual inter-turn in-
ductances of winding dissipation; Lm0 e inductance
of the magnetic system of the transformer; k12; k13 e
transformation coefficients between transformer
windings.
Expressions for finding derivatives of flow leakage

are as follows:

vjs1

vt
¼
Z1
0

�
Ms1ðx;sÞvi1

vt
þMs12ðx;sÞvi2

vt
þMs13ðx;sÞvi3

vt

�
ds;

ð7Þ

vjs2

vt
¼
Z1
0

�
Ms2ðx;sÞvi2

vt
þMs12ðx;sÞvi1

vt
þMs23ðx;sÞvi3

vt

�
ds;

ð8Þ

vjs3

vt
¼
Z1
0

�
Ms3ðx;sÞvi3

vt
þMs13ðx;sÞvi1

vt
þMs23ðx;sÞvi2

vt

�
ds;

ð9Þ

where Ms1ðx; sÞ;Ms2ðx; sÞ;Ms3ðx; sÞ, Ms12ðx; sÞ;Ms13ðx;
sÞ; Ms23ðx; sÞe own and mutual inter-turn dissipa-
tion inductances of the primary, secondary and
tertiary winding, respectively; l e winding length, x
e current longitude coordinate, s e the current co-
ordinate, by which the distance from the location x
to the coordinate of any other location of the
winding axis is determined.
Equations (1)e(3) are distinguished by t:

�v2i1ðx; tÞ
vxvt

¼g01
vu1ðx; tÞ

vt
� ðC012þC013þC01Þv

2u1ðx; tÞ
vt2

�C012
v2u2ðx; tÞ

vt2
�C013

v2u3ðx; tÞ
vt2

�CM01
v4u1ðx; tÞ
vx2vt2

;

ð10Þ

�v2i2ðx; tÞ
vxvt

¼g02
vu2ðx; tÞ

vt
�C012

v2u1ðx; tÞ
vt2

þ ðC012þC023þC01Þv
2u2ðx; tÞ
vt2

�C023
v2u3ðx; tÞ

vt2

�CM02
v4u2ðx; tÞ
vx2vt2

; ð11Þ

�v2i3ðx; tÞ
vxvt

¼g03
vu3ðx; tÞ

vt
�C013

v2u1ðx; tÞ
vt2

�C023
v2u2ðx; tÞ

vt2

þ ðC013þC023þC03Þv
2u3ðx; tÞ
vt2

�CM03
v4u3ðx; tÞ
vx2vt2

:

ð12Þ

Fig. 1. Alternate circuit of a three-winding transformer per unit length
along the winding axes.
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Differentiating equations (4)e(6), we obtain:

�v2i1ðx; tÞ
vx2

¼ r01
vi1ðx; tÞ

vx
þ L01

v2i1ðx; tÞ
vtvx

þM012
v2i2ðx; tÞ
vtvx

þM013
v2i3ðx; tÞ
vtvx

þ v2js1ðx; tÞ
vtvx

;

ð13Þ

�v2u2ðx; tÞ
vx

¼ r02
vi2ðx; tÞ

vx
þ L02

v2i2ðx; tÞ
vtvx

þM012
v2i1ðx; tÞ
vtvx

þM023
v2i3ðx; tÞ
vtvx

þ v2js2ðx; tÞ
vtvx

;

ð14Þ

�v2u3ðx; tÞ
vx2

¼ r30
vi2ðx; tÞ

vx
þ L30

v2i3ðx; tÞ
vtvx

þM130
v2i1ðx; tÞ
vtvx

þM230
v2i2ðx; tÞ
vtvx

þ v2js3ðx; tÞ
vtvx

:

ð15Þ
Substituting equations (1)e(3) and (10)e(12)

into (13)e(15), we obtain:

�v2u1ðx; tÞ
vx2

¼r01

�
�g01u1ðx; tÞ�ðC012þC013þC01Þ

vu1ðx; tÞ
vt

þC012
vu2ðx; tÞ

vt
þC013

vu3ðx; tÞ
vt

þCM01
v3u1ðx; tÞ
vx2vt

�

þL01

�
�g01

vu1ðx; tÞ
vt

�ðC012þC013þC01Þv
2u1ðx; tÞ
vt2

þC012
v2u2ðx; tÞ

vt2
þC013

v2u3ðx; tÞ
vt2

þCM01
v4u1ðx; tÞ
vx2vt2

�
þ

þM012

�
�g02

vu2ðx; tÞ
vt

þC012
v2u1ðx; tÞ

vt2
�ðC012þC023þÞ

v2u2ðx; tÞ
vt2

þC023
v2u3ðx; tÞ

vt2

�
þCM02

v4u2ðx; tÞ
vx2t2

þM013

�
�g03

vu3ðx; tÞ
vt

þC013
v2u1ðx; tÞ

vt2
þC023

v2u2ðx; tÞ
vt2

�

�ðC013þC023þC03Þv
2u3ðx; tÞ
vt2

þCM03
v4u3ðx; tÞ
vx2vt2

þ v2js1ðx; tÞ
vt

;

ð16Þ

�v2u2ðx; tÞ
vx

¼ r02

�
� g02u2ðx; tÞþC012

vu1ðx; tÞ
vt

� ðC012þC023þC02Þvu2ðx; tÞ
vt

þC023
vu3ðx; tÞ

vt
þCM02

v3u2ðx; tÞ
vx2vt

�

þL02

�
� g02

vu2ðx; tÞ
vt

þC012
v2u1ðx; tÞ

vt2
� ðC012þC023þC02Þv

2u2ðx; tÞ
vt2

þC023
v2u3ðx; tÞ

vt2
þCM02

v4u2ðx; tÞ
vx2vt2

�

þM012

�
� g01

vu1ðx; tÞ
vt

� ðC012þC013þC01Þv
2u1ðx; tÞ
vt2

þC012
v2u2ðx; tÞ

vt2
þC013

v2u3ðx; tÞ
vt2

þCM01
v4u1ðx; tÞ
vx2vt2

�

þM023

�
� g03

vu3ðx; tÞ
vt

þC013
v2u1ðx; tÞ

vt2
þC023

v2u2ðx; tÞ
vt2

� ðC013þC023þC03Þv
2u3ðx; tÞ
vt2

þCM03
v4u3ðx; tÞ
vx2vt2

�

þ v2js2ðx; tÞ
vtvx

;

ð17Þ

�v2u3ðx; tÞ
vx2

¼ r03

�
� g03u3ðx; tÞþC013

vu1ðx; tÞ
vt

þC023
vu2ðx; tÞ

vt
� ðC013þC023þC03Þvu3ðx; tÞ

vt
þCM03

v3u3ðx; tÞ
vx2vt

�

þL03

�
� g03

vu3ðx; tÞ
vt

þC013
v2u1ðx; tÞ

vt2
þC023

v2u2ðx; tÞ
vt2

� ðC013þC023þC03Þv
2u3ðx; tÞ
vt2

þCM03
v4u3ðx; tÞ
vx2vt2

�

þM013

�
� g01

vu1ðx; tÞ
vt

� ðC012þC013þC01Þv
2u1ðx; tÞ
vt2

þC012
v2u2ðx; tÞ

vt2
þC013

v2u3ðx; tÞ
vt2

þCM01
v4u1ðx; tÞ
vx2vt2

�

þM023

�
� g02

vu2ðx; tÞ
vt

þC012
v2u1ðx; tÞ

vt2
� ðC012þC023Þv

2u2ðx; tÞ
vt2

þC023
v2u3ðx; tÞ

vt2
þCM02

v4u2ðx; tÞ
vx2vt2

�

þ v2js3ðx; tÞ
vtvx

:

ð18Þ

24 JOURNAL OF SUSTAINABLE MINING 2023;XX:20e39

R
E
S
E
A
R
C
H

A
R
T
IC

L
E



Based on physical considerations, the values of the
derivatives of the flux linkages in equations
(16)e(18) are neglected due to their smallness.
Having grouped equation (16), we introduce the
notation:

a11¼ r01g01;b11¼ r01ðC01þC012þC013Þ þ L01g01;

c11¼�r01C012þM012g02;d11¼�r01C013 þM013g03;

e11¼L01ðC01þC012þC013Þ �M012C012 �M013C013;

f11¼�L01C012 þM012ðC02þC012þC023Þ �M013C023;

g11¼�L01C013 �M012C023 þM013ðC03þC013þC023Þ;

h11¼�r01CM01; i11¼�L01CM01; j11¼�M012CM02;

k11¼�M013CM03:

Equation (16) takes the form:

v2u1ðx; tÞ
vx2

¼a11u1ðx; tÞ þ b11
vu1ðx; tÞ

vt
þ c11

vu2ðx; tÞ
vt

þ d11
vu3ðx; tÞ

vt
þ e11

v2u1ðx; tÞ
vt2

þ f11
v2u2ðx; tÞ

vt2

þ g11
v2u3ðx; tÞ

vt2
þ h11

v3u1ðx; tÞ
v2xt2

þ i11
v4u2ðx; tÞ
vx2vt2

þ j11
v4u2ðx; tÞ
vx2vt2

þ k11
v4u3ðx; tÞ
vx2vt2

ð19Þ

Having grouped equation (17), we introduce
the notation:

a21¼ r02g02;b21¼�r02C01þM012g01;

c21¼ r02ðC02þC012þC023ÞþL02g02;

d21¼�r02C023 þM023g02;

e11¼�L02C012 þM012ðC01þC012þC013Þ �M023C013;

f21¼L02ðC02þC012þC023Þ �M012C012

�M023C023; g21¼�L02C023 �M012C013

þM023ðC03þC013þC023Þ;

h21¼�r02CM02; i21¼�L02CM02; j11¼�M012CM01;

k21¼�M012CM03:

Equation (17) takes the form:

v2u2ðx; tÞ
vx2

¼a21u2ðx; tÞþb21
vu1ðx; tÞ

vt
þ c21

vu2ðx; tÞ
vt

þd21
vu3ðx; tÞ

vt
þ e21

v2u1ðx; tÞ
vt2

þ f21
v2u2ðx; tÞ

vt2

þg21
v2u3ðx; tÞ

vt2
þh21 ¼ v3u2ðx; tÞ

v2xt2
þ i21

v4u2ðx; tÞ
vx2xt2

þ j21
v4u1ðx; tÞ
vx2xt2

þk21
v4u3ðx; tÞ
vx2xt2

ð20Þ
Having grouped equation (18), we introduce

the notation:

a31¼ þ r03g03; b31¼�r03C013þM013g01;

c31¼�r03C023þM023g02;

d31¼ r03ðC03þC013þC023Þ þ L03g03;

e31¼�L03C013 þM013ðC01þC012þC013Þ �M023C013;

f31¼�L03C023 �M013C012 þM023ðC02þC012þC023Þ;

g31¼ þL03ðC03þC013þC023Þ �M013C013 �M023C023;

h31¼�r03CM03; i31¼�L03CM03; j31¼�M013CM01;

k31¼�M013CM02

Equation (18) takes the form:

v2u3ðx; tÞ
vx2

¼a31u3ðx; tÞ þ b31
vu1ðx; tÞ

vt
þC31

vu2ðx; tÞ
vt

þ d31
vu3ðx; tÞ

vt
þ e31

v2u1ðx; tÞ
vt2

þ f31
v2u2ðx; tÞ

vt2

þ g31
v2u3ðx; tÞ

vt2
þ h31

v3u3ðx; tÞ
v2xt2

þ i31
v4u3ðx; tÞ
vx2vt2

þ j31
v4u1ðx; tÞ
vx2vt2

þ k31
v4u2ðx; tÞ
vx2vt2

ð21Þ
The initial conditions have the form:

u1ðx; tÞjt¼0¼u10ðxÞ¼Um1 � k1x;
vu1ðx; tÞ

v

����
t¼0

¼u11ðxÞ¼ 0;

ð22Þ

u2ðx; tÞjt¼0¼u20ðxÞ¼Um2 � k2x;
vu2ðx; tÞ

v

����
t¼0

¼u21ðxÞ¼ 0;

ð23Þ

u3ðx; tÞjt¼0¼u30ðxÞ¼Um3 � k3x;
vu3ðx; tÞ

v

����
t¼0

¼u31ðxÞ

¼ 0;x2 ð0; lÞ
ð24Þ

where Um1, Um2, Um3 denote amplitude values of the
steady-state voltage of the primary, secondary, and
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tertiary windings, respectively; and k1, k2, k3 denote
coefficients of the rate of change of voltages along
the winding for the instant of time t ¼ 0,
respectively.
Boundary conditions:

uilmnðx; tÞjx¼10¼ f10xðtlÞ¼ e1l ðtÞ;uðx; tÞj¼¼ f ðtÞ¼ 0; ð25Þ

u2ðx; tÞjx¼0¼ f20ðtÞ¼ 0;u2ðx; tÞjx¼1 ¼ f21ðtÞ¼ 0; ð26Þ

u3ðx; tÞjx¼0¼ f30ðtÞ¼ 0;u3ðx; tÞjx¼1 ¼ f31ðtÞ¼ 0; t>0: ð27Þ
Consistency of conditions:

In equation (19) [30], let's make the following
substitution:

u1ðx; tÞ¼V1ðx; tÞ þA1ðtÞ þ xB1ðtÞ ð29Þ
We are looking for a function A1ðtÞ;B1ðtÞ so that

replacing V1ðx; tÞ gives consistent conditions (28), i.e.
V1ðx; tÞjx¼0 ¼ 0, V1ðx; tÞjx¼1 ¼ 0.
Then we write (29) for x ¼ 0:

u1ðx; tÞjx¼0¼V1ðx; tÞjx¼0 þA1ðtÞ ¼ f10ðtÞ: ð30Þ
From equation (30) we get:

AilmnðtÞ¼ f10ðtÞ¼ e ðtÞ: ð31Þ

For x ¼ l:

u1ðx; tÞjx¼1¼V1ðx; tÞjx¼1 þA1ðtÞþlB1ðtÞ ¼ f11ðtÞ: ð32Þ
From equation (32) we get:

BilmnðtÞ¼1
l

�
f1lðtÞ �A1ðtÞ

�¼�1
l
e ðtÞ: ð33Þ

There are conditions instead of initial condi-
tions (22):

u1ðx; tÞjt¼0¼V1ðx; tÞjt¼0 þA1ðtÞjt¼0þxB1ðtÞjt¼0≡u10ðxÞ;

vu1ðx; tÞ
vt

����
t¼0

¼vV1ðx; tÞ
vt

����
t¼0

þdA1ðtÞ
dt

����
t¼0

þx
dB1ðtÞ
dt

����
t¼0

≡u11ðxÞ:
ð34Þ

From equation (34) we get:

V1ðx; tÞjt¼0¼u10ðxÞ �A1ðtÞjt¼0 � xB1ðtÞjt¼0≡V10ðxÞ;

vV1ðx; tÞ
vt

����
t¼0

¼u11ðxÞ � dA1ðtÞ
dt

����
t¼0

� x
dB1ðtÞ
dt

����
t¼0

¼�dA1ðtÞ
dt

����
t¼0

�x
dB1ðtÞ
dt

����
t¼0

≡V11ðxÞ:
ð35Þ

Let’s make the following substitution in equa-
tion (20):

u2ðx; tÞ¼V2ðx; tÞ þA2ðtÞ þ xB2ðtÞ: ð36Þ
We are looking for a function A2ðtÞ;B2ðtÞ so that

expression (36) satisfies V2ðx; tÞ for conditions (28),
namely V2ðx; tÞjx¼0 ¼ 0, V2ðx; tÞjx¼1 ¼ 0.
Then equation (36) for x ¼ 0 will take the form:

u2ðx; tÞjx¼0¼V2ðx; tÞjt¼0 þA2ðtÞ ¼ f20ðtÞ: ð37Þ
From equation (37) we get:

A2ðtÞ¼ f20ðtÞ¼ 0: ð38Þ

For x ¼ l:

u2ðx; tÞjx¼1¼V2ðx; tÞjx¼1 þA2ðtÞþlB2ðtÞ ¼ f21ðtÞ; ð39Þ
From equation (39) we get:

u10ðxÞjt¼0 ¼ u1ðx; tÞjt¼0 ¼ f10ðtÞjt¼0;u10ðxÞjx¼l¼ u1ðx; tÞjt¼0 ¼ f1lðtÞjt¼0;

u20ðxÞjt¼0 ¼ u2ðx; tÞjt¼0 ¼ f20ðtÞjt¼0;u20ðxÞjx¼l¼ u2ðx; tÞjt¼0 ¼ f2lðtÞjt¼0;

u30ðxÞjt¼0 ¼ u3ðx; tÞjt¼0 ¼ f30ðtÞjt¼0;u30ðxÞjx¼l¼ u3ðx; tÞjt¼0 ¼ f3lðtÞjt¼0;

f10ð0Þ ¼ u10ð0Þ; f1lð0Þ ¼ u1lðlÞ; f20ð0Þ ¼ u20ð0Þ; f2lð0Þ ¼ u2lðlÞ;

f30ð0Þ ¼ u30ð0Þ; f3lð0Þ ¼ u3lðlÞ;

vf10ðtÞ
vt

����
t¼0

¼ u10ð0Þjt¼0;
vf1lðtÞ
vt

����
t¼0

¼ u11ðtÞ;vf20ðtÞ
vt

����
t¼0

¼ u20ð0Þjt¼0;

vf30ðtÞ
vt

����
t¼0

¼ u30ð0Þjt¼0;
vf3lðtÞ
vt

����
t¼0

¼ u31ðtÞ;

vf2lðtÞ
vt

����
t¼0

¼ u21ðtÞ;

ð28Þ

26 JOURNAL OF SUSTAINABLE MINING 2023;XX:20e39

R
E
S
E
A
R
C
H

A
R
T
IC

L
E



B2ðtÞ¼1
l
f21ðtÞ: ð40Þ

Conditions arise instead of initial conditions
expressed in equation (23):

u2ðx; tÞjt¼0¼V2ðx; tÞjt¼0 þA2ðtÞjt¼0þxB2ðtÞjt¼0≡u20ðxÞ;

vu2ðx;tÞ
vt

����
t¼0

¼vV2ðx;tÞ
vt

����
t¼0

þdA2ðtÞ
dt

����
t¼0

þx
dB2ðtÞ
dt

����
t¼0

≡u21ðxÞ:

ð41Þ
From equation (41) we get:

V2ðx; tÞjt¼0¼u20ðxÞ �A2ðtÞjt¼0 � xB2ðtÞjt¼0≡V20ðxÞ:

vV2ðx; tÞ
vt

����
t¼0

¼u2lðxÞ � dA2ðtÞ
dt

����
t¼0

� x
dB2ðtÞ
dt

����
t¼0

¼�dA2ðtÞ
dt

����
t¼0

� x
dB2ðtÞ
dt

����
t¼0

≡V21ðxÞ:

ð42Þ
Let’s make the following substitution in equa-

tion (21):

u3ðx; tÞ¼V3ðx; tÞ þA3ðtÞ þ xB3ðtÞ ð43Þ
We are looking for a function A3ðtÞ, B3ðtÞ so that

the replacement of (43) gives for V3ðx; tÞ consistent
conditions (28), i.e. V3ðx; tÞjx¼0 ¼ 0, V3ðx; tÞjx¼1 ¼ 0.
Then we write (43) for x ¼ 0 so

u3ðx; tÞjx¼0¼V3ðx; tÞjx¼0 þA3ðtÞ ¼ f30ðtÞ: ð44Þ
From (44) we get

A3ðtÞ¼ f30ðtÞ¼ 0 ð45Þ
For x ¼ l.

u3ðx; tÞjx¼1¼V3ðx; tÞjx¼1 þA3ðtÞþlB3ðtÞ¼ f31ðtÞ: ð46Þ

From (46) we get

B3ðtÞ¼1
l
f31ðtÞ ð47Þ

Instead of the initial conditions (24), conditions
arise

u3ðx; tÞjt¼0¼V3ðx; tÞjt¼0þA3ðtÞjt¼0þxB3ðtÞjt¼0≡u30ðxÞ;

vu3ðx;tÞ
vt

����
t¼0

¼vV3ðx;tÞ
vt

����
t¼0

þdA3ðtÞ
dt

����
t¼0

þx
dB3ðtÞ
dt

����
t¼0

≡u31ðxÞ:

ð48Þ
From (48) we get

V3ðx; tÞjt¼0¼u30ðxÞ �A3ðtÞjt¼0 � xB3ðtÞjt¼0≡V30ðxÞ;

vV3ðx; tÞ
vt

����
t¼0

¼u31ðxÞ � dA3ðtÞ
dt

����
t¼0

�x
dB3ðtÞ
dt

����
t¼0

¼�dA3ðtÞ
dt

����
t¼0

�x
dB3ðtÞ
dt

����
t¼0

≡V31ðxÞ:
ð49Þ

We obtain the equation for the variable V1ðx; tÞ
by substituting (29) (36) and (43) into (19), i.e.

v2V1ðx;tÞ
vx2

¼a11ðV1ðx;tÞþA1ðtÞþxB1ðtÞÞþb11

�
vV1ðx;tÞ

dt

þdA1ðtÞ
dt

þx
dB1ðtÞ
dt

�
þc11

�
vV2ðx;tÞ

dt
þdA2ðtÞ

dt

þx
dB2ðtÞ
dt

�
þd11

�
vV3ðx;tÞ

dt
þdA3ðtÞ

dt
þx

dB3ðtÞ
dt

�

þe11

�
v2V1ðx;tÞ

dt2
þd2A1ðtÞ

dt2
þx

d2B2ðtÞ
dt2

�

þf11

�
v2V2ðx;tÞ

dt2
þd2A2ðtÞ

dt2
þx

d2B2ðtÞ
dt2

�

þg11

�
v2V3ðx;tÞ

dt2
þd2A3ðtÞ

dt2
þx

d2B3ðtÞ
dt2

�

þh11
v3V1ðx;tÞ
vx2vt

þi11
v4V1ðx;tÞ
vx2vt2

þj11
v4V2ðx;tÞ
vx2vt2

þk11
v4V3ðx;tÞ
vx2vt2

ð50Þ
We obtain the equation for the variable V2ðx; tÞ

by substituting (29) (36) and (43) into (20), i.e.

v2V2ðx;tÞ
vx2

¼a21ðV2ðx;tÞþA2ðtÞþxB2ðtÞÞþb21

�
vV1ðx;tÞ

dt

þdA1ðtÞ
dt

þx
dB1ðtÞ
dt

�
þc21

�
vV2ðx;tÞ

dt
þdA2ðtÞ

dt

þx
dB2ðtÞ
dt

�
þd21

�
vV3ðx;tÞ

dt
þdA3ðtÞ

dt
þx

dB3ðtÞ
dt

�

þe21

�
v2V1ðx;tÞ

dt2
þd2A1ðtÞ

dt2
þx

d2B1ðtÞ
dt2

�

þf21

�
v2V2ðx;tÞ

dt2
þd2A2ðtÞ

dt2
þx

d2B2ðtÞ
dt2

�

þg21

�
v2V3ðx;tÞ

dt2
þd2A3ðtÞ

dt2
þx

d2B3ðtÞ
dt2

�

þh21
v3V2ðx;tÞ
vx2vt

þi21
v4V2ðx;tÞ
vx2vt2

þj21
v4V1ðx;tÞ
vx2vt2

þk21
v4V3ðx;tÞ
vx2vt2

ð51Þ
We obtain the equation for the variable V3ðx; tÞ

by substituting (29) (36) and (43) into (21), i.e.
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v2V3ðx;tÞ
vx2

¼a31ðV3ðx;tÞþA3ðtÞþxB3ðtÞÞþb31

�
vV1ðx;tÞ

dt

þdA1ðtÞ
dt

þx
dB1ðtÞ
dt

�
þc31

�
vV2ðx;tÞ

dt
þdA2ðtÞ

dt

þx
dB2ðtÞ
dt

�
þd31

�
vV3ðx;tÞ

dt
þdA3ðtÞ

dt
þx

dB3ðtÞ
dt

�

þe31

�
v2V1ðx;tÞ

dt2
þd2A1ðtÞ

dt2
þx

d2B1ðtÞ
dt2

�

þf31

�
v2V2ðx;tÞ

dt2
þd2A2ðtÞ

dt2
þx

d2B2ðtÞ
dt2

�

þg31

�
v2V3ðx;tÞ

dt2
þd2A3ðtÞ

dt2
þx

d2B3ðtÞ
dt2

�

þh31
v3V3ðx;tÞ
vx2vt

þi21
v4V3ðx;tÞ
vx2vt2

þj31
v4V1ðx;tÞ
vx2vt2

þk31
v4V2ðx;tÞ
vx2vt2

ð52Þ

In equations (50)e(52), we leave the known parts on
the right, i.e.:

F1ðx;tÞ¼a11ðA1ðtÞþxB1ðtÞÞþb11

�
dA1ðtÞ
dt

þx
dB1ðtÞ
dt

�

þc11

�
dA2ðtÞ
dt

þx
dB2ðtÞ
dt

�
þd11

�
dA3ðtÞ
dt

þx
dB3ðtÞ
dt

�

þe11

�
d2A1ðtÞ
dt2

þx
d2B1ðtÞ
dt2

�
þf11

�
d2A2ðtÞ

dt

þx
d2B2ðtÞ

dt

�
þg11

�
d2A3ðtÞ

dt
þx

d2B3ðtÞ
dt

�
;

ð53Þ

F2ðx;tÞ¼a21ðA2ðtÞþxB2ðtÞÞþb21

�
dA1ðtÞ
dt

þx
dB1ðtÞ
dt

�

þc21

�
dA2ðtÞ
dt

þx
dB2ðtÞ
dt

�
þd21

�
dA3ðtÞ
dt

þx
dB3ðtÞ
dt

�

þe21

�
d2A1ðtÞ
dt2

þx
d2B1ðtÞ
dt2

�
þf21

�
d2A2ðtÞ

dt

þx
d2B2ðtÞ

dt

�
þg21

�
d2A3ðtÞ
dt2

þx
d2B3ðtÞ
dt2

�
;

ð54Þ

F3ðx;tÞ¼a31ðA3ðtÞþxB3ðtÞÞþb31

�
dA1ðtÞ
dt

þx
dB1ðtÞ
dt

�

þc31

�
dA2ðtÞ
dt

þx
dB2ðtÞ
dt

�
þd31

�
dA3ðtÞ
dt

þx
dB3ðtÞ
dt

�

þe31

�
d2A1ðtÞ
dt2

þx
d2B1ðtÞ
dt2

�
þf31

�
d2A2ðtÞ
dt2

þx
d2B2ðtÞ
dt2

�
þg31

�
d2A3ðtÞ
dt2

þx
d2B3ðtÞ
dt2

�
;

ð55Þ

Let’s write the equation for the variables V1ðx; tÞ,
V2ðx; tÞ and V3ðx; tÞ as follows

�v2V1ðx; tÞ
vx2

þa11V1ðx; tÞ þ b11
vV1ðx; tÞ

vt
þ c11

vV2ðx; tÞ
vt

þ d11
vV3ðx; tÞ

vt
þ e11

v2V1ðx; tÞ
vt2

þ f11
v2V2ðx; tÞ

vt2

þ g11
v2V3ðx; tÞ

vt2
þ h11

v3V1ðx; tÞ
vx2vt

þ i11
v4V1ðx; tÞ
vx2vt2

þ i11
v4V2ðx; tÞ
vx2vt2

þ k11
v4V3ðx; tÞ
vx2vt2

¼ F1ðx; tÞ;
ð56Þ

�v2V2ðx; tÞ
vx2

þa21V2ðx; tÞ þ b21
vV1ðx; tÞ

vt
þ c21

vV2ðx; tÞ
vt

þ d21
vV3ðx; tÞ

vt
þ e21

v2V1ðx; tÞ
vt2

þ f21
v2V2ðx; tÞ

vt2

þ g21
v2V3ðx; tÞ

vt2
þ h21

v3V2ðx; tÞ
v2xvt

þ i21
v4V2ðx; tÞ
vx2vt2

þ j21
v4V1ðx; tÞ
vx2vt2

þ k11
v4V3ðx; tÞ
vx2vt2

¼ F2ðx; tÞ;
ð57Þ

�v2V3ðx; tÞ
vx2

þa31V3ðx; tÞ þ b31
vV1ðx; tÞ

vt
þ c31

vV2ðx; tÞ
vt

þ d31
vV3ðx; tÞ

vt
þ e31

v2V1ðx; tÞ
vt2

þ f31
v2V2ðx; tÞ

vt2

þ g31
v2V3ðx; tÞ

vt2
þ h31

v3V3ðx; tÞ
v2xvt

þ i31
v4V3ðx; tÞ
vx2vt2

þ j31
v4V1ðx; tÞ
vx2vt2

þ k31
v4V2ðx; tÞ
vx2vt2

¼ F3ðx; tÞ
ð58Þ

Considering V1ðx; tÞjx¼0 ¼ 0, V1ðx; tÞjx¼1 ¼ 0,
V2ðx; tÞjx¼0¼ 0 V2ðx; tÞjx¼1¼ 0 і V3ðx; tÞjx¼0 ¼ 0,
V3ðx; tÞjx¼1¼ 0 we are looking for solutions for V1ðx;
tÞ, V2ðx; tÞ and V3ðx; tÞ as follows:
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V1ðx; tÞ¼
Xm

k¼1
CkðtÞsin

�
pkx
l

�
;0 < x < 1; ð59Þ

V2ðx; tÞ¼
Xm

k¼1
CkðtÞsin

�
pkx
l

�
;0 < x < 1; ð60Þ

V3ðx; tÞ¼
Xm

k¼1
CkðtÞsin

�
pkx
l

�
;0 < x < 1: ð61Þ

Let’s find the derivatives of equations (59)e(61):

vV1ðx; tÞ
vt

¼
Xm

k¼1

dCkðtÞ
dt

sin
�
pkx
l

�
; ð62Þ

vV2ðx; tÞ
vt

¼
Xm

k¼1

dDkðtÞ
dt

sin
�
pkx
l

�
; ð63Þ

vV1ðx; tÞ
vt

¼
Xm

k¼1

dHkðtÞ
dt

sin
�
pkx
l

�
: ð64Þ

For t ¼ 0 from equations (59)e(64) we get:

V1ðx; tÞjt¼0¼V10ðxÞ ¼
Xm
k¼1

CkðtÞjt¼0sin ðpkx= lÞ;

vV1ðx; tÞ=vtjt¼0¼V11ðxÞ¼
Xm
k¼1

dCðtÞ=dtjt¼0sin ðpkx= lÞ;

ð65Þ

V2ðx; tÞjt¼0¼V20ðxÞ ¼
Xm
k¼1

DkðtÞjt¼0sin ðpkx= lÞ;

vV2ðx; tÞ=vtjt¼0¼V21ðxÞ¼
Xm
k¼1

dDðtÞ=dtjt¼0sin ðpkx= lÞ;

ð66Þ

V3ðx; tÞjt¼0¼V30ðxÞ ¼
Xm
k¼1

HkðtÞjt¼0sin ðpkx= lÞ;

vV3ðx; tÞ=vtjt¼0¼V31ðxÞ¼
Xm
k¼1

dHðtÞ=dtjt¼0sin ðpkx= lÞ:

ð67Þ
Let us expand the initial conditions equations

(65) and (66) into Fourier series:

V10ðxÞ¼
Xm
k¼1

ak1 sin
�
pkx
l

�
;V11ðxÞ¼

Xm
k¼1

bk1 sinðpkx= lÞ;

ð68Þ

V20ðxÞ¼
Xm
k¼1

ak2 sin
�
pkx
l

�
;V21ðxÞ¼

Xm
k¼1

bk2 sinðpkx= lÞ;

ð69Þ

V30ðxÞ¼
Xm
k¼1

ak3 sin
�
pkx
l

�
;V31ðxÞ¼

Xm
k¼1

bk3 sinðpkx= lÞ:

ð70Þ
Equation (68)e(70) show that:

ak1¼ 1=l
Z1
x¼0

V10ðxÞsin ðpkx= lÞdx ;

bk1¼ 1=l
Z1
x¼0

V11ðxÞsin ðpkx= lÞdx;
ð71Þ

ak2¼ 1=l
Z1
x¼0

V20ðxÞsin ðpkx= lÞdx ;

bk2¼ 1=l
Z1
x¼0

V21ðxÞsin ðpkx= lÞdx;
ð72Þ

ak3¼ 1y=l
Z1
x¼0

V30ðxÞsin ðpkx= lÞdx ;

bk3¼ 1=l
Z1
x¼0

V31ðxÞsin ðpkx= lÞdx:
ð73Þ

Then from equations (65)e(67) we get:

CkðtÞjt¼0¼ak1and dCðtÞ=dtjt¼0¼bk1; ð74Þ

DkðtÞjt¼0¼ak2 and dDðtÞ=dtjt¼0¼bk2; ð75Þ

HkðtÞjt¼0¼ak3 and dHðtÞ=dtjt¼0¼bk3: ð76Þ
The differential equations for CkðtÞ, DkðtÞ and

HkðtÞ are found by expanding F1ðx; tÞ F2ðx; tÞ and
F3ðx; tÞ into Fourier series, i.e.:

F1ðx; tÞ¼
Xm
k¼1

gkðtÞsin
�
pkx
l

�
; ð77Þ

F2ðx; tÞ¼
Xm
k¼1

mkðtÞsin
�
pkx
l

�
; ð78Þ

F3ðx; tÞ¼
Xm
k¼1

skðtÞsin
�
pkx
l

�
: ð79Þ

Using equations (59)e(61), let's transform the
left part of equation (56) as follows:
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e11
v2V1ðx; tÞ

vt2
þ f11

v2V2ðx; tÞ
vt2

þg11
v2V3ðx; tÞ

vt2
þ i11

v4V1ðx; tÞ
vx2vt2

þ j11
v4V2ðx; tÞ
vx2vt2

þk11
v4V3ðx; tÞ
vx2vt2

¼
Xm
k¼1

  
e11

þ i11

�
pk
l

�2
!
d2CkðtÞ
dt2

þ
 
f11þ j11

�
pk
l

�2
!

d2DkðtÞ
dt2

þ
 
g11þk11

�
pk
l

�2
!

d2HkðtÞ
dt2

!
sin
�
pkx
l

�
;

b11
vV1ðx; tÞ

vt
þ c11

vV2ðx; tÞ
vt

þd11
vV3ðx; tÞ

vt
þh11

v3V1ðx; tÞ
vx2vt

¼
Xm
k¼1

  
b11þh11

�
pk
l

�2
!

dCkðtÞ
dt

þ c11
dDkðtÞ
dt

þ d11
dHkðtÞ
dt

sin
�
pkx
l

�
;

�v2V1ðx; tÞ
vx2

þa11V1ðx; tÞ¼
Xm
k¼1

 
�
�
pk
l

�2

þa11

!

CkðtÞsin
�
pkx
l

�
:

ð80Þ

For equation (80), we introduce the notation:

a1¼ e11þ i11

�
pk
l

�2

; b1¼ f11þ j11

�
pk
l

�2

;

c1¼g11þk11

�
pk
l

�2

; d1¼b11þh11

�
pk
l

�2

;

e1¼ c11; f1¼d11; g1¼�
�
pk
l

�2

þ a11:

ð81Þ

Equation (56), taking into account equations
(80) and (81), is written as follows:

a1
dC2ðtkÞ
dt2

þb1
dD2ðtkÞ
dt2

þ c1
dH2ðtkÞ
dt2

þd1
dCðtkÞ
dt

þ e1
dDðtkÞ
dt

þ f1
dHðtkÞ
dt

þ g1CðtkÞ¼ gðtkÞ;k¼1 :::m:

ð82Þ

Using equations (59)e(61), let's transform the
left part of equation (57) as follows:

e21
v2V1ðx; tÞ

vt2
þ f21

v2V2ðx; tÞ
vt2

þg21
v2V3ðx; tÞ

vt2
þ i21

v4V2ðx; tÞ
vx2vt2

þ j11
v4V1ðx; tÞ
vx2vt2

þk11
v4V3ðx; tÞ
vx2vt2

¼
Xm
k¼1

  
e21

þ j21

�
pk
l

�2
!
d2CkðtÞ
dt2

þ
 
f21þ i21

�
pk
l

�2
!

d2DkðtÞ
dt2

þ
 
g21þk21

�
pk
l

�2
!

d2HkðtÞ
dt2

!
sin
�
pkx
l

�
;

b21
vV1ðx; tÞ

vt
þ c21

vV2ðx; tÞ
vt

þd21
vV3ðx; tÞ

vt
þh21

v3V2ðx; tÞ
vx2vt

¼
Xm
k¼1

 
b21

dCkðtÞ
dt

þ
 
c21þh21

�
pk
l

�2
!

dDkðtÞ
dt

þ d21
dHkðtÞ
dt

sin
�
pkx
l

�
;

�v2V2ðx; tÞ
vx2

þa21V2ðx; tÞ¼
Xm
k¼1

 
�
�
pk
l

�2

þa21

!
DkðtÞsin

�
pkx
l

�
:

ð83Þ

For (83), we introduce the notation:

a2¼ e21þ j21

�
pk
l

�2

; b2¼ f21þ i21

�
pk
l

�2

;

c2¼g21þk21

�
pk
l

�2

; d2¼b21; e2¼ c21 þ h21

�
pk
l

�2

;

f2¼d21; g2¼�
�
pk
l

�2

þ a21: ð84Þ

Equation (57), taking into account equations
(83) and (84), is written as follows:

a2
dC2ðtkÞ
dt2

þb2
dD2ðtkÞ
dt2

þ c2
dH2ðtkÞ
dt2

þd2
dCðtkÞ
dt

þ e2
dDðtkÞ
dt

þ f2
dHðtkÞ
dt

þg2DkðtÞ¼mkðtÞ;k¼1 :::m:

ð85Þ

Using equations (59)e(61), let's transform the
left part of equation (58) as follows:
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e31
v2V1ðx; tÞ

vt2
þ f31

v2V2ðx; tÞ
vt2

þg31
v2V3ðx; tÞ

vt2
þ i31

v4V2ðx; tÞ
vx2vt2

þ j31
v4V1ðx; tÞ
vx2vt2

þk31
v4V3ðx; tÞ
vx2vt2

¼
Xm
k¼1

  
e31þ j31

�
pk
l

�2
!
d2CkðtÞ
dt2

þ
 
f31þ i21

�
pk
l

�2
!

d2DkðtÞ
dt2

þ
 
g31þk31

�
pk
l

�2
!

d2HkðtÞ
dt2

!
sin
�
pkx
l

�
;

b31
vV1ðx; tÞ

vt
þ c31

vV2ðx; tÞ
vt

þd31
vV3ðx; tÞ

vt
þh31

v3V3ðx; tÞ
vx2vt

¼
Xm
k¼1

 
b31

dCkðtÞ
dt

þ c31
dDkðtÞ
dt

þ
 
d31þh31

�
pk
l

�2dHkðtÞ
dt

!
sin
�
pkx
l

�
;

�v2V3ðx; tÞ
vx2

þa31V3ðx; tÞ¼
Xm
k¼1

 
�
�
pk
l

�2

þa31

!
HkðtÞsin

�
pkx
l

�
:

ð86Þ

For equation (86), we introduce the notation:

a3¼ e31þ j31

�
pk
l

�2

; b3¼ f31þ i31

�
pk
l

�2

;

c3¼g31þk31

�
pk
l

�2

; d3¼b31;

e3¼ c31; f3¼d31þh31

�
pk
l

�2

; g3¼�
�
pk
l

�2

þ a31: ð87Þ

Equation (58), taking into account equations
(86) and (87), is written as follows:

a3
dC2ðtkÞ
dt2

þb3
dD2ðtkÞ
dt2

þ c3
dH2ðtkÞ
dt2

þd3
dCðtkÞ
dt

þ e3
dDðtkÞ
dt

þ f3
dHðtkÞ
dt

þg3HkðtÞ¼skðtÞ;k¼1 :::m:

ð88Þ
Consider equations (82), (85) and (88) as ho-

mogeneous with constant coefficients and zero
initial conditions:

a1
d2e1ðtÞ
dt2

þb1
d2e2ðtÞ
dt2

þ c1
d2e3ðtÞ
dt2

þ d1
de1ðtÞ
dt

þ e1
de2ðtÞ
dt

þ f1
de3ðtÞ
dt

þ g1e1ðtÞ¼ 0;
ð89Þ

a2
d2e1ðtÞ
dt2

þb2
d2e2ðtÞ
dt2

þ c2
d2e3ðtÞ
dt2

þ d2
de1ðtÞ
dt

þ e2
de2ðtÞ
dt

þ f2
de3ðtÞ
dt

þ g2e2ðtÞ¼ 0;
ð90Þ

a3
d2e1ðtÞ
dt2

þb3
d2e2ðtÞ
dt2

þ c3
d2e3ðtÞ
dt2

þ d3
de1ðtÞ
dt

þ e3
de2ðtÞ
dt

þ f3
de3ðtÞ
dt

þ g3e3ðtÞ¼ 0:
ð91Þ

Equations (89)e(91) are written in the operator
form:

�
a1l2þd1lþg1

�
e1ðlÞþ

�
b1l2þ e1l

�
e2ðlÞ

þ �c1l2þ f1l
�
e3ðlÞ¼ 0; ð92Þ

�
a2l2þd2lþg1

�
e1ðlÞþ

�
b2l2þ e2lþg2

�
e2ðlÞ

þ �c2l2þ f2l
�
e3ðlÞ¼ 0; ð93Þ

�
a3l2þd3l

�
e1ðlÞþ

�
b3l2þ e3l

�
e2ðlÞ

þ �c3l2þ f3lþg3
�
e3ðlÞ¼ 0: ð94Þ

The characteristic equation of the system of
equations (92)e(94) has the form:

s6l6þ s5l5 þ s4l4 þ s3l3 þ s2l2 þ s1lþs0¼ 0; ð95Þ

where:

s6¼a1b2c3 þ b1c2a3 þ c1b3a2 � c1a3b2 � a2b1c3 � c2b3a1;

s5¼a1b2f3 þ a1e2c3 þ d1b2c3 þ b1c2dþf2b1a3 þ e1c2a3

þ c1b3d2 þ c1e3a2 þ f1b3a2 � c1a3e2 � c1d3b2 � f1a3b2

� a2b1f3 � a2e1c3 � d2b1c3 � c2b3d1 � c2e3a1 � f2b3a1;

s4¼a1b2f3 þ d1b2f3 þ a1g2c3 þ d1e2c3 þ g1b2c3 þ f2b1d3

þ e1c2d3 þ e1f2a3 þ c1e3d2 þ f1b3d2 þ f1e3a2 � c1a3g2

� c1d3e2 � f1a3e2 � f1d3b2 � a2b1g3 � a2e1f3 � d2b1f3

� d2e1c3 � c2b3g1 � c2e3d1 � f2b3d1 � f2e3a1;

s3¼a1e2g3 þ d1b2g3 þ a1g2f3 þ d1e2f3 þ g1b2f3 þ d1g2c3

þ g1e2c3 þ e1f2d3 þ f1e3d2 � c1d3g2 � f1a3g2��f1d3e2

� a2e1g3 � d2b1g3 � d2e1f3 � c2e3g1 � f2b3g1 � f2e3d1;
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s2¼a1g2g3 þ d1e2g3 þ g1b2g3 þ d1g2f3 þ g1e2f3 þ g1g2c3

� f1d3g2 � d2e1g3 � f2e3g1;

s1¼d1g2g3 þ g1e2g3 þ g1g2f3;

s0¼g1g2g3:

Consider the case where the characteristic
equation (95) has complex conjugate roots:

l1;2¼d1±jq1;l3;4 ¼ d2±jq2 та l5;6 ¼ d3±jq3

The homogeneous equations (89)e(91) have the
following solution:

e1ðtÞ¼ed1t cosðq1tÞ;e2ðtÞ¼ed1t sinðq1tÞ;e3ðtÞ¼ed2t cosðq2tÞ;
e4ðtÞ¼ed2t sinðq2tÞ;

e5ðtÞ¼ ed3t cosðq3tÞ; e6ðtÞ¼ ed3t sinðq3tÞ; respectively:

3. Results and discussions

The ultimate solution to these problems is based
on the use of variation of arbitrary constants. This
typically involves solving ordinary differential
equations (ODEs) or systems of ODEs. The method
of variation of arbitrary constants is used to find
solutions to inhomogeneous linear differential
equations. To do this, it is necessary to determine
whether the differential equation is linear and
homogeneous or inhomogeneous. The variation of
arbitrary constants method is mainly used for
inhomogeneous linear ODEs. It is then necessary
to solve the corresponding homogeneous equation
to find the general solution. The general solution of
the homogeneous equation will involve arbitrary
constants, and the result will be the function of the
independent variable or a combination of func-
tions. For the inhomogeneous equation, we assume
a particular solution based on the form of the
inhomogeneous term. This solution will involve
constants, but they won’t be arbitrary constants.
Once we've determined the values of the arbitrary
constants using the initial and boundary condi-
tions, we'll substitute them into the general solu-
tion along with the solution. This gives you the
final solution that satisfies both the inhomoge-
neous equation and any given initial and boundary
conditions.

Using the method of variation of arbitrary con-
stants, we look for solutions to equations (82), (85)
and (88) in the form [30]:

CkðtÞ¼B1ðtÞe1ðtÞ þ B2ðtÞe2ðtÞ þ B3ðtÞe3ðtÞ þ B4ðtÞe4ðtÞ
þ B5ðtÞe5ðtÞ þ B6ðtÞe6ðtÞ;

ð96Þ

DkðtÞ¼B1ðtÞe1ðtÞ þ B2ðtÞe2ðtÞ þ B3ðtÞe3ðtÞ þ B4ðtÞe4ðtÞ
þ B5ðtÞe3ðtÞ þ B6ðtÞe4ðtÞ;

ð97Þ

HkðtÞ¼B1ðtÞe1ðtÞ þ B2ðtÞe2ðtÞ þ B3ðtÞe3ðtÞ
þ B4ðtÞe4ðtÞ þ B5ðtÞe3ðtÞ þ B6ðtÞe4ðtÞ:

ð98Þ

We look for functions B1ðtÞ, B2ðtÞ, B3ðtÞ, B4ðtÞ,
B5ðtÞ, and B6ðtÞ from the system of equations:

dB1ðtÞ=dte1ðtÞ=dtþdB2ðtÞ=dte2ðtÞdtþdB3ðtÞ=dte3ðtÞ=dt
þdB4ðtÞ=dte4ðtÞ=dtþdB5ðtÞ=dte5ðtÞ=dtþdB6ðtÞ=dte6
ðtÞ¼0;

dB1ðtÞ=dtde1ðtÞ=dtþ dB2ðtÞ=dtde2ðtÞdtþdB3ðtÞ=
dtde3ðtÞ=dtþ dB4ðtÞ=dtde4ðtÞ=dtþ dB5ðtÞ=dtde5ðtÞ=dt
þ dB6ðtÞ=dtde6ðtÞ=dt ¼ 1=a1gkðtÞ; ð99Þ

dB1ðtÞ=dte1ðtÞ=dtþ dB2ðtÞ=dte2ðtÞdt
þdB3ðtÞ=dte3ðtÞ=dtþ dB4ðtÞ=dte4ðtÞ=dt
þ dB5ðtÞ=dte5ðtÞ=dtþ dB6ðtÞ=dte6ðtÞ¼0;
dB1ðtÞ=dtde1ðtÞ=dtþ dB2ðtÞ=dtde2ðtÞdt
þdB3ðtÞ=dtde3ðtÞ=dtþ dB4ðtÞ=dtde4ðtÞ=dt
þ dB5ðtÞ=dtde5ðtÞ=dtþ dB6ðtÞ=dtde6ðtÞ=dt ¼ 1=a2mkðtÞ;

ð100Þ

dB1ðtÞ=dte1ðtÞ=dtþ dB2ðtÞ=dte2ðtÞdt
þdB3ðtÞ=dte3ðtÞ=dtþ dB4ðtÞ=dte4ðtÞ=dt
þ dB5ðtÞ=dte5ðtÞ=dtþ dB6ðtÞ=dte6ðtÞ¼0;
dB1ðtÞ=dtde1ðtÞ=dtþ dB2ðtÞ=dtde2ðtÞdt
þdB3ðtÞ=dtde3ðtÞ=dtþ dB4ðtÞ=dtde4ðtÞ=dt
þ dB5ðtÞ=dtde5ðtÞ=dtþ dB6ðtÞ=dtde6ðtÞ=dt ¼ 1=a3skðtÞ;

ð101Þ
We write the determinant of the matrix of co-

efficients of the system of equations (99)e(101) as
follows:
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D¼

��������������������������������

e1ðtÞ e2ðtÞ e3ðtÞ

de1ðtÞ
dt

de2ðtÞ
dt

de3ðtÞ
dt

e1ðtÞ e2ðtÞ e3ðtÞ

e4ðtÞ e5ðtÞ e6ðtÞ

de4ðtÞ
dt

de5ðtÞ
dt

de6ðtÞ
dt

e4ðtÞ e5ðtÞ e6ðtÞ

de1ðtÞ
dt

de2ðtÞ
dt

de3ðtÞ
dt

e1ðtÞ e2ðtÞ e3ðtÞ

de1ðtÞ
dt

de2ðtÞ
dt

de3ðtÞ
dt

de4ðtÞ
dt

de5ðtÞ
dt

de6ðtÞ
dt

e4ðtÞ e5ðtÞ e6ðtÞ

de4ðtÞ
dt

de5ðtÞ
dt

de6ðtÞ
dt

�������������������������������������
ð102Þ

We also find D1, D2, D3, D4, D5 and D6,
accordingly, replacing the columns in equation
(102) with the right part of equations (99)e(101),
respectively:

dB1ðtÞ=dt ¼D1=D;dB2ðtÞ=dt ¼D2=D;dB3ðtÞ=dt ¼D3=D;

dB4ðtÞ=dt ¼D4=D; dB5ðtÞ=dt ¼D5=D; dB6ðtÞ=dt ¼D6=D:

ð103Þ
To find the initial conditions

B1ðtÞjt¼0;B2ðtÞjt¼0;B3ðtÞjt¼0;B4ðtÞjt¼0;B5ðtÞjt¼0 and
B6ðtÞjt¼0, we differentiate equations (96)e(98) and,
using equations (99)e(101), we obtain:

dCðtkÞ=dt¼dB1ðtÞ=dte1ðtÞþdB2ðtÞ=dte2ðtÞ
þ dB3ðtÞ=dte3ðtÞþdB4ðtÞ=dte4ðtÞþdB5ðtÞ=dte5ðtÞ
þdB6ðtÞ=dte6ðtÞþB1ðtÞde1ðtÞ=dtþB2ðtÞde2ðtÞ=dt
þB3ðtÞde3ðtÞ=dtþB4ðtÞde4ðtÞ=dtþB5ðtÞde5ðtÞ=dt
þB6ðtÞde6ðtÞ=dt¼B1ðtÞde1ðtÞ=dtþB2ðtÞde2ðtÞ=dt
þB3ðtÞde3ðtÞ=dtþB4ðtÞde4ðtÞ=dtþB5ðtÞde5ðtÞ=dt
þ B6ðtÞde6ðtÞ=dt; ð104Þ

dDkðtÞ=dt¼dB1ðtÞ=dte1ðtÞ þ dB2ðtÞ=dte2ðtÞ
þ dB3ðtÞ=dte3ðtÞ þ dB4ðtÞ=dte4ðtÞ þ dB5ðtÞ=dte5ðtÞ
þ dB6ðtÞ=dte6ðtÞ þ B1ðtÞde1ðtÞ=dtþ B2ðtÞde2ðtÞ=dt
þ B3ðtÞde3ðtÞ=dtþ B4ðtÞde4ðtÞ=dtþ B5ðtÞde5ðtÞ=dt
þ B6ðtÞde6ðtÞ=dt ¼ B1ðtÞde1ðtÞ=dtþ B2ðtÞde2ðtÞ=dt
þ B3ðtÞde3ðtÞ=dtþ B4ðtÞde4ðtÞ=dtþ B5ðtÞde5ðtÞ=dt

Fig. 2. Voltage distribution as a function of distance and time in the primary winding of a three-winding transformer.
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Fig. 3. Voltage distribution as a function of distance and time in the secondary winding of a three-winding transformer.

Fig. 4. Voltage distribution depending on distance and time in the tertiary winding of a three-winding transformer.
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þ B6ðtÞde6ðtÞ=dt; ð105Þ

dHkðtÞ=dt¼dB1ðtÞ=dte1ðtÞ þ dB2ðtÞ=dte2ðtÞ
þ dB3ðtÞ=dte3ðtÞ þ dB4ðtÞ=dte4ðtÞ þ dB5ðtÞ=dte5ðtÞ
þ dB6ðtÞ=dte6ðtÞ þ B1ðtÞde1ðtÞ=dtþ B2ðtÞde2ðtÞ=dt
þ B3ðtÞde3ðtÞ=dtþ B4ðtÞde4ðtÞ=dtþ B5ðtÞde5ðtÞ=dt
þ B6ðtÞde6ðtÞ=dt ¼ B1ðtÞde1ðtÞ=dtþ B2ðtÞde2ðtÞ=dt
þ B3ðtÞde3ðtÞ=dtþ B4ðtÞde4ðtÞ=dtþ B5ðtÞde5ðtÞ=dt
þ B6ðtÞde6ðtÞ=dt: ð106Þ

From equations (104)e(106), as well as equa-
tions (96)e(98), we obtain for t ¼ 0:

CkðtÞjt¼0¼B1ðtÞjt¼0 e1ðtÞjt¼0þB2ðtÞjt¼0 e2ðtÞjt¼0

þB3ðtÞjt¼0 e3ðtÞjt¼0þB4ðtÞjt¼0 e4ðtÞjt¼0

þB5ðtÞjt¼0 e5ðtÞjt¼0 þ B6ðtÞjt¼0 e6ðtÞjt¼0;

dCkðtÞ=dtjt¼0¼B1ðtÞjt¼0 de1ðtÞ=dtjt¼0

þB2ðtÞjt¼0 de2ðtÞ=dtjt¼0þB3ðtÞjt¼0 de3ðtÞ=dtjt¼0

þB4ðtÞjt¼0de4ðtÞ=dtjt¼0þB5ðtÞjt¼0de5ðtÞ=dtjt¼0

þB6ðtÞjt¼0de6ðtÞ=dtjt¼0; ð107Þ

DkðtÞjt¼0¼B1ðtÞjt¼0 e1ðtÞjt¼0þB2ðtÞjt¼0 e2ðtÞjt¼0

þB3ðtÞjt¼0 e3ðtÞjt¼0þB4ðtÞjt¼0 e4ðtÞjt¼0

þB5ðtÞjt¼0 e5ðtÞjt¼0þB6ðtÞjt¼0 e6ðtÞjt¼0;

dDkðtÞ=dtjt¼0¼B1ðtÞjt¼0 de1ðtÞ=dtjt¼0

þB2ðtÞjt¼0 de2ðtÞ=dtjt¼0þB3ðtÞjt¼0 de3ðtÞ=dtjt¼0

þB4ðtÞjt¼0de4ðtÞ=dtjt¼0þB5ðtÞjt¼0de5ðtÞ=dtjt¼0

þB6ðtÞjt¼0de6ðtÞ=dtjt¼0; ð108Þ

Fig. 5. Voltage distribution at different points of the primary winding of a three-winding power transformer depending on time.
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HkðtÞjt¼0¼B1ðtÞjt¼0 e1ðtÞjt¼0þB2ðtÞjt¼0 e2ðtÞjt¼0

þB3ðtÞjt¼0 e3ðtÞjt¼0þB4ðtÞjt¼0 e4ðtÞjt¼0

þB5ðtÞjt¼0 e5ðtÞjt¼0 þ B6ðtÞjt¼0 e6ðtÞjt¼0;

dHkðtÞ=dtjt¼0¼B1ðtÞjt¼0 de1ðtÞ=dtjt¼0

þB2ðtÞjt¼0 de2ðtÞ=dtjt¼0þB3ðtÞjt¼0 de3ðtÞ=dtjt¼0

þB4ðtÞjt¼0de4ðtÞ=dtjt¼0þB5ðtÞjt¼0de5ðtÞ=dtjt¼0

þB6ðtÞjt¼0de6ðtÞ=dtjt¼0: ð109Þ

Considering equations (74)e(76), we reformu-
late equations (107)e(109) as follows:

B1ðtÞ¼
Z1
0

dB1ðtÞ
dt

þB1ðtÞjt¼0; B2ðtÞ¼
Z1
0

dB2ðtÞ
dt

þB2ðtÞjt¼0; B3ðtÞ¼
Z1
0

dB3ðtÞ=dtþB3ðtÞjt¼0; B4ðtÞ

¼
Z1
0

dB4ðtÞ=dtþB5ðtÞjt¼0; B5ðtÞ¼
Z1
0

dB5ðtÞ=dt

þB5ðtÞjt¼0; B6ðtÞ¼
Z1
0

dB6ðtÞ=dtþB6ðtÞjt¼0:

ð110Þ

According to equations (96)e(98) we find CkðtÞ;
DkðtÞ and HkðtÞ; according to equations (59)e(61)
and V1ðx; tÞ;V2ðx; tÞ and V3ðx; tÞ; according to

Fig. 6. Voltage distribution at different points of the secondary winding of a three-winding power transformer depending on time.

36 JOURNAL OF SUSTAINABLE MINING 2023;XX:20e39

R
E
S
E
A
R
C
H

A
R
T
IC

L
E



equations (29), (36) and (43) we determine
u1ðx; tÞ; u2ðx; tÞ and u3ðx; tÞ.
Figures 2e4 show the distribution of voltages in

the primary, secondary and tertiary windings of a
three-winding transformer as a function of distance
and time, respectively.
Figures 5e7 show the distribution of voltages at

various points in the primary, secondary and ter-
tiary windings of a three-winding power trans-
former as a function of time.
The results obtained are the final solution and

they do indeed satisfy the original inhomogeneous
differential equation and the conditions given. It's
important to note that the variation of arbitrary
constants method is useful for linear inhomoge-
neous equations; it could apply to all types of
differential equations. However, non-linear equa-
tions or equations with more complex forms may
require other solution techniques.

4. Conclusions

Three-winding transformers, also known as ter-
tiary transformers, are electrical devices used to
transfer power between three separate circuits. In
power systems, wave processes refer to the propa-
gation of electrical signals and disturbances, such as
voltage and current, through transmission lines,
transformers and other components. These pro-
cesses are characterized by various wave phenom-
ena such as reflection, transmission and interaction.
Wave processes can have significant effects on the
operation and performance of the transformer.
These effects can include voltage and current oscil-
lations, transient overvoltage and other distur-
bances that can affect the stability and reliability of
the power system. Understanding and analyzing
these wave processes is essential for the effective
design and operation of power systems.

Fig. 7. Voltage distribution at different points of the tertiary winding of a three-winding power transformer depending on time.
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Amathematical model has been developed for the
study of wave processes in three-winding power
transformers, taking into account the main magnetic
flux, own and mutual interwinding fluxes and
mutual interwinding fluxes of the winding disper-
sion, the formation of initial and boundary condi-
tions is given. A modified method of variable
separation is proposed to solve a system of differ-
ential equations with partial derivatives. The pro-
posed mathematical model allows modeling of
voltage distribution in transformer windings, on the
basis of which it is possible to develop means of
protection against overvoltage and coordinate their
isolation.
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