ST, Journal of KONBIN 2021

» sciendo ‘@2‘ Volume 51, Issue 1
DOI 10.2478/j0k-2021-0017

Leszek OPYRCHAL
Military University of Technology (Wojskowa Akademia Techniczna)

IS MEAN TIME TO FAILURE (MTTF) EQUAL TO
MEAN TIME OF LIFE FOR UNREPAIRABLE
SYSTEMS?

Czy dla nienaprawianych systemow Sredni czas
bezawaryjnej (MTTF) pracy jest rowny Sredniemu
czasowi zycia?

Abstract: One of the most important reliability parameters is the mean time to failure
(MTTF). It is widely accepted that the MTTF is equal to the mean time of life Er. This article
shows that this is not necessarily true. Although for the most commonly used statistical
distributions (such as exponential, Gaussian, chi-square, Fisher-Tippett distributions) the
values of MTTF and Er are equal, this is not the case for the log-normal distribution.
Similarity, some less commonly used distributions (such as Breit-Wigner distribution) may
also require calculation adjustments resulting from MTTF # Er. Ignoring this discrepancy,
an erroneous MTTF value can be obtained.

Keywords: reliability, mean time to failure, mean time of life

Streszczenie: Jednym z najwazniejszych parametrow niezawodnosci jest Sredni czas
bezawaryjnej pracy (MTTF). Powszechnie przyjmuje sie, ze MTTF jest rowny Sredniemu
czasowi zycia E(T). Ten artykul pokazuje, Ze niekoniecznie jest to prawda. Chociaz dla
najczesciej uzywanych rozktadow statystycznych (takich jak wyktadniczy, Gaussa, chi-
kwadrat, Fisher-Tippett) wartosci MTTF i ET sq rowne, to nie jest tak w przypadku rozktadu
log-normalnego. Podobnie, niektore rzadziej stosowane rozkiady (takie jak rozkiad Breit-
Wigner) mogq rowniez wymagac korekty obliczenia wynikajgcej z MTTF # Er. Ignorujgc
te rozbieznos¢, mozna uzyskac bledng wartosé¢ MTTF.

Stowa kluczowe: niezawodno$¢, $redni czas bezawaryjnej pracy, $redni czas zycia
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1. Introduction

The MTTF plays an important role in current research on system reliability. For
example Izadi at al. [8] developed new nonparametric classes of distributions in terms of
MTTF in age replacement, Ghazizadeh et al. [6] consider MTTF in vehicular clouds,
Kattumannil and Anisha [11] developed non-parametric test for decreasing MTTF. In this
work unrepairable systems was considered. However, unrepairable products are more and
more common in everyday life. Therefore, it is important that the MTTF calculations for
unrepairable systems are correct.

For the unrepairable systems one of the most important and most often determined
parameter in the practical calculation of reliability is the mean time to failure (MTTF),
which is equal to the mean of the lifetime E7. Unrepairable system can only break once.
This parameter can be calculated in the following two ways [16]. Firstly: the probability
density function f{¢) should be estimated basis on experimental data. Then, the expected
value of the mean time of life Er should be calculated

Er = [t f(D)dr (1)

Secondly: hazard function /4(7) should be estimated using experimental data. Then the
reliability function R(¢) can be calculated using the Weiner formula:

t
R(t) = exp (— I\ h(r)dr) )
Knowing the reliability function R(f), MTTF can be calculated
MTTF = [,” R(t)dt (3)

The formulas (1-3) are well known and can be find in many handbook, for example
[10].

As was mentioned, both values E7 and MTTF are considered to be the same for
unrepairable systems. However, they are defined in a different way. Thus, the question
arises: are these values indeed equal?

Many handbooks and textbooks of reliability theory, such as [1, 7] have not addressed
the equality of MTTF and E7. In contrast, Military Handbook [12], Birolini et all. [3], Yang
[17] have stated that that MTTF and Er are equal by definition. According to Kapur and
Pecht [10] the equality of these values should be subjected to rigorous empirical and
theoretical testing.

The aim of this article is to explore the equality of MTTF and E7 values in different
systems, with the focus on applications relying on different patterns of distribution.
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2. Methods and calculations

2.1. General considerations

The MTTF is defined by formula (3) and as the mean value of the time-to-failure
random variable E7 in formula (1). The probability density function f{¢) is related to the
cumulative function by the relationship:

dF(t)

fO =" = F0 = [ fode )
0

In turn, the cumulative function F(¢) is connected with the reliability function R(7) as
follow:

F(t)=1-R(t) (5)

It is possible to perform the following calculations using the method of integration by
parts:

Er = f t f(t)dt =t F(t)|T —fF(t)dt = tF()|F - f(l—R(t))dt, (6)

where formula (5) is included. Continuing the calculations, we get:

[ee)

Er =tF(t)|g — t& +f R(t)dt =t [F(t) — 1]|7 + MTTF. (7

0

For Erto be equal to MTTF, the first element (¢ [F(¢) — 1]) must equal zero in the limits
zero and infinity. Let's calculate the limits:

limt [F(t) — 1] = 0+ (—1), because F(t = 0) = 0. (®)
The problem arises with the limit at infinity:
lim ¢ [F(t) - 1] (€))
because there is the indeterminate form type oo-0, since

limt =o (10)

t—ooo
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and

lIimF({)-1=1-1=0. (11)

t—ooo

By making a standard transformation, we get the indeterminate form oo/oo:

F(t)—1

lim t [F(t) — 1] = lim ———. (12)

t—>oo t—>oo 1

t

We apply the de I'Hospital rule and receive:
fO
im—1 =~ lim £, (13)
t—Z

As the above equation shows, for the definitions to be equivalent, f(f) must be faster
converged to zero than # to infinity. Whether this condition is met depends on the specific
form of the probability density function f{¢).

2.2. Considerations for specific distribution functions

2.2.1. General exponential distribution

The probability density function has the form:
() = atPe0t", (14)

where:
¢ — time,
a, 0, ¢— constant parameters, o, 6, £> 0, >0.

Depending on the parameter values ¢, f, fand &, the following distributions can be
described by using the above functions (tab. 1):

The exponential function is more important distribution in reliability because it
describes situation wherein the hazard rate is constant. This occurs for almost every
technique product in the middle of its lifetime. The exponential distribution is most often
used for predicting the reliability of electronic equipment.

The chi-square distribution is currently used in reliability calculations to check the
compliance hypothesis, see [4, 5, 15]. However, it cannot be excluded that one day a product
will be created whose failure density function will correspond to the chi-square function
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Weibull distribution is very useful in reliability. This is a very general distribution and
a wide range of different classes of engineering elements can be modeled by adjusting its
parameters.

Gamma distribution is used when a certain number of partial failures must occur before
the main element is damaged, see [12].

Table 1

Types of statistical distributions depending on the value of the parameters of general
exponential distributions

distribution parameter values formula
exponential a=18=00=1e=1 f(t) = et
N
(%)2 N 1 1/ty27!
chi-square @= r (ﬂ) B=7-L6=3 £ = 7(7) o3t
’ rz)
N — natural number, N = 2
1
) a=l,ﬁ=n—1,9=—,s=n n e\t oty
Weibull al a’ fi) == (—) e _(E)
o\o

o, n— constant parameters, o > 0, nz 0

n 1
a=—,f=n—-1,0=—,e=7 AN
gamma o’ a’ (t) = —— tN—1e Mt
TO=rem

A, n— constant parameters, A >0, 7721

For the general exponential distribution the following limit is searched:

im 2 - B+2 o—0t% _ | at’* (15)
A /O = i et = i g
Applying the de I'Hospital rule we get:
. atft? (B +2) P (B +2)tPrEE (16)
tl»rg efts tgg @ ete~l bt t_)Ig 0 € eft® ’
The constant factor a((/jzz) does not affect the limit. After performing the

differentiation, in the numerator instead of t5*2 a factor t#+2¢ appeared and the exponent
has been reduced by the value of . If it is positive, we will again apply the de 1'Hospital
rule until the exponent is a negative number. Then the numerator will be convergent to zero,
and the denominator to infinity, that is, the whole fraction will be convergent to zero.
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2.2.2. Gaussian distribution

In reliability, Gaussian distribution is mainly used for two purposes. First for analyzing
items that show failure due to wear, such as mechanical devices. Secondly is the analysis
of manufactured items and their ability to meet specifications, i.e. for quality control
purposes [7].

The probability density function is:

__ L e 17
() me (17)

o
where:
t — time,

o, 1 — constant parameters, positive.

For Gaussian distribution the limit is calculated:

—1(t—_ﬂ)2 . o\2mt?

O =it R T T S i e 18
e2\ o
After applying de 1'Hospital rule, we receive:
lim t2 f(¢t) = lim 2t — (19)
e o i

This is the indeterminate form type oo/c0. Therefore, the de 1'Hospital rule must be
applied twice. The result is:

205\2x
lim > =0 (20)

tooo 1

ez(tt_r ) [u? + 0%+ t(t —2u)]

because both

2

lim e%(t?Tﬂ) = o0 @b
t—oo
as well
tlim [u? + 02 + t(t — 2u)] = oo. (22)
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2.2.3. Extreme value distribution

Extreme value distribution is very useful to describing the probabilistic nature of
extreme value of some phenomena in the time, both larges or smallest, see: [9, 13].
The probability density function is:

1 t-u_ EH
f)=-ev °° (23)
o
where:
t — time,
M, o> 0 — constant parameters, positive.
The limit is calculated as:
. 2 . 2 1 t_—”—et?Tu . tz
m e® fO) =lime® Zere " = lim e (24)
oe o
The de ’Hospital rule is applied twice
. 2t . 20
lim —— = lim - =0 (25)

tooo B pt U I t+p 2t 2p
e U(ea—ea> e o -(—ea +ea+ea)
because

L ) t+u 2t 2u
lime®’ ~ o - (—eT +eo + e?) = o0 (26)

t—ooo

2.2.4. Log-normal distribution

Logarithmic distribution is mainly used in semiconductor reliability analysis and for
fatigue life analysis some types of mechanical components [12]. The probability density
function is

e

f@®) = (27)

otv2m

where:
t — time,
o, [ — constant parameters, positive.
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The limit is calculated:

t2 tllm t
. 2 T _ —00 .
tlH?ot f@© = tll»rg l(ln(t)—u)z - l(ln(t)—u)z (28)
otV2me2\ ¢ oV2me2\ ¢
The de I’Hospital rule is applied

] 1 ) ot
lim > = lim > (29)
t—o0 1(ln(t)—u> t—oo l(ln(t)—p.)

V2n(In(t) — p)e2\ o V2n(In(t) — p)e2\ o

ot

It should be noted that the variable ¢ remained in the numerator. This means that it is
not possible to calculate this limit using the method described in the section 2.1., because
after performing the differentiation of the In(¢) function, the variable ¢ will always appear in
the numerator.

2.2.5. Breit-Wigner distribution

The Breit-Wigner distribution is also called the Cauchy distribution. It is used in the
analysis of data that contains outliers. Also, if the extremes are true data values, Cauchy
distribution seems to be the most appropriate model, see [2]. The probability density of the
Breit-Wigner distribution is:

@) = ! (30)

no[1+ (55 #)2]

where:
t — time,
o, [ — constant parameters, positive.

Calculation of the limit:

£2
lim t? f(t) = lim (31)
t—oo t—oo t— ,Ll 2
no [1 + ( 5 ) ]
There is applied the d’Hospital rule twice:
2t 1
lim — N o (32)
t—oo 210 ( #) s
o
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3. Results

The results of the calculations are presented in the tab. 2. It includes: name of the
statistical distribution and statement if the MTTF is can be considered as identical to Er.
The calculations were made for the most common statistical distributions in practice. Other
distributions have not been studied.

Table 2

The results of the calculations the equality of mean time to failure (MTTF) and the
expected value Er of the distribution. Yes — means that the values defined by the
formula (1) and (2) are equal. Further research should be carried out to determine
the equality of MTTF and Er values for the Log-normal distribution.

Distribution MTTF = Er
Exponential yes
Chi-Square yes
Weibull yes
Gamma yes
Gaussian yes
Fischer-Tippet yes

Log-normal indeterminate
Breit-Wigner no

4. Conclusions

The equality of MTTF and Er was found in six out of eight cases of the statistical
distributions that were examined. This means that MTTF and Er can be used
interchangeably in practical calculations utilizing Exponential, Chi-square, Weibull,
Gamma, Gaussian, Exstremly value, distributions. In the case of Breit-Wigner distribution,
such equivalence does not exist, because there is no expected value of this distribution. The
equality of MTTF and Er values for the Log-normal distribution has not been confirmed.
The expected value of the Log-normal distribution, which according to James [9] is:

1
Er = e(1=30) (33)
does not need to be equal to MTTF. The Log-normal distribution is often used in practical

calculations [14]. Therefore, this problem requires further research. The same as examining
the equality of MTTF and Er for other, less popular statistical distributions.
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