
  Pol. J. Chem. Tech., Vol. 15, No. 2, 2013 53Polish Journal of Chemical Technology, 15, 2, 53 — 61, 10.2478/pjct-2013-0024

Experimental study and mathematical modeling of the residence time 
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This study reports on research results in the fi eld of a mixing process under the action of a transverse rotating 
magnetic fi eld (TRMF). The main objective of this paper is to present the effect of this type of a magnetic fi eld 
on residence time distribution (RTD) measurements. This paper evaluates the performance of a magnetic mixer 
by comparing the results of an experimental investigations in a pilot set-up and theoretical values obtained from 
mathematical model. This model consisting of the set of ideal continuous stirred tank reactors (CSTR) fi tted well 
the experimental data.
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INTRODUCTION

 The simulation of chemical engineering processes is 
connected with the knowledge about hydrodynamics, 
transfer processes and chemical reactions. The residence 
time distribution (RTD) is one of the most informative 
characteristics to obtain hydrodynamic information. This 
systemic approach is allowed to establish the fl ow patter 
in the various types of mixers or chemical reactors. The 
RTD technique may be treated as a quantitative method 
to derive simple hydrodynamic models in the case of 
complex engineering systems. For design and scale-up 
purposes, it is essential to have information on the 
RTD. Many experimental investigations and theoretical 
considerations are reported on the RTD of impinging 
chemical engineering devices1–13.

The interpretation of RTD measurements may be reali-
zed by using compartmental models which are composed 
of the branches containing the elementary ideal reactors 
connecting all together by the nodes. The application 
of a mixing model (combination of a plug fl ow reactor 
(PRF) and a continuous stirred tank reactor (CSTR) 
with circulation fl ow) to study of RTD measurements is 
widely presented in the relevant literature14–17. 

From the experimental point of view, the non-ideal 
fl ow in the reactor may be estimated by means of the 
stimulus-response technique. This method is based both 
on the analysis of the response curve (the response is 
the recording tracer leaving the vessel) and physical 
information about the process itself. The non-ideal 
fl ow in the reactor may be caused by channeling of 
fl uid, by recycling of fl uid, or by creation of stagnant 
regions in the vessel18. An accurate description of this 
type of reactors is still diffi cult and mathematical model 
for non-ideal mixing process may be obtained by using 
the compartment models. These type of models are 
provided a basis for understanding the complex nature 
of the velocity fi eld in the gross sense. Moreover, the 
compartment models have important advantages over 
more fundamental modelling (e.q. CFD technique), 
particularly in simplicity and cost. 

Several types of reactors or mixers are used in chemical 
engineering industries19–21. Static or alternating might 
be applied to augment the process intensity instead of 
mechanical mixing. The novel approach to a mixing pro-

cess is based on the application of a transverse rotating 
magnetic fi eld22. It is obvious that this kind of magnetic 
fi eld may be induced a complex fl ow23. There is, there-
fore, a need to investigate the infl uence of a transverse 
rotating magnetic fi eld (TRMF) on the hydrodynamic 
conditions. In this study, a mathematical model based 
on a compartment model is developed to simulate the 
mixing process under the action of a TRMF. 

EXPERIMENTAL DETAILS

Experimental apparatus 
The schematic diagram of experimental set-up is 

graphically presented in Figure 1. The experimental 
apparatus is consisted of a cylindrical plexiglas column 
(1) (inner diameter – 0.1 m; outer diameter – 0.11 m; 
length – 1 m); inlet (2) and outlet (3) spouts; a spout 
for introduction of trace into the fl uid entering the 
vessel (4); inlet (5a) and outlet (5b) conductivity elec-
trodes; temperature sensors (6a and 6b); generator of a 
TRMF (7); a.c. transistorized inverter (8); multifunction 
computer meter CyberScan PCD 6500 Eutech (9) and 
personal computer (10). 

Investigations were realised with the temperature of 
the working liquid (tap water) variation between 20 and 
25oC. The volumetric fl ow rate of liquid were varied 
from 0.0084 to 0.0167 dm3 ∙ s–1. The working volume 
(volume of TRMF generator) was equal to 5 ∙ 10–3 m3.

Mixing was provided by means of the modifi ed three-
-phase stator of a induction squirrel cage electric motor, 
which parameters are compatible with Polish Standard 
PN-72/E-06000. The magnetic induction of TRMF was 
controlled by mans of the alternating current frequency 
equal to the frequency of the TRMF. In these measure-
ments, this stator was supplied with 50 Hz three-phase 
alternating current. The a.c. transistorized inverter was 
used to change the frequency of the TRMF. In this 
experimental procedure, this frequency was varied in the 
range of f = 1–20 Hz. The more detailed description of 
this kind of magnetic fi eld measurements can be found 
in the relevant literature24. Moreover, the obtained va-
lues in this article suggest that the averaged values of 
magnetic induction may be analytically described by the 
following relation:
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 (1)

Experimental procedure 
The mixing process under the action of a TRMF was 

evaluated from residence time distribution measurement 
using the stimulus-response technique. This technique 
is the simplest and most direct way of fi nding the resi-
dence time distribution (RTD) curves. In the case of 
this experimental work, the RTD is obtained by injecting 
a tracer instantaneously (a pulse input) at the inlet of 
fl ow system, and then measuring the tracer concentration, 
c(t), at the outlet as a function of time. The stimulus-
-response technique demands injecting the tracer within 
a very short time compared to the fl ow residence-time 
scale. This impulse can be described by the Dirac delta 

function (δ-Dirac function), that is  

such that . RTD experiments were reali-

zed with a saturated solution of brine (25 wt % NaCl). 

Figure 2. The typical examples of experimental results: a) Bavg = 0.69 mT (fTRMF = 1 Hz); b) Bavg = 5.53 mT (fTRMF = 10 Hz); 
Bavg = 8.89 mT (fTRMF = 20 Hz)

Figure 1. The scetch of experimental set-up: 1 – plexiglas 
column, 2 – inlet spout, 3 – outlet spout, 4 – spout 
for introduction of trace, 5 – conductivity electrodes 
(a – inlet and b – outlet), 6 – temperature sensors 
(a – inlet and b – outlet), 7 – generator of TRMF, 
8 – a.c. transistorized inverter, 9 – multifunction 
computer meter CyberScan PCD 6500 Eutech, 10 
– personal computer 

The typical examples of experimental results obtained 
in this work are graphically illustrated in the Figure 2. 

In order to describe the dynamic behaviour of the 
magnetic mixer the experimental measurements were 
performed for different sections of the installation. The 
continuous measurements of conductivity were collected 
for the liquid phase by introduction of the tracer solu-
tion under the effect of TRMF (conductivity electrode 
– 5b) and without the effect of this kind of magnetic 
fi eld (conductivity electrode – 5a). Once the operating 
conditions are stable (or considered so by constant value 
of Bavg and  ), the tracer is introduced into the inlet 
of the plexiglas column (spout for introduction of trace 
– 4). Samples are then collected every 1 s until the tracer 
disappearance in the tested magnetic mixer. 

The mean time of duration, td, is equal about 3000 s. 
The typical examples of conductivity measurements under 
the effect of TRMF and without the effect of TRMF 
for  are presented in Figure 3. 

RESULTS AND DISCUSSION 

Time-lag of residence time distribution (RTD) measu-
rements 

In the development of the dynamic model for the 
magnetic mixer plant, the results of the obtained RTD 
measurements are taken into account. Based on the expe-
rimental curves, the normalized time-lag was obtained at 
different volumetric fl ow rates, , and the normalized 
and the averaged values of magnetic induction, Bavg. The 
variation of this time-lag with operating parameter is 
presented in Figure 4. 

To establish the effect of the working parameters on 
the time-lag in the analysed set-up, we propose the follo-
wing relationship to work out the experimental database

 (2)

In the above relationship (2) the parameter  is the 
n o r m a l i z e d  v a l u e  o f  t h e  t i m e  l a g 

 and the parameter (Bavg)*  
is the normalized value of the averaged magnetic induc-

tion  . The obtained 
values of the coeffi cient p1, p2 and p3 are given in Table 1.
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As can be clearly seen (see Figure 4) the normalized 
time-lag, τ0, decrease with increasing values of the vo-
lumetric fl ow rates. It is found that as the intensity of 
the TRMF increases, the values of delay time decrease. 
It may be concluded that the TRMF strongly infl uenced 
on the RTD measurements. 

Mathematical model for the magnetic mixer 
A mathematical model must be based on the fl ow 

characteristic in the mixer. Every compartment model 
is composed of two parts, a structural part, which takes 
into account the architecture of the model, and a pa-
rametric part, which contains the extrinsic parameters 
of the model25. It is clear that the compartment model 
is composed of the branches containing the elementary 
reactors (e.g. cascade of CSTR). It should be noticed 
that the proposition of the mathematical model structure 
may be treated as the master problem. The generation 
of the structure consists in the choice of the elemen-

tary ideal fl ow models and the determination of their 
connections. By comparing the experimental RTD curve 
with the theoretical curves for various combinations of 
compartments and throughfl ow, we can fi nd which model 
best fi ts the real mixer. 

The correct model of the magnetic mixer must be 
based on considering it as the sum of different regions, 
each with a characteristics fl ow pattern, therefore, the 
tested set-up can be modelled by dividing it into sections 
as shown in Figure 5. 

An ideal continuous stirred tank reactor (CSTR) model 
used for the each sections in the magnetic mixer. The 
hydrodynamic of this type of mixer is represented by the 

Figure 4. The infl uence of the averaged values of magnetic 
induction on parameter τ0

Table 1. The parameters of Eq.(2)

Figure 5. The model structure of liquid mixing in magentic mixer 

Figure 3. The typical examples of conductivity measuremnets under the action of TRMF (outlet TRMF) and without the effect 
of TRMF (inlet TRMF): a) Bavg = 0.69 mT,  = 0.0111 dm3s-1; b) Bavg = 8.89 mT,  = 0.0167 dm3s-1
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In the above relation (Eq.6), the term, , is repre-
sented the time-lag in RTD measurements, and it may 
be expressed in the following form:

 (7)

By taking the Lapalce transform of Eq.(3), the mathe-
matical model of the magnetic mixer can be written as:

 (8)

where the time-constant for compartment volumes is 
given by:

 (9)

Taking into account the system of algebraical equations 
(see Eq.(8)), we obtain the following relationships:

 (10a)

 (10b)

 (10c)
where: 

 (10d)

 (10e)

where:  

 (10f)

Taking into account the relations (10a), (10b) and 
(10d), we fi nd the following form of Eq.(10c):

 (11)

Applying the Eq.(10f) and introducing Eq.(9) one fi nds 
that Eq.(10e) can be expressed as:

 (12)

Based on the above equations, the transfer function of 
the magnetic mixer can be expressed as follows:

 (13)

It should be noticed that the above Eq.(13) may be 
rewritten in the following form which is useful for the 
simulation analysis:

 (14)

following system of differential equations describing the 
transfer mass balances in all compartments:

 (3)

For the solution of the set of differential equations (3), 
compartment volumes, , and the fl ow rates, , must 
be known. It should be noticed that the compartment 
volumes are here unequal (see Figure 5). The proposed 
model, as depicted in Figure 5, is a four-parameter model 
(k, k1, k2, γ). In the case of this experimental work, the 
parameter k is treated as a gain constant. 

From the practical point of view, the analysed ma-
gnetic mixer may be described by the following general 
relationship:

 (4)
According to the above relation (Eq.(4)), the diagram 

of magnetic mixer is shown in Figure 6. 
Laplace transform functions may be used in derivation 

of RTD equation for simplifying the analytical procedure 
leading to the solution. Based on the Laplace transform 
functions, the Eq.(4) may be given by (see Fig. 6b):

 (5)

A transfer function is a mathematical representation 
of the relation between the input and output of the 

Figure 6. The diagram of magentic mixer

considered system. The transfer function of a linear 
system with initial conditions set to zero is defi ned as a 
ratio between the system output and the perturbation 
input in the Lapalce domain. In the case of this work, 
the transfer function may be expressed as follows:

   
 

0 s
Y s

W s e
X s

  (6)
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The above mathematical model in the form of the 
complex transfer function may be effectively analysed 
by means of the Matlab software. By taking the inverse 
transform of Eq.(14), the RTD function of the proposed 
model can be written as:

 (15)

The proposed mathematical model was used to mo-
del the dynamic behaviour of the magnetic mixer, and 
Eq.(15) was fi tted according to the experimental data. An 
example of model predicted curve with experimentally 
measured RTD is shown in Figure 7. As shown in the 
fi gure, experimental data fi t the proposed mathematical 
model satifactionary. 

With the assumed model, the objective of the optimi-
zation problem was to obtain the values of parameters 
that minimize the sum of squares of deviation, ε, between 
the measured and the predicted outlet concentration 
curves. The objective function minimized here is given 
by the following equation:

 (16)

is investigated. The infl uence of the volumetric fl ow rate 
and the magnetic fi eld intensity on these parameters is 
graphically presented in Figure 8.

The obtained values of parameters shown in this 
fi gure as points could be analytically described by the 
relationships presented in Table 2. 

The RTD technique is served as a reasonable indicator 
of the type and extent of mixing. Response curves from 
the RTD experiment may be treated as the quantitative 
description of the mixing system. For the tracer input 
method the RTD (or exit age-distribution) function, E(t), 
may be related to the outler tracer concentration, c(t), 
by the following function of time:

 (17)

Taking into account the RTD function (Eq.(17)), sta-
tistical parameters such as the mean residence time, tm, 
and the variance σ2 can be determined experimentally 
by using the following relationships:

 (18a)

 (18b)

The mean residence time, which gives the average 
time the exiting fl uid element spend in the low system, 

may be also defi ned as follows (because ):

 (19)

For a constant volumetric rate, the mean residence 
time (often also called reactor holding time) in a re-
actor is equal 

 (20)

It should be noticed that the above equation is valid 
for an ideal continuous stirred tank reactor (without the 
dead and stagnant zones within the reactor). The mean 
residence time are equal to 595, 450 and 300 s for the 
volumetric fl ow rates equal to 0.0084, 0.0111 and 0.0167 
dm3 · s-1, respectively. 

Figure 7. The typical example of experimental data fi t by using 
the proposed mathematical model (Eq.15)

Table 2. The relationships defi ning the parameters of the model parameters (k, k1, k2, γ)

In order to work out the above objective function and 
the resulting optimization problem for the experimental 
database, a code was written, validated and implemen-
ted by using some programming function available in 
Matlab software.

According to the calculated results of the model para-
meters (k, k1, k2, γ), the effect of the operating parameters 
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Theoretically the experimental mean residence time 
(Eq. 19) and the mean residence time (Eq. 20) should 
be identical7

 (21)
The variance is a measure of the spread of the di-

stribution of time and it may be expressed in the form:

 (20)

Basing on the defi nition of the mean residence time 
and the variance, the coeffi cient of variation, CV, may 
be defi ned in the following form:

 (21)

This coeffi cient is a measure used to assess the va-
riability of the standard deviation with the respect to 
the mean residence time. In the context of the mixing 
process, a CV of zero would imply complete plug-fl ow 
mixing while a non-zero CV implies that there is a axial 
dispersion or mixing caused by other mechanism. It should 
be noticed that the smaller the variance or the CV, the 
narrower is the RTD, the closer is the distribution to the 
mean residence time, and the better the mixing quality1. 

From the practical point of view, the TRMF may be 
characterized by means of the following numbers:

– dimensionless Chandrasekhar number 
 (22)

– dimensionless fi eld frequency based Reynolds number

 (23)

The interaction between of the TRMF and the used 
liquid may be also described by means of the dimen-
sionless Hartmann number

 (24)

where l is the characteristic dimension (e.g. diameter of 
TRMF generator). 

It should be noticed that the Chandrasekhar number is 
the square of the Hartman number. The product of the 
squared Hartmann number, as the acting force of the 
magnetic fi eld, and the fi led frequency based Reynolds 
number is known as the dimensionless Taylor number 

 (25)

Figure 8. The infl uence of the volumetric fl ow rate and the magnetic fi eld intensity on parameters of mathematical model
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In the presence of a steady or a rotating magnetic 
fi eld, the relative infl uence of the magnetic Lorentz 
force vs. viscous force is determined by using of the 
Hartman number. It should be noticed that the Hartman 
number (and indirectly Taylor number) is proportional 
to the strength of the produced magnetic fi eld and its 
square is a measure of the relative importance of the 
electromagnetic to the viscous force. Therefore, the 
obtained values the coeffi cient of variation, CV, should 
be expressed as the function of the dimensionless Taylor 
number. The infl uence of the TRMF on the coeffi cient 
of variation, CV, for the different fl ow rates is graphically 
presented in Figure 9. 

und that the RTD of magnetic mixer is well described 
by the proposed mathematical model. Moreover, the 
characteristics of RTD such as the mean residence time 
and the coeffi cient of variation was used to as indirect 
measurements to quantify mixing performance in the 
tested mixing device. 

Acknowledgements
This work was supported by the Polish Ministry of 

Science and Higher Education from sources for science 
in the years 2012–2013 under Inventus Plus project.

NOMENCLATURE 

B   – magnetic fi eld, kg ∙ A-1 ∙ s-2 
c  – tracer concentration, kgNaCl∙(kgsolvent)–1

CV  – coeffi cient of variation
d  – diameter, m
E  – residence time-distribution function obtained 

directly, s–1

f  – frequency of transverse rotating magnetic fi eld, s–1

k, k1, k2 – parameters of mathematical model (see Eq.(3)) 
l  – characteristic dimension, m  
N  – number of data points 
pvar  – parameter of equation (Eq.(2). Eq.(15) or 

Eq.(26))
R  – correlation coeffi cent 
s  – Laplace domain 
t  – time, s 
td  – time duration, s 
tm  – mean residence time distribution, s 
T  – time-constant for compartment volumes, s 
V  – compartment volume, dm3 

  – volumetric fl ow rate, dm3 ∙ s-1

W(s) – transfer function 
x, X – inlet signal  
y, Y – outlet signal  

Greek letters 
δ  – Dirac delta function 
ε  – sum of squares of deviation between measured 

and predicted values 
γ  – parameter of mathematical model (see Eq.(3))
ν  – kinematic viscosity, m2 ∙ s–1

  – density, kg ∙ m–3

σe  – electrical conductivity, A2 ∙ s3 ∙ kg–1 ∙ m–3 
σ  – standard deviation of residence time distribu-

tion, s 
σ2  – variance of residence time distribution, s2 
τ  – time, s 
τ0  – time-lag, s 
ω  – angular velocity of transverse rotating magnetic 

fi eld-lag, rad ∙ s–1 

Superscript 
*  – normalized value of parameter  

Table 3. The parameters of Eq.(26)

Figure 9. The graphical demonstration of the infl uence of 
dimensionless Taylor number on the mean residence 
time

Figure 9 shows how CV values change with respect 
to the dimensionless Taylor number values for the te-
sted magnetic mixer. The effect of the TRMF may be 
described by means of the relatively simple relationship 
as follows:

 (26)
The graphical presentation of the above Eq.(26) is 

given in Figure 9. The values of the parameters for the 
proposed Eq.(26) are presented in Table 3.

It should be noticed that the coeffi cient of variation, CV, 
may be used to evaluate the degree of mixing. The nar-
rower the RTD, the closer it approaches ideal plug-fl ow 
behaviour. The moderate increase in CV with increase 
in the Taylor number implies a reasonable decrease in 
mixing performance of magnetic mixer. 

CONCLUSIONS

In the present report, the infl uence of the TRMF on 
the RTD was studied systematically. RTD of magnetic 
mixer was determined experimentally by impulse method. 
Based on these investigations, the compartment model 
is developed in order to simulate the mixing process 
under the action of the TRMF. Form tests it was fo-
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Subscripts
avg – averaged 
exp  – experimental
mod – model  

Dimensionless numbers

  – Taylor number 

  – Hartmann number

  – fi eld frequency based Reynolds number

  – Chandrasekhar number

Abbreviations
CSTR – continuous stirred tank reactor
MPE – mean percentage error
PRF – plug fl ow reactor 
RTD – residence time distribution
TRMF – transverse rotating magnetic fi eld 
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