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ABSTRACT

Purpose: Develop a method for determining and evaluating the stress-strain state, in particular
the distribution of thermomechanical stresses in the materials of individual rotating parts of
vehicles.

Design/methodology/approach: The proposed method is based on the principle of gradual
approximations of the solution when the boundary conditions are satisfied on the curvilinear
limiting surfaces of the disk body.

Findings: The proposed method of determining and estimating the distribution of
thermomechanical stresses in the disk material makes it possible to take into account the
variable geometry: thickness and presence of a hole in the central part of the disk, also correctly
determine stress strain state at any point of unevenly heated rotating axial body.

Research limitations/implications: The work uses generally accepted assumptions and
limitations for thermomechanical calculations.

Originality/value: It is proved that in real disks the stress-strain state is spatial, and the
well-known method based on the hypotheses of the plane-stress state does not provide the
possibility of calculating the values of stresses in the thickness of the disk. The obtained results
can be used as a basis for improving the methodology of auto technical examination of road
accidents. In addition, they can be taken into account by design engineers of car brake systems.

Keywords: Thermomechanical stresses, Disk brakes durability, Stress strain state, Vehicle
reliability, Braking distance
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1. Introduction

Based on the analysis of operating conditions of
vehicles, in particular metal structures of components and
parts, the dynamic loads, the temperature effect [1], and the
environment were found to be the main factors that cause
malfunctions and destruction of assembly units, including
rotating ones (clutch mechanisms, brake discs, and other
parts of their connections) [2-8].

These factors promote the formation of a scale or a film
on surfaces of the specified metal structures of vehicles with
consideration of surfaces’ condition: a covering, roughness,
hardness, etc [9-12]. The constant influence of these factors’
combinations causes damage with subsequent destruction.
The most characteristic types of damages are [6-8, 13-16]
fatigue damage, corrosion and mechanical wear, corrosion
fatigue, corrosion cracking, fretting-corrosion. Fatigue
destruction of metal structures causes vehicle failure and
weight loss; intensifies wear of joints; changes the value of
surface roughness of parts; reduces fatigue strength [10, 17-
20]. As a result, various cracks and breaks in the metal
structures occur. Therefore, the reliability, efficiency, and
service life of machines and their elements are reduced, the
cost of repairs and elimination of damage results increases
[13,21]. The service life of parts due to fatigue failure in
practice is often reduced to 50%. Based on the analysis of
parts’ fractures, the most damageable ones are nodes and
parts made of sheet steel, as well as surface of rotation, etc.
[4,8,14,21,22]. Thus, during the vehicles’ operation, random
complex combinations of differently oriented in space force
factors affect the elements of load-bearing systems due to
the random nature of sources of disturbances (transport
regimes, road bumps, road geometry, etc.). The research
results of metal structures are significant for solving such
problems: evaluation of metal structures SSS (stress-strain
state) in order to define and improve the most loaded
elements for the decrease in metal consumption of a design;
stress distribution in the most loaded sections of the
elements to predict the reliability of vehicles.

Based on the studies of disc brakes of vehicles [21,22]
and the constructions designed with the help of 3D simu-
lation technology, a thermostructural model was developed.
In addition, the transitional temperature field of a car brake
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in certain operating conditions (hard braking, etc.) was
analysed. Based on 3D simulation, the temperature curves of
the brake disc in the radial and circular directions are
developed, stresses and strains are computed. At the same
time, the SSS of the disk is not sufficiently studied
analytically, taking into account the stress level in the ma-
terial. Since thermal stresses are additional and significantly
affect the SSS overall level (mechanical stresses and strains)
[21,22], they can cause the formation and propagation of
cracks, resulting in a spontaneous destruction of metal
structures [2,4,7,8,13,14,16]. Thus, to solve these problems
with maximum accuracy, the provisions of the theory of
elasticity should be applied, which will provide adequate
simulation of stresses and displacements under operating
loads. Therefore, it is advisable to improve the theoretical
foundations for better understanding of thermomechanical
processes in metal structures such as rotating disks of
variable thickness. So, the purpose of the work is to develop
a method for determining and evaluating the stress-strain
state, in particular the distribution of thermomechanical
stresses in the materials of individual rotating parts of
vehicles.

2. Methodology

The problem of the theory of elasticity for rotating disks
of variable thickness (solid with a hole in the centre of the
metal structure) is known to be accurately solved with a
number of assumptions and approximations [18, 21-23]. In
the solution [18,23] for the rotating disk problems, the
conditions for normal stresses on cylindrical surfaces are
fulfilled integrally, on average, and only for a disk of small
thickness.

In the proposed work, the rotating disk of variable
thickness is analytically investigated taking into account the
effect of uneven temperature, in contrast to [18,22,23] for
the case of the solution for a flat plate.

For a solid disk of variable thickness with mass per unit
volume p, which rotates with an angular velocity @ in the
temperature field 8 = 6 (, z) bounded by symmetrical about
the axis of rotation z and the axis » surfaces 22 3/2,
differential equations of equilibrium in cylindrical
coordinates are deduced [18,23,24]:
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In equations (1) and (2), the index after the comma means
the partial derivative of the corresponding coordinate: 7, or z,
u; and us — respectively, the components of radial and axial
displacements; Au; — Laplace operator from displacements u;
(i=1,3); 011, 022, 033, 013 respectively components of radial,
circumferential, axial and tangential stress.

Components of stresses [18,24]:

= 2G (eU e 65” :a95ij)
lﬁ] - 152’3 (3)

If the relationship between deformation of displacements
is known [18,23,24], then:

€11 = U115

1
€22 = TUy; 4)
€33 = U3z 1;

2e13 = U3 +Us;

If §;; — Kronecker symbol; & and v — respectively, coefficients
of linear thermal expansion and Poisson’s ratio; e = e;; +
€55 + e33 — volumetric expansion; G = E/2(1 + v) — shear
module; E — modulus of elasticity; 4 — coefficient of linear
thermal expansion.

The boundary conditions on the surface of the rotating
axial body under consideration are deduced [23]:

B. = 0y,c0s(r,n) + oy5cos(r,n)
P, = g,5c0s(r,n) + g33cos(r,n) (5)

if Pr and Pz — projections of surface forces to directions
rand z; n — normal to the surface of the body of rotation.

The proposed method is based on the principle of gradual
approximations of the solution when the boundary
conditions (5) are satisfied on the curvilinear limiting
surfaces of the disk body.

In the first approximation the assumption is
e3s=u3=033=0. Since, according to the condition, the
cylinder is not deformed by bending, then, based on the
condition e3;=u33;=0, the formula us(r,z)=w(r)=0 is derived.
Since 013:2G(u1,3+u3,1):0, then wu;3;=-us;. However, the
deflection is w(7)=0, then

uy (r,2) = u(r) (6)
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Next, based on the condition e;3=0, the value of e;z; is
found, which was previously assumed to be zero:
1+v

€33 = _:Tv(en ez2) +ab @)

Then, taking into account (7), we obtain for voltages o,
and oy,

011 = fTG,,[ul +;u -1+ v)a@]

12TG,, [vu1 + %u -1+ v)a@] ®)

02 =

To determine the displacement, ¢;3 is assumed not to be
equal to zero. o3 is determined from the first equation of
system (2) taking into account formula (8) and the
conditions of absence of tangential stresses on the side
surfaces of the disk (o;3=0 for z=-h/2; z=h/2). Then, after
integration on the z coordinate in the range from -4/2 to -h/2
for the temperature field 0(7,z)=60,(r)+f(z) [25], the formula
is deduced

E (ru)l] =1+v)ab; — lz_—vawzr Q)
Than,

u(r) = %pwz =

+(1+v)a%fa:r91(r)ds+ (10)

+A, 2+ Ay~
if a;— radius of the central hole in the disk; 4, 4;— arbitrary
constants of integration. For the case if the disk has no a
hole, continuous (a;=0), then A, should be considered equal
to zero at the finiteness of displacements u(7).

Further assumption is that e33#0, and ;3= 633=0. Based
on the formula (7) and taking into account (6), the
displacement u3(7,z) is determined by integrating along z in

the range from O to z :
us(r,z) = —v——(ru)1 af 0(r,2)dz (11)

Now, based on the condltlon 013=0, the expression for
radial displacement taking into account equations (9) and
(11) is found. If u; 3=-u3 ;, then after integration by z we obtain

u(r,z) = u(r) — ? [(1 —-v)ab;; + %pwzr] (12)

if u(r) — radial displacement of the median plane points (z =
0). Then, based on equation (11), the value of the axial
displacement u3(7,z) was deduced using expression (7), in
which the sum e;;+ez; is taken with consideration of the
formula (12)

u3(r,z) = Li(ruh

+——[(1 +v)ady0; + 2 pw ] + (13)
+2 af 0(r,z)dz

1fA101 = 6141 +20:4
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3. Results and discussion

Based on the above, the displacement u(7) is a solution
of equation (9), and the temperature field 6;,=0;(r) is
deduced from the ordinary differential equation (A;60; );=0,
which after integration takes the form

0,(r) = B1 + Byin(r) + B; (14)

if B;, B>, B3 — arbitrary steels, and for this case the law of
temperature distribution along the radius of the disk is
considered quadratic, i.e. B,=0.

Based on the found displacements, taking into account
expression (14) and applying the Hooke's law, the stress is

determined; and the check-up shows that o3 and o33 are
everywhere equal to zero, and for ¢;; and ;> we obtain:

2
—-(1- 172)orB1 r— —aB; —

1-v 23+r A e
175

2G
2G

2
011 = —1 (1+v)

1-v A 1-v z2 2 Bl
AT T

+

-1 +v)af(2)

-(1- vz)ocBlﬁ —(1+v)aB; —
Cni 23+ r +A11+—v+

26

022 = 759 (+o)? aB; ( (15)

1-v 1-v é 2

v(1-v)
2G

v(1-v)
2G

+
-1 +v)af(2)

013 =033=0

Formulas (12), (13) and (15) are exact solutions of
equilibrium equations (1) and (2), because after substitution
the latter are transformed into identity.

The boundary conditions (5) are simplified due to the
stresses 0;3and g33 are equal to zero; and due to the absence
of surface loads (P =P-.=0) on the curved side surface of the
disk of variable thickness with a central hole, they acquire
the form (Fig. 1):

ou=0ifr=1(z) =1(c;)
o11=01ifr=a, thenz = ¢; (16)
(0<z=ci<c)

if I(z) = I(c;) — equation of the profile of the side surface of
the disk; a; — inner radius of the disk or the equation of the
hole profile a;=const, if 0<z<c; ¢ — maximum thickness of
the disk; ¢; — fixed value of any point of the disk body in the
section parallel to the axis Or and located from it by this
value, and i can take all numerical values from 0 to c.
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»

Fig. 1. Geometric dimensions of the side surface of the disk

Satisfying the boundary conditions (16) and subtracting
from equations (15) the expression (I+v)af(z), f — arbitrary
function), the formulas for the stresses o;; and o2, are
developed

— chB1 [l(z - + a1 at (rzz—c) rz] 4
+3%pwz [y +at = 2] -
922 = “531 [l(z et af — ﬂ 3r ]
+3%pw2 [lé:ci) +a?— 11;2;59 _ %TZ]

In addition, if the temperature field (14), which satisfies
the equation of thermal conductivity, varies along the radius
of a disk of variable thickness with a central hole by the
quadratic law B>=0 then
61(r) =Ty + 2= (r* — a) (18)
if T; and T — respectively, the temperature on the inner a;
and outer a; radii of the disk, then,

_ A(Tp-Ty)
B, = a3- alT o
B2 =T1_a§ allal (19)

when substituting B, from (19) into expressions (17), the
final formulas for stresses o;; and o, are deduced:
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= |#E (T2zTa) , 3+V 2]
Ql_[4(ﬁ—ﬁ)+ g PO
2 2 Wl 2
+ l(Z=Ci) +ai — —=z T (20)
ak (T,-T1\ [ 2 2 “ﬁl%ﬁco 2
022 = E (a%_a%) [l(Z=Ci) + al - 7"—2 - 37” ] +

3+v

2|2 2 a%l%z=ci) 1+3v o
+— pw ey tai —— -1

r2 3+v

Accordingly, for a solid disk a;=0 of variable thickness,
the formulas are deduced:

o =[5 () + 5 00? | + lme 7]

4 as
__aE (T-Th 2 .2 3tv 252 _
922 = T (a%—ai) [l(zzci) 3r ] + g Pw [l(z=ci)
1+3v o
3y | ] 1)

It should be noted additionally that the profile of the disk
in any case may consist of a different number of segments,
both curved and rectilinear. Besides, for each section that
conditionally constitutes the disk profile, the value l(zz:cl-) in
formulas (20) and (21) will be different.

For an example of determining the stress state by the
proposed method, an unevenly heated (temperature
distribution law along the radius of the disk is square) solid
rotating disk of variable thickness is under study, its quarter
(due to axial symmetry) is shown in Figure 2. Determination
of stresses in a given disk by the method of successive
approximations (Kinasoshvili method) in a flat formulation
of the problem solution is concerned in [26].

Ty

=li=c1)

a
= N

773 z=h/2

N
N

al
—
=1
[=}
I~

Ny

Fig. 2. Cross section of a disk of variable thickness
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The disk under study rotates with a constant angular
velocity @ = 847.8 rad/s and is exposed to a load P, evenly
distributed on the outer surface of the disk rim with an
intensity 80.0 MPa. The density of the disk material is
p=0.8-10% kg/m>. Poisson's ratio is v = 0.3. The value of the
modulus of elasticity £ and the coefficient of linear thermal
expansion o for points on different radii of the disk are taken
from the [27-30]. For the convenience of comparing the
results of the calculation by both methods, the stresses o;;
and 02, were determined at the same horizontal sections of
the disk body. The values of stresses o;; and o2, found by the
proposed method, are written in Table 1 and Table 2. The
Tables show that the value of radial stresses o;; (Tab. 1)
decreases, depending on the change in thickness, in the
direction from the axis Or to the edge of the disk and from
the axis 0z to the rim of the disk. As for the values o2,
(Tab. 2), due to uneven heating and deformation in the
material of the disk, in addition to tensile stresses, the
compressive stresses occur. The transition from tension to
compression in the body of the disk is as follows: in the
radial direction from the axis of rotation 0z to the rim and in
the horizontal direction from the axis Or to its side surface.
To compare the stresses ¢;; and o2, determined by two
methods, the graphical dependencies are shown in Figure 3.
Moreover, the dotted lines show the plots 6,754 and 02254,
found by the method of successive approximations (s.a), and
the solids show the plots developed by the average value
(a.v) of the stresses o7 and 6224, Which are considered in
horizontal sections on the radii of the disk under study. In
work [31] presents the distribution of the constraint
equivalent of Von Mises.

Calculations of thermomechanical stresses based on the
simulation results established their maximum values, which
differ from the mechanical stresses calculated for similar
initial conditions. As in [31], there are limitations at the level
of the disk bowl, taking into account the design features,
possible further destruction at the level of the disk bowl.

Based on the comparison of the above plots, the values
of radial stresses deduced by applying the developed method
are found to be smaller (approximately 11%) than the values
o115« Which are obtained by the method of successive
approximations. Besides, the largest differences (22%)
occur between 0224, and o;7.4..(Fig. 3). They are observed
in those sections of the disk body where there are
compressive circular stresses.

Such differences indicate the spatial stress-strain state in
real disks; the classical method of successive
approximations is known to be based on the hypotheses of
the plane-stress state. Therefore, the values of stresses o;;
and o2, with consideration of the disk thickness cannot be

defined by applying the classical method.


http://www.archivesmse.org
http://www.archivesmse.org

O. Hrevtsey, N. Selivanova, P. Popovych, L. Poberezhny, Yu. Rudyak, O. Shevchuk, L. Poberezhna, A. lvanova, O. Skyba, et al.

Table 1.
Calculated values of radial stresses
Ze 2 2 8 2 8 " &£ £ 8 g 2 5 g
g g = = g g S S =S =S 8 S S
T S S =) =) S =) =) S S S S S S
0.1975  80.0 80.0 80.0 80.0 80.0
0.1775 168.1 168.1 168.1 168.1 168.1 0
0.1575 256.7 256.7 256.7 256.7 256.7 834 0
0.1375 3353 3353 3353 3353 3353 160.1 749 0
0.1175 4029 4029 4029 4029 4029 226.8 1409 584 0
0.0975 4594 4594 4594 4594 4594 283.0 196.8 120.7 549 0
0.0775 5044 5044 5044 5044 5044 328.0 241.8 1657 999 454 113 0
0.0575 5399 5399 5399 5399 5399 3633 277.0 200.7 1349 803 46.1 348 299
0.0375 564.0 5640 564.0 564.0 5640 3874 301.2 225.0 1592 104.6 70.5 592 543
0.0175 577.8 577.8 5778 577.8 577.8 4013 3151 239.0 1733 1187 846 733 684
0.0000 582.1 582.1 582.1 582.1 582.1 405.6 3194 2432 1774 1228 887 774 724
Table 2.
Calculated values of circumferential stresses
Zy o o o o v ~ v =) v o =) v o
(=] e (=) U} [ v (@)} v (=] el v (=] on
s ¢ =z = & ¢ ¢ ¢ § & 2 g E&
TM [« [« (e} [« (e (e (e} () (e} (e} (e (e} ()
0.1975 -529.1 -529.1 -529.1 -529.1 -529.1
0.1775 -397.7 -397.7 -397.7 -397.7 -397.7 -559.4
0.1575 -218.0 -218.0 -218.0 -218.0 -218.0 -391.4 -474.7
0.1375 -364 -364 -364 -364 -364 -211.6 -292.5 -371.7
0.1175 1284 1284 1284 1284 1284 477 -1335 -294 -2745
0.0975 269.5 269.5 269.5 269.5 269.5 93.0 6.8 -69.3  -135.0 -190.0
0.0775 384.4 3844 3844 3844 3844 2079 121.8 45.6 -2.1 -74.6  -108.7 -120.0
0.0575 473.6  473.6  473.6 473.6 473.6 297.0 210.7 1344 68.6 14.0 -20.1 -31.5 -364
0.0375 535.5 5355 5355 5355 5355 359.3 273.0 196.8 131.0 76.5 42.4 31.0 26.1
0.0175 571.6 571.6 571.6 571.6 571.6 3951 389 2328 167.1 1125 784 67.1 622
0.0000 582.1 582.1 582.1 582.1 582.1 405.6 3194 2432 1774 122.8 88.7 774 724
r! In addition, in this case, the condition of equality of
stresses o;; and 02> on the axis of rotation 0z in the
| calculations by the method of successive approximations
0.1575 is not fulfilled, i.e. if » = 0, then the stress o;;.4 should be
equal to the stress 02254, but we have o15,=01154 With
0.11754 r=0.0175 m.
Therefore, the proposed method for estimating the stress-
0.07754 strain state of the metal structures’ elements of vehicles
can be effectively applied in the SSS simulation of
0.0375- individual parts of vehicles. This method of determining and
’ estimating the distribution of thermomechanical stresses in
the disk material makes it possible to take into account the
0 variable geometry, in particular the thickness and the

200 400 o©.MPa
Fig. 3. Graphical dependences of stresses on the radial
coordinate
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2600 -400 -200 0

presence of a hole in the central part of the disk; to determine
correctly the SSS at any point of unevenly heated rotating
axial body.
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Buses operating on urban public transport routes have
a re-short-term mode of braking with a significant number
of brakes relatively small efficiency. The ratio of the total
braking distance to the length of the route reaches 7%.
Average the value of decelerations is 1.32-1.43 m/s?, and the
number of emergency braking (with deceleration more than
3 m/s?) does not exceed 1% of the total number of brakes.
A significant number of brakes that account for 1 km of the
road, leads to heating of the brake mechanisms (their
temperature gradually increases and by the end of the turn
on the route stabilizes at 260-280 °C). At such temperatures
there is a sharp decrease in the coefficient of friction, and,
accordingly, the braking torque and efficiency braking.

Theoretical [31] and landfill studies [32-34] have shown
that the temperature of the brakes affects the length of the
braking distance, and this effect is quite noticeable (increase
by 3-4 m). From the analysis of relative differences between
the lengths of braking distance for cold and hot brakes
(compared to cold brakes) at the same initial speed, it was
found that it decreases with increasing speed (relative
difference at 40 km/h — 28%, and at 60 km/h — 15%).

This can be explained by the fact that the buses are
equipped with ABS, and during emergency braking the
wheels are not locked. That is, the brake mechanisms heat
up and lose their effectiveness during emergency braking.
Since the length of the braking distance for a larger initial
speed is greater, the brakes are heated to a higher
temperature. That is, the effect of brake temperature on the
braking distance is greater than the lower initial speed. It
should be borne in mind that public transport in cities moves
at an average technical speed in the range of 30-50 km/h.
The obtained results can be used as a basis for improving the
methodology of auto technical examination of road
accidents. In addition, they can be taken into account by bus
drivers on urban routes when choosing a safe distance in
heavy traffic, as well as design engineers of car brake
systems.

4. Conclusions

On the basis of theoretical researches, the methods of
determining and evaluating the stress-strain state, in
particular the distribution of thermomechanical stresses in
the materials of cylindrical rotating parts of vehicles is
developed.

The implementation of the proposed mathematical
model is demonstrated on the problem of determining the
radial stresses in the body of a disk of variable thickness
rotating with angular velocity and subjected to a uniformly
distributed load on the surface. It is proved that in real disks

Volume 113 Issue 2 February 2022

the stress-strain state is spatial, and the well-known method
based on the hypotheses of the plane-stress state does not
provide the possibility of calculating the values of stresses
in the thickness of the disk.
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