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Abstract. We study the complete f-moment convergence for arrays of row-
wise random variables satisfying a Rosenthal type moment inequality, and
then establish general results on the complete moment convergence and
complete convergence for partial sums and weighted sums of arrays of row-
wise random variables. As applications, we further describe the statistical
properties of complete f-moment convergence in both semiparametric re-
gression models and simple linear errors-in-variables models. The asymp-
totic properties for estimators are established. We also provide some simu-
lations to verify the validity of the theoretical results.
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1. INTRODUCTION

Limit theory is an important research direction of probability theory and mathe-
matical statistics, which mainly concerns the convergence of random variable se-
quences and sequences of distribution functions. In this work, we study a new type
of convergence called complete f-moment convergence, which is more general
and much stronger than both complete convergence and complete moment conver-
gence. First of all, we recall some classical convergence concepts.

1.1. Classical convergence concepts. The concept of complete convergence was
introduced by Hsu and Robbins (1947) as follows:
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DEFINITION 1.1. A sequence {X,, n > 1} of random variables converges

completely to the constant C'if for any € > 0,
o0
P(|X, —C|>¢) < oc.
n=1

By the Borel-Cantelli lemma, this implies that X,, — C' almost surely and
thus complete convergence is stronger than almost sure convergence. As complete
convergence is an important tool in establishing almost sure convergence of ran-
dom variables, this result has been extended by many authors. For example, Hsu
and Robbins (1947) proved that if {X, X,,, n > 1} is a sequence of indepen-
dent and identically distributed random variables with EX; = p and EX? < oo,
then % Zzzl X — p completely; ErdSs (1949) gave the corresponding converse
statement; Baum and Katz (1965) studied conditions equivalent to complete con-
vergence; Sung (2010) obtained a complete convergence result for weighted sums
of identically distributed p*-mixing random variables; Wang et al. (2014) investi-
gated complete convergence for arrays of rowwise negatively superadditive depen-
dent (NSD, for short) random variables; Miao et al. (2022) and Chang and Miao
(2023) provided some interesting results on complete convergence for dependent
random variables with general moment conditions, and so forth.

Chow (1988) introduced a more general concept named complete moment con-
vergence:

DEFINITION 1.2. Suppose that {X,,, n > 1} is a sequence of random vari-
ables and a,, > 0, b, > 0, ¢ > 0. We say that {X,,, n > 1} converges moment
completely if

o0
S anB{b, | Xn| —}L < oo foralle >0,
n=1

where a4 = max {0,a}.

Sung (2009) proved that complete moment convergence implies complete con-
vergence. Properties of complete moment convergence have been obtained by
many scholars. For instance, Li and Zhang (2004) investigated the complete mo-
ment convergence of moving average processes under the condition of negative as-
sociation (NA); Qiu and Chen (2014) established complete convergence and com-
plete moment convergence for weighted sums of widely orthant dependent (WOD)
random variables. More results can be found e.g. in Yang et al. (2013), Qiu et al.
(2014), Wang et al. (2014), Wu et al. (2014), Qiu et al. (2017), Ko (2017), Tang et
al. (2017), and Deng and Wang (2017).

Inspired by the concept of complete moment convergence, Wu et al. (2019)
introduced the concept of complete f-moment convergence:

DEFINITION 1.3. Let {S,, n > 1} be a sequence of random variables,
{cn, n > 1} be a sequence of positive constants and f : Rt — R* be an in-
creasing continuous function with f(0) = 0 . We say that {S,,, n > 1} converges
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f-moment completely if

o0
enEf({|Sn] —€}4) <oo  foralle > 0.
n=1

A particular case of complete f-moment convergence with special choices
of ¢y, f(t) =t, ¢t > 0,and S, = 5 7| Xj, where {X,,, n > 1} is a sequence
of independent and identically distributed random variables, has been considered
by Chow (1988, Theorem 2.5).

It is easy to check that complete f-moment convergence implies complete con-
vergence if ¢,, = 1 forall n > 1, which was proved by Wu et al. (2019). Thus, com-
plete f-moment convergence is much more general than complete convergence.
Understanding the complete f-moment convergence behavior is crucial for ap-
plications in nonparametric regression models, semiparametric models, and other
complex statistical frameworks. Numerous authors, including Lang et al. (2023),
Wang et al. (2023a), Wang et al. (2023b), Zhou et al. (2023a), Zhou et al. (2023b),
Li et al. (2024), and Zheng et al. (2024), investigated complete f-moment conver-
gence for specific classes of random variables or regression models.

In this paper, we extend these results to suitable sequences of random vari-
ables under milder conditions, providing a more general approach to complete f-
moment convergence. Additionally, we verify through simulations that the specific
sequences of random variables considered in these studies also satisfy our theoret-
ical results.

1.2. Brief review. Recently, our interest has been attracted by the results of Silva
(2020) about convergence of series of moments for rowwise sums of random vari-
ables. The convergence was established by assuming that for any ¢ > 0, the array
of random variables satisfies a Rosenthal type inequality which can be found in
Petrov (1995): there exist sequences {f,, n > 1} and {,, n > 1} of positive
numbers such that for some ¢ > 2,

(1.1) FE

32 (he(Xa) = Bl X[
k=1

n n a/2
< Bu Y- Blhe(Xo )|+ 6a | Y- Blhe(Xop)
k=1 k=1
foranyn > 1 and ¢t > 0, where
ht(Xn,k) = _tI(Xn,k < _t) + Xn,kl(‘Xn,k| < t) + tI(Xn,k > t)'
Based on this inequality, Silva (2020) established the following two results on

complete moment convergence for rowwise sums of random variables.

THEOREM A. Letp > 1, and let {X, 1, 1 < k < n,n > 1} be an array
of random variables with E|X,, [P < oo for each 1 < k < nandn > 1, and

satisfying (1.1) for ¢ > max{p, 2} and some sequences {5, n > 1}, {&,, n > 1}
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of positive numbers. If {b,,n > 1} and {c,,,n > 1} are real sequences of positive
numbers such that

(a) Z Zﬁncnb qu |1 X, 1|9 > 1) dt < oo,
n=1k=1

b4 12/ (p—a)

(b) i Encnby,? f (i f P(XT%JC > s) ds)q/2 dt < oo,
n=1 0

TLb2

(c) Z Encnby, q(Z [ P(X2,>1) dt)q/2 < 00,

k=10

n=1k=

o0 n (e.¢]
e) > Y (1+ Bp)enby? [ P(|Xn kP > t)dt < oo,
n=1k=1 bP
then
LS o (Xnk— EX P
> enE [ 2= (K na)l el <oo foralle > 0.
— by, +
THEOREM B. Let {X,, 1,1 < k < n,n > 1} be an array of random variables
with E|X,, ;| < oo foreach 1 < k < nandn > 1, and satisfying (1.1 .forq > 2
and some sequences { B, n > 1}, {&,, n > 1} of positive numbers. If {b,,n > 1}
and {cp,n > 1} are sequences of positive numbers such that
bq

(a) Z Zﬂncnb qu | X7 > t) dt < o0,
n=1k=1

plma L 2/(-a)

(b) i Encnby ' [ (Z f P(X72 ), > s) ds)q/2 dt < oo,
n=1 0

’I’Lb2

/2
(c)zsncnb (2 [ Px k>t)dt>q < o0,
k=10
(d) Z Z E!Xnk\f(\Xnkl > bn) <
n=1k= 1
©> > Bncnb—lfp (IX k| > ) dt < oo,
n=1k=1
then
X o (X — EX,
> ek 2o Ko i) —¢e| <oo foralle > 0.

by N

As we can see, in Theorems A and B only the cases f(¢) = tP, t > 0, and
f(t) = t were considered in view of the definition of complete f-moment con-
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vergence. The main purpose of the present investigation is to extend the complete
moment convergence to complete f-moment convergence for arrays of random
variables under some more general conditions and give some corollaries and sta-
tistical applications to semiparametric models and errors-in-variables regression
models.

1.3. Stochastic domination

DEFINITION 1.4. An array {X,, 5, 1 < k < n, n > 1} of random variables
is said to be stochastically dominated by a random variable X if there exists a
positive constant C' such that

P(| Xy, > x) < CP(|X| > x)

forallz > 0,1 <k<nandn > 1.

The following lemma is an important property of stochastic domination. The
first inequality in the lemma is due to Adler and Rosalsky (1987) and the second
one can be found in Adler et al. (1989).

LEMMA 1.1. Let {X, 1, 1 <k <n, n > 1} be an array of random variables
which is stochastically dominated by a random variable X. For any o > 0 and
b > 0, the following two statements hold:

E| X k| I(| Xn k| <b) < C{E|X|*I(|X] < b)+b*P(|X]| > b)],
E| Xy k| I(| Xn k| > b) < CoE|X|*I(|X] > 1),

where Cy and Cy are two positive constants.

Throughout this paper, the symbols C' and C; represent positive constants
which may vary in different places. Let 1(A) be the indicator function of the set A.
Denote ay = max{0,a} and logz = Inmax{z, e}, where Inx is the natural
logarithm.

This work is organized as follows: In Section 1, we recall some classical con-
cepts of convergence and the target of the work is determined. The main results and
their proofs are stated in Section 2. Some applications are presented in Section 3.

2. THE MAIN RESULTS AND THEIR PROOFS

At first, we introduce a function
f:RtY - R",

which is increasing and continuous with f(0) = 0.
Let
g:RT = R

be the inverse function of f(¢), that is, g(f(t)) = ¢ for ¢ > 0. Assume that for
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some positive constants p and §, the function f : RT™ — R satisfies the following
condition:

(2.1) f g P(t)dt < cc.

Using the above functions f and g, we present our main results.

THEOREM 2.1. Letp > 1, {X,, , 1 < k < n, n > 1} be an array ofrandom
variables with E|X,, ;|P < oo for each 1 < k < nandn > 1, and satisfies (1
and 2.1) for ¢ > max{p,2} and some sequences {fBn, n > 1}, {&,, n > 1}
of positive numbers. If {b,, n > 1} and {c,, n > 1} are sequences of positive
numbers such that conditions (a)—(e) in Theorem A hold, then for any € > 0,

> w15 - <) < o0,

that is, the sequence {S,,, n > 1} converges f-moment completely, where S, =

Yo (Xpk — EXp ) /by forn > 1.
Proof. For any € > 0, we can easily see by Markov’s inequality and (2.1) that

> enBf (15,1~ e)) = 3 en [ PSul > <+ o(0)

ng

o f() o %
=> e [ P(ISul>e+g@)dt+ Y cn [ P(|Sa]l > e+ g(t)dt
n=1 0 n=1 f(9)
f(9) cP

< Cn P(|Sp| > ¢e)dt + Cn
Z { (’ ’ nzzjl f{;) gp(t)

< f(6 ch \5\>s+zcn 15| — <], (fg_p(t)dt>
1)
Cch (|Sn| > ¢) +C’ch [|Sn| — e} = I + L.
n=1

Noting that S, = ZZ:1(XTLJ€ — EX,, 1) /bn, we can get Iy < co immediately
by Theorem A. We can also get I; < oo because

3 uE[Sul el = 3 o0 [ P(S,] > +17)di
n=1 0

00 eP
=3 ¢n [ P(ISn] > e+ tY/P)dt + chfP S| > & + t1/P) dt
n=1 0 ep

n=1
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schn (|Sn| > 2¢) +chfP|S|>5+t1/p)d

n=

Cch (|Sn| > 2¢).

Hence, the proof is complete. =

REMARK 2.1. If we take f(¢t) = t°,t > 0,1 < s < p in Theorem 2.1, then
we can get a series of results which are similar to Theorem A. This means that
Theorem A is a special case of our results.

REMARK 2.2. The function f can be chosen much more generally such as
f(t) satisfying f=1(t) = g(t) > Ct'/P(logt)*/? for some y > 1. Moreover, it
can be found that many sequences of random variables satisfy (I.1)), including ex-
tended negatively dependent (END) random variables, negatively orthant depen-
dent (NOD) random variables, WOD random variables, NSD random variables,
and NA random variables.

If we take ¢, = 1, b, = n®, 1/2 < a < 1,1/a < p < 2/a, f(t) = t°,
1 < s < pin Theorem 2.1, and further assume that {/3,,, n > 1} and {&,, n > 1}
are constant sequences, and {X;, 5, 1 < k < n, n > 1} is an array of random
variables stochastically dominated by a random variable X, then we can get the
following corollary.

COROLLARY 2.1. Let 1/2 < o < 1,1 < ap < 2,1 < s < p, and
{Xnk, 1 <k <n, n> 1} be an array of random variables which is stochasti-
cally dominated by a random variable X with E|X|*/® < oo, and satzsﬁes |
for ¢ > max {p, %} and constant sequences {3, n > 1} and {£,, n 1}
Then

@2) L E[n X Xk — EXup)| —¢| <o foraitz>o.
n=1 +

k=1

In addition,

2.3) gjl P(n_a

n
S (Xnk — EXn,k)‘ > 8) < oo foralle >0,

and thus

n
(2.4) n=® 2_) (Xp g — EXpp) —— 0.

Proof. 'We only need to prove (2.2), since (2.3) follows from (2.2), and (2.4)
follows from (2.3) immediately. To prove (2.2) we only need to verify that con-
ditions (a)—(e) of Theorem A are satisfied, where b,, = n¢ =108, =0C,
&n=C.
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First, note that

B Xk |*L(| X k| < n%)
n«q

(o]
= [ P(Xurl? > 1. Xusl <n%)di+ [ P(Xoilt > 1.]X,,
0

nod

n®) dt

n®d

— [ PXagl? > t)dt = n®P(| X, x] > ).
0

Hence, by Lemma 1.1 we have

n®d

25) > > [ P(|X,k|? > t)dt
n=1k=1

0

n
Yo nTYME| Xy | (| X k| < %) +nP(| X, 5| > n®)]
1 k=1

n!TEIX (| X] < n®) + n®P(|X]| > n®)]

M8

8

N

C

n=1

n! =0T BIX1I(( - D) < |X] <)
j=1

n 3 PGS IXT S G

8

<C

3
Il

||M8 .

<C’;E|X|ql((j—1) < |X| < Zn

+CY EIGY<IX|<@G+DY) Xn
j=1 n=1

<CY BIXPI((G - 1™ < |X] < 5%
=1

+C Y EIXPOI( < |X] < (G+1)%)
j=1
< CE|X|?* < 0,

which implies the validity of condition (a).
Next, for condition (b), by Lemma 1.1 and E|X|>/® < oo we have

00 no(e—a) 0 42/(p—a) a/2
donTP f (Z f P(X2k>s)ds> dt
n=1

ne(P—a) 42/(p—q)

<C§1nq/2ap { ( { P(X2>s)ds>q/2dt

<C i nd/2=er . pele=a (B x2)1/2 L C i nl/2=a)a ~
n=1 n=1
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For condition (c), in the same manner we have

n2a 00 7L20‘
> n—aq<z [ P(X2,>1t) dt)q/2 <CY n(l/Z—a)q< [ P(X*>1) dzt)q/2
n=1 k=1 0 n=1 0

<C i n/2=94 < oo,
n=1

From Lemma 1.1 and F|X|% < oo again, we obtain

o n
> 2. B Xk [ (| X k] > n%)
n=1 k=1
o0
n' =Y BIX[I(* < |X| < (G +1)%)
1 j=n

SCY P EX|IGY < X< (j+1)%)
7j=1

8

<C

3
Il

g

8

<C Y o VEIX|I(Y < X< (+1)%)
j=1

<CY EXPIGe < X< (G+ 1))
j=1
< CE|XY* < o,

which implies the validity of condition (d).
Finally, we will check (e). Under our assumptions, it is easy to find that

o0 n oo [e'e) [o¢]
2 2 [ P(I Xl > 1) dt Z n'=? [ P(X[P>t)dt
n=1k=1 nop n=1 nop

o0
¢y ' "PE|IXPI(|X| > n®)

—Czlnl v S BIXPIGE < [X] < G+ 1%
= =

o
=C ) BEIX[PI(j* <|X| < (j+1)° Zn"“
Jj=1 n=

< CE|IX[Y* < .

Hence, all the conditions of Theorem A have been verified. The desired result (2.2)

follows from Theorem 2.1 immediately. =

If we further consider a constant sequence {c,, 5,1 < k < n, n > 1} in Corol-

lary 2.1 as the weight coefficients, we get the following corollary.
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COROLLARY 2.2. Let1/2<a<1,1<ap<2 1<s<p {Xni 1<k<n,

> 1} be an array of random variables which is stochastically dominated by a

random variable X with E| X |*/* < oo and satisfies for g > max {p, 2a2_1

and constant sequences {3, n > 1} and {&,, n > 1}. Let {cp;, 1 < k < n,
n > 1} be an array of constants satisfying

1).
g leni] = O(1)

Then

n S
> en k(X — EXnk)‘ — 5] <oo foralle > 0.
k=1 +

o0
> E[n*a
n=1
In addition,
(o0}
> P<n*a
n=1

and thus

X k—EXn,k)‘>8><oo foralle > 0,

n
n~ ¢ Z Cn,k(Xn,k: — EXn,k) 2> 0.

n—oo

Proof. The proof follows that of Corollary 2.1; all we need to do is replace
Xk by ¢ . X 1. Without loss of generality, we assume that 0 < maxi<i<n |Cn k|
< (.

First, for condition (a), noting that max;<x<n, |cn k| < C1, we can easily get

n*q n*q

oo n oo n
2, > f Plenp Xnkl? > 8)dt < 35 5507 [ P(IC1Xpp|" > 1) dt
n=1k= n=1k=1 0

n
Z —aq E‘Can k‘qI(|Can k| no‘) + naqP(|Can7k| > ’I’La)]

i
8ﬁM8H

n o0 n
> 3 EC X i T(C1 Xl < 1)+ Y D P(C Xl > n®)
n=1k=1 n=1 k=1

=1 + I>.

For I, similar to the proof of (2.5), by Lemma 1.1 and E]X]Q/a < oo we have

o0 n
> nTYME|C1 Xy k| (|CL X k| < n®)
=1

Z I BIC X T (|C1 X | < n®) 4+ n®1P(|1X| > n®)]

—_
o

3

8

< X n!EICX (G| <) + 32 nP(X] > n%)

n=1 n=1

< CE|X)?* < .
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Next, we will show I, < co. Noting that maxi<x<n |cn k| < C1, we have

L=Y ZP(]Xnk > "> <CZnP<yX\ > ">
’ C1 =1 Ch

P(ja <IX| < W)

Cy

2
2a—1

ma 1.1, maxj<p<n [en k| < C1 and E|X|¥/® < 0o we have

For condition (b), noting that ¢ >

means (1/2 — a)qg < —1, by Lem-

nalp—a) 0 42/(p—aq)

i nr [ (Z [ P(c X2, >s) ds)q/2 dt
n=1 0 k=1 0 B

00 no(p—a) y2/(p—aq) /2

<C Y pi/2er Ik ( [ P(X*> s/C’%)ds) dt
n=1 0 0

<C i nd/2=er . palr—a)(Ex2)9/2 < ¢ i n(t/2=)a ~ o
n=1 n=1

For condition (c¢), in the same manner we have

o) n_n*® q/2
zl n_aq(z f P(Ci,k)X’?L,k > t) dt)
n—= k=1 0

2
[ele} n /2
<Cy n(1/2—a>Q( [ P(X2>t/C?) dt)q

n=1 0

<C i n(1/2=09(Ex?)1/?2 < ¢ io: nl/2=2)q o

n—=1 n=1

From Lemma 1.1 and F|X|*/® < oo again, it is obvious that

>

n=1k

NE

n_aE|Cn,]€Xn,k|I(|Cn,an7k| > no‘)
1

o n
SO > n “ElXpklI(|Xnk| >n®/Ch)
n=1k=1

<C>) nl—a S EIXII(Y/Cy < | X< (j+1)%/Ch) < CE|X|2/a < o0,

n=1 j=n

which implies the validity of condition (d).
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Finally, we will check (e). Under our assumptions, it is easy to get

o0 n oo oo o0
Yo > nTw f P(lepx XnplP > t)dt < C D nl—er f P(|X|P > t/CV)dt
n=1k=1 noep n=1 nop

o0
<C Yl PEIXPI(|X]| > n®/Ch) < CE|X|?* < co.
n=1

Hence, all the conditions of Theorem A have been verified. This completes the
proof of the corollary. [

3. STATISTICAL APPLICATIONS

In this section, we will provide some applications to statistical models of the com-
plete convergence results that we established in Section 2.

3.1. Application to semiparametric regression models. Semiparametric regression
was introduced by Engle et al. (1986) as a generalization of parametric regres-
sion and nonparametric regression. Later, this classical model has been extended
by many authors. For example, Baek et al. (2006) studied heteroscedastic semi-
parametric regression models with NA random errors, and established strong con-
sistency and asymptotic normality for least squares estimators and weighted least
squares estimators of 5 and g; Johnson et al. (2008) proposed a general strategy
for selection in semiparametric regression models by penalizing appropriate esti-
mating functions and gave some applications to semiparametric linear regression
with censored responses and missing predictors, respectively. Duran et al. (2012)
considered the difference between a ridge regression estimator and a Liu type es-
timator of the regression parameters in partial linear semiparametric regression
models, and extended the results to account for heteroscedasticity and autocovari-
ance in the error terms; Deng et al. (2019) established a general result on com-
plete convergence for weighted sums of linear processes and gave its application
to semiparametric regression models.

Hu (2006) gave the following specific form of the semiparametric regression

model:
" =ag 4 gt) +e, =1, m >,

where ¢ is an unknown function defined on a compact set A in R?, and 3 is an
(n) (n)

; and tgn) are known to be nonrandom, y,

1(»”), and tl(-n) ™ are random errors.

the sth response which is observable at ) €
By the least squares and weight functions method, the following estimators of

B and g(t) were first introduced by Pan et al. (2003):

unknown parameter in R, z represents

Bn = 5, > #Mg™ g = > Wi (1) (™ — 2™ 3,),
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where W, (t) = Whyi(¢; tgn), e ,t%n)) are measurable weight functions,

n n
o =i = S Wt = = 3 Wt
=1 =
()
5721 = Z(@ )2-
Now we list some basic assumptions on the weight functions W,;(t):
(A1) g(-) satisfies the Lipschitz condition.

(A2) hm 1nf 52 = /n > D, where D is a positive constant.

(A3)

() — 1( = O(ky/n) foranyt e A.
(A4) Z [Whi(t)] = O(1) foranyt e A.

(n)
(A5) max ZZ Wk (t; )] = O(1).

(A6) There exist 1 < k,, < n such that

lim k, = oo,
n—oo

Z n kn kn
) ‘Wnk(QI(Ht - t;(g )H > n> = O<n> forany t € A.
k=1

(A7) There exist 1 < k, < n such that

. . kn n) 11—«
(i) nhm = 0, 1r£1;a<>%|x |=0(n""%), 1/2<a<l;
. K (1-a)/2
— = < 1.
(i) nhm a2 =0, lrgag%\x | O(n! ), 1/2<a<1

(A8) max [Whe(t)] =0(n™%), 1/2<a<1.

REMARK 3.1. Assumptions similar to (Al), (A2) and (A4)—(A6) for weight
functions can be found in Hu (2006), and in Section 3 there, it is shown that
the assumptions are satisfied for the nearest neighbour weights. This is the ba-
sis on which we will carry out numerical simulations later. Assumptions (A3),
(A7) and (A8) can also be easily satisfied, e.g. for the nearest neighbour weights
mentioned above.
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THEOREM 3.1. Let1/2 < a < 1, and {5 ,1 <i<n,n>1}beanarray
of zero mean random variables which is stochastically dominated by a random
variable X with E|X |2/ @ < oo, and satisfies Jorq > 5 a2_1 and constant
sequences {fn, n = 1} and {&,, n > 1}. If conditions (A1)~(A6) and (AT)(i)
hold, then

(3.1 Bn —— B completely.

n—oo

Proof. Without loss of generality, we can assume that W,,;(¢) >0 for 1 <i<n,
n > 1l and any t € A. It s easily seen that

Bu—B=52{ L &gt + L& = Y2 Y Wt }.

g n—00
i=1

_ 5 L$n -

L= P(|=> & "' |>¢c) <oco foranye >0,
n=1 ni=1

_sop(llsham s (m)y(n)

I3= Y P(|=> & > Wul(t;")e | > | <oo foranye >0,
n=1 —

575 a0 < (o o) (522 2 171)
=1 <n =
n n 1/2 1/2
a2y 37| < nl/QSf( (5;§”))2> 2 <”2> <C
i=1 i=1 S2
and
oax G (™) foax ") ; Way () g (2} )(
) n
< Ly
fgg!g( )| J;VV]( 1‘

+ e 3 Wy () lo(t”) = a(t QI = 657 > o /)
Jj=

+ max Z Wi ()] - g () = gt I = £ < on /)
K3 ’Vlj

n n—oo
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Thus, I; — 0. It is obvious by (A4) and (A7)(i) that

BRIES |+1gl]3x ™ |z W (t™)] < Cn'=*  foreach1<i < n,
=1

and thus
ERl

max f
1<6i<n nt %

n)

= 0(1).

Applying Corollary 2.2 with X, ; = 52(
and noting that p < Tal’ we get

i=1

which means
|20 Wan(t™)a™)|

1).
max o =0()

Therefore, I3 < oo follows from Corollary 2.2 in the same way. Thus the proof is
complete. m

THEOREM 3.2. Let 1/2 < a < 1, and {z—:z(-n), 1<i<n,n>1}beanar
ray of zero mean random variables which is stochastically dominated by a random
variable X with E|X |2/ @ < o0, and satisfies Jorq > 5 a271 and constant se-
quences { B, n > 1} and {&,,, n > 1}. If conditions (A1)—~(A6), (A7)(ii) and (A8)
hold, then for any t € A,

gn(t) —— g(t)  completely.

n—oo

Iiroof. It is easy to see that condition (A7)(ii) implies (A7)(i). Hence we can
get B, — [ completely by Theorem 3.1 immediately. Note that

gn(t) — g(t) = kil Worel™ — (B — B) k; Wk (2™ — (1),

where g(t =Y ey Wak(t)g(t (n)). Forany ¢t € A and ¢ > 0, it is obvious
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that

n=1 n=1 k=1
+ f P(‘(Bn - B) i W)z >] > 5/3)
n=1 k=1
+ 30 P3| > ¢/3)
= J;+ 2+ Js.

Obviously, J3 < oo follows from (A2), (A3) and (A6). For J1, applying Corol-
lary 2.2 with Xnvk = 6]2:’”)’ an| =n- |Wnk(t) P = %’ s = % B i’
obtain J; < oo immediately by (AS8).

For Js, by (A4) and (A7)(ii) we have

WweE can

> P(|(5a—6) % Wan(t)af"| > ¢/3)
n=1

k=1

<3 P( max [z")| ;fi Wak(®)] - 1o = 8] > 2/3)

1<k<n
<Y PO 925, — B > ¢/3).

Hence, to prove Jy < co, we only need to show that

Iy = (=002 522 3 500500
i=1

(2 07

=Y P(‘n(l_a)/Q LS Emem| s e>
n =1
=53 P(n_o‘ Z(n(a_l)ﬂi’gn))sgn)’ > 5)
i=1

< oo foranye >0,

and
Bl b -
n=1 =1 k=1
= (|3 0 3 W)
n=1 k=1 i=1

< oo foranye > 0.

Similar to the proof of 1, by condition (A7)(ii) we again have

1] < Cnt1=®)/2. ko _ o Fn

n n(a+1)/2 n—oo 07
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which implies I, — 0. It is easy to check by (AS5) and (A7)(ii) that

max ]n(a_l)/zi’z(»n)| = n@" /2. max \az | < oplo=D/2. p(1=a)/2 — (1)

1<isn 1<i<n
and
—1)/2 v (n)y = (n)
1r<nl?<Xn n(@ 1)/2i:Zank(ti )T,

< pla=1)/2, ), () _
0P o 17 e 9% W) = (),

So applying Corollary 2.2 with p = % and s = % — % again, we get I5 < oo and

Is < oo immediately. Hence Jo < oo. This completes the proof of the theorem. =

3.2. Application to simple linear errors-in-variables models. Consider the follow-
ing simple linear errors-in-variables (EV) model:

(3.2) i =0+ Bri+ei, &SG=xi+0, 1<i<n,
where 6 and [ are unknown parameters, xi,Zo,... are unknown constants,
(€1,01), (€2,02), ... are random vectors and &;, 7;, ¢ = 1,2,..., are observable

variables. From (3.4) we have
(3.3) 771‘:94-55@‘4-%', ViZEi_B(Sia 1<1<n.

Considering formula (3.3) as a usual regression model of 7; on &;, we get the least
squares (LS) estimators of ¢ and 5 as follows:

5 _ S (E=E) (i —Ty) i
5 Z?:l(g _gn>2 ’ /6571’

where &, = n~1 3" | &. Other similar notations, such as 7,, o, and T, are
n

defined in the same way. Denote S,, = > | (z; — T;,)? for each n > 1. With the
notations above, we get

B4 p-8
_ Z?:1(5i - gn)gz + Z?:1($i - jn)(iz — Bo;) =B Z?:1(5i - gn)z
Z:’Lzl (52 - gn)Q

and

The EV regression model was proposed by Deaton (1985) to model noisy obser-
vations and is more practical than the ordinary regression models. Due to its simple
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form and wide applicability, the EV model has attracted much attention. For more
details, we refer the readers to Liu and Chen (2005), Fan et al. (2010) and Miao
et al. (2011) among others for consistency and asymptotic normality of B and 6.
In particular, Liu and Chen (2005) discussed necessary and sufficient conditions
for the strong consistency of 3 and the weak consistency of §. Hu et al. (2017) ex-
tended the results of Liu and Chen (2015) to the case of ¥-mixing random variables
and further obtained necessary and sufficient conditions for the strong consistency
of B and 6. Chen et al. (2020) obtained a necessary and sufficient condition for
the convergence rate in the strong consistency of the least squares estimators of 3
and 6.
To present our results, the following assumption is indispensable:

(B1) {ei, @ > 1} and {d;, ¢ > 1} are sequences of zero mean random variables
satisfying with ¢ > 2 and stochastically dominated by € and J, respec-
tively, with 0 < Fe? < oo and 0 < E§? < oo. In addition, {(g;)2, i > 1},
{(e)%,i>1},{(6;)%, i > 1} and {(6;)%, i > 1} are sequences of random
Varlables satisfying (I.T) with ¢ > 2.

We point out that condition (B1) is very general, because many dependent se-
quences possess this property, including END sequences, NOD sequences, WOD
sequences, NSD sequences, NA sequences, and mixing sequences.

Based on Corollaries 2.1 and 2.2, we obtain the strong consistency for the LS
estimators B and 6:

THEOREM 3.3. Under the model (3.2), assume that condition (B1) holds. If

Sh, n

? — 0OQ, W = O(].),
then
(3.6) B0,

Proof. According to (3.4), it suffices to prove

o
»

nn
S
—
=
—~
97
|
(o9

(3.7) > On)ei —— 0,
(3.8) S, Zijl(xz Tn)(ei — B6;) === 0,
(3.9) A
(3.10) Sglf@i—énf =1

@
I
=
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From Lemma 1.1 and S,,/n — oo, we can derive

<S8t Y Eldie] < S, Y (B (Ee)?
=1 i=1
< csﬂ(Eﬂ)l/?(Es?)l/? — 0

n—oo
n

Applying Corollary 2.1 with « = 1, p = 3/2 and s = 5/4, we obtain

St 0 =B < | (62— BB
=1 =1

1 72 1 n 2 as.

which implies (3.10). Similarly, we get S, >, (€; — &n)* —— 0. Hence, by

Holder’s inequality,

1 ;(5 = S;l ;(51 — gn)(E’L - gn)
) n - L n 9 1/2 as

which yields (3.7). To prove (3.8), let ¢, ; = n(z; — @) /Sy for1 <i<n,n > 1.
Then

n n _2\72 on
s ol = g ua i =7l < 5=+ (L = 7)) =~ = O,

So applying Corollary 2.2 witha =1, p = % and s = % again, we obtain

n
S_l (l’l — fn)ffi = n_l Z Cni€i % 0,

i=1

-

Il
—

2

n
(i —Tn)bi =n~"' ;Cmﬁz‘ 0,

-

Il
—

(3.11) S

K3
from which we can derive (3.8). For (3.10), noting that
n . n n .
W6 =) = 1425 Y (= Ta)di + S, 20 (6 0n)?,
i=1 i=1 i=1
we obtain (3.10) immediately from (3.9) and (3.11). The proof is complete. =
THEOREM 3.4. Suppose that the conditions of Theorem 3.3 are satisfied. If

(3.12) T 0, max g =0(1),
then
(3.13) 2> .

n—oo
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Proof. According to (3.5), to prove (3.13), it suffices to show that
(3.14) En — B 0,

(3.15) (8 — B)Tn — 0,

(3.16) (B —B)on —>5 0.

Applying Corollary 2.1 with o = 1, we have

1 n a.s
En = — gi —— 0,
3.17 PR o N
(3.17) n—ai:1z’m>

which yield (3.14).

By Theorem 3.3, we obtain 5 — B % 0, which combined with (3.17) yields
(3.16).

Finally, we will show (3.15). Combining (3.4) and (3.10), we need to get the
following result:

(3.18) |f;"| (i(éi L T)es > (w1 — T (i — B6) — B3 (6 — 5.)°)
n =1 =1 =1
a.s. O‘

On the one hand, similar to the proofs of (3.7) and (3.9), by (3.12) we have

(319) 2326 =n)

n|Tn| |1 & o 2 nfTnl<2 | [Tn| & Lo as
< =S - B 52y Il S~ ps2 _as
S, nz;(z z) S, nt Sn,; I oo
and
3.20 Tul $5 (5, = 5)er = 0
( . ) 72:21( i n)sz m .

On the other hand, let ¢,,; = n|Zy|(z; — Z)/Sy for 1 < i < n,n > 1. By
(3.12),

ax fenil = 5 o Ti — Tn| = O(1).
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Applying Corollary 2.2 with o = 1, we obtain

n\xn\ 1 & n|Tn| 1 &

i —J}n _ﬁdl): *Z _xn i B S

n =

my@

Cn,i€i— 5 chzéz—)o
1

I
3 \f—‘

7

which, together with (3.19) and (3.20), yields (3.18), and thus (3.15) holds. The
proof is complete. =

4. NUMERICAL SIMULATIONS

4.1. Semiparametric regression models. The observations are generated from the
following model:

n)
e(ti ) cos tg")

(n) _ q,.(n)
yin —3xin + 300 +e€ 7,

where A = [0,1], g(t) = (et cost)/300, £ = i/n, 2™ = (=1)' - i/m,

i = 1,...,n, (sgn),.. (n)) has the same distribution as (e1,...,&,), and
(e1,...,en)T ~ N(O, 2), 0 is the zero column vector, and
T+0?2 —p o - 0 0 0
—p E+p2 —p - 0 0 0
0 —p  5+p* - 0 0 0
Y= : : : : : : ; p=0.25.
0 0 0 - 402 —p 0
0 0 0 - —p 34p> —p
T R A

It is easily proved that {;, ¢ > 1} generated from the method above are NA by
Joag-Dev and Proschan (1983). Here, we take the nearest neighbour weights to be

the weight functions Wy, (-). For any t € A, we rewrite |t§n) —tl,, .., yt;’” —t| as

(n) (n) .
|tR1(t)| <o S |tRn(t)|’

if \tl(") —t] = ]tg.n) — t|, then ]tgn) — t| is moved before ]tg.n) — t| when ¢ < j.
Take k,, = [n%/logn], a = 83, a = 1 and define the nearest neighbour weight
functions as follows:

L oo (n)
Wm‘(t)Z{kn il = < ey o = 1

0 otherwise.
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Based on Section 3 in Hu (2006), all the assumptions in Theorem 3.2 are satis-
fied. Next, by taking t = 0.2,0.5,0.8 and the sample sizes n = 100, 500, 1000,
respectively, we compute (3, — 3 and gy, () — g(t) for 1000 times and get the cor-
responding boxplots in Figures 1-3. The corresponding values of Mean Absolute
Error (MAE), Standard Deviation (SD) and Root Mean Squared Error (RMSE)
for 3, and g, (t) are listed in Table 1.

Figures 1-3 show that 3, — 3 and §, (t) — g(t), regardless of ¢ = 0.2, 0.5 or 0.8,
fluctuate to zero and the variation ranges decrease substantially as the sample size
n increases. From Table 1, we can see that MAE, SD and RMSE of the estimators
of 8 and ¢(t) decrease as n increases. Hence, the numerical results here confirm
the consistency of 3, and Gn(t).

04} |
|
1
| 1
02} | —
| *
: 1 ——
I |
1 |
o i i i
i m
| | $
02 | 1
| +
|
|
041 i
i
I
06 ‘ . . ‘
100 500 1000 1500
sample size
T
*
02—
j
j +
I
01 F | ‘:7 % _;_
I
: i 1
— 1 I
=
= of — —
| | |
s ‘ | |
(& | ! ? $
01} ! —+ +
| +
I
|
1
02
+
+
03f | . . ‘
100 500 1000 1500
sample size

FIGURE 1. Boxplots of 3, — 3 and §n (t) — g(t) with g(t) = (e’ cost)/300 and t = 0.2
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FIGURE 2. Boxplots of Bn —

pBand g (t) — g(t) with g(t) =

(e’ cost)/300 and t = 0.5

4.2. EV regression models. In this subsection, we mainly evaluate the convergence
behaviour of (3.6) and (3.13) and verify the consistency of B and 6. Firstly, we

generate the data. Let (e1,...,e,)7
where O represents the zero column vector and

1 —p 0 -~ 0 0
—p 1 —p -~ 0 0
0 —p 1 -+ 0 0

S=|: ;o
0 0 0 1 —p
0 0 0 —p 1
0 0 0 0 —p

~ N(0,X) and (61,...

o OO

,6,)" ~ N(0,%),

nxn



110 Y. He et al.

06

04}

02}

021

04t

-0.6

100 500 1000 1500

04

03}

02}

01r

ult) — (1)
opreent e
oo [ho

04 ! -
| +
l +
02} |
i
03 |
+
+
100 500 1000 1500

sample size

FIGURE 3. Boxplots of 3, — 3 and g (t) — g(t) with g(t) = (e’ cost)/300 and ¢ = 0.8

It is obvious that {g;, ¢ > 1} and {d;, ¢ > 1} generated above are both NA
by Joag-Dev and Proschan (1983). Set z; = i/n%2 for all 1 < i < n. It is easy
to verify that the conditions required in Theorems 3.3 and 3.4 are satisfied. For
different values of 5 and 6, we consider the following two cases.

CASE 1: 0 = 3.5 and § = 0.5. By taking the sample sizes n = 100, 500, 1000
respectively, we compute the values of 3 — 3 and  — 6 for 1000 times and present
the plots in Figures 4 and 5, obtained by MATLAB software. Moreover, we record
the MAE and RMSE of B and 6 respectively in Table 2.

CASE 2: 0 = 1 and 8 = 2. We also compute the values of /3’ — [ and 6 — 6 for
1000 times under the sample sizes n = 100, 500, 1000 respectively and present
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TABLE 1. The MAE, SD and RMSE of /3’” and gn (¢)

B gn(t)
t mn MAE SD RMSE MAE  SD  RMSE

02 100 0.1435 0.1774 0.1773 0.0615 0.0772 0.0770
500 0.0642 0.0805 0.0806 0.0321 0.0401 0.0404
1000 0.0438 0.0553 0.0553 0.0259 0.0324 0.0328
1500 0.0353 0.0436 0.0436  0.0233 0.0291 0.0294
0.5 100 0.1423 0.1751 0.1751 0.0675 0.0839 0.0839
500  0.0658 0.0830 0.0829 0.0405 0.0492 0.0506
1000  0.0443  0.0547 0.0547 0.0333 0.0397 0.0414
1500 0.0371 0.0460 0.0461 0.0315 0.0380 0.0396
0.8 100 0.1425 0.1795 0.1794 0.0980 0.1222 0.1236
500 0.0668 0.0827 0.0827 0.0557 0.0669 0.0700
1000 0.0452  0.0569 0.0568 0.0464 0.0523 0.0576
1500 0.0361 0.0455 0.0454 0.0451 0.0496 0.0565

TABLE 2. The MAE and RMSE of 3 and 6 with 6 = 3.5 and 8 = 0.5

n n = 100 n = 500 n = 1000

MAE: 3 0.0045  5.6073e-04 2.2697e-04
RMSE: 3 0.0056  7.0232e-04  2.8109e-04
MAE: § 0.1021 0.0465 0.0330
RMSE: § 0.1288  0.0578 0.0408

TABLE 3. The MAE and RMSE of /3 and 6 with § = 1 and 8 = 2

n n=100 n=>500 n=1000

MAE: 3 0.0105  0.0012  4.6698¢-04
RMSE: 3 0.0130  0.0014  5.7516e-04
MAE: § 0.2298  0.0926  0.0670
RMSE: 4 02861  0.1165  0.0829

the plots in Figures 6 and 7. Moreover, we record the MAE and RMSE of B and 0
respectively in Table 3.

Figures 4-7 lead to the conclusion that the values of /3’ — [ and 6 — 6 fluctu-
ate around zero. From Tables 2 and 3, we can clearly find that MAE and RMSE
of B and 6 fluctuate around zero and the fluctuation ranges decrease as n increases.
These conclusions agree with the theoretical results.
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