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Abstract: The output regulation problem for distributed pa-
rameter systems, see e.g. Byrnes, Lauko, Gillian and Shubov (2000)
and Paunonen (2011), and the observer design problem for such
systems, see e.g. Emirsajlow (2012), are examples of important
control problems, where analysis of infinite-dimensional algebraic
Sylvester equations plays a crucial role. This paper studies bounded
perturbations of the unbounded operators of the algebraic infinite-
dimensional Sylvester equation. We derive some estimate on the
perturbation operator under which the algebraic Sylvester equation
preserves a unique solution or, in the control systems terminology,
a solution is robust under small bounded perturbations. In our ap-
proach we employ the concept of an implemented semigroup, see e.g.
Alber (2001) and Emirsajlow (2012), which is a special case of the
so-called bi-continuous semigroup, e.g. Farkas (2004).

Keywords: distributed parameter systems, algebraic Sylvester equa-
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1. Introduction

There are several control problems for distributed parameter systems, where
analysis of infinite-dimensional algebraic Sylvester equations plays a crucial role.
The robustness issues in such problems lead to the study of infinite-dimensional
Sylvester equations under various perturbations. For examples see Byrnes et
al. (2000), Paunonen (2011) and Emirsajlow (2012). This paper is devoted to
the class of general linear bounded perturbations. For this class we derive a
sufficient condition on the perturbation operator norm, which guarantees that
the Sylvester equation preserves a unique solution. As the main mathematical
tool we employ the implemented semigroup concept, which seems to be the
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right framework for the infinite-dimensional Sylvester equations both in the
differential and the algebraic form (see, e.g. Emirsajlow and Townley, 2005,
and Emirsajlow, 2012, and references cited therein).

We start with a short introduction of the concept of an implemented semi-
group (see, e.g. Alber, 2001, Emirsajlow and Townley, 2005, Emirsajtow, 2012).
For this purpose we need the following notation and assumptions:

e HA and H¥ are Hilbert spaces (identified with their duals) with scalar

products (-, )4 and (-,-)F.

o H:=%(HE H?)is a Banach space of linear bounded operators from H¥
into H# with the norm || - ||. (#,] - ||) stands for Z(H¥, H*) equipped
with the uniform operator topology (induced by ||-||) and (H, 7) stands for
Z(HP, H*) equipped with the strong operator topology 7, i.e. topology
induced by the family of seminorms P = {pp}rep, (n7), where pn(X) =
| Xh|* for X € H and h € HE, and By (HF) is a unit ball in HE.

e A is alinear, unbounded operator on H* generating a strongly continuous
semigroup of operators (T'(t));>0 C ZL(H?). H{* = 2(A) is a Hilbert
space with the scalar product (-,-)f = (Al — A)(-), (A — A)(-))* and the
induced norm || - ||, where A € p(A).

e F is a linear, unbounded operator on H generating a strongly continuous
semigroup of operators (S(t))i>0 C -Z(H¥). Analogously as above, we
define HE = 9(E).

Using the two strongly continuous semigroups (T(t))>0 C Z(H4) and
(S(t))i>0 C L(HF) generated by A and F, respectively, we can define another
semigroup.

DEFINITION 1.1 The family (U(t))i>0 C -Z(H), defined as follows
UHX =T#)XS(t), XeH, t>0, (1)
1s called the implemented semigroup.

It turns out that the family (U(¢))i>0 C Z(H) is a semigroup and for every
X € H satisfies the continuity condition U(-)X € C([0,00);(H,7)). Such a
family is said to be strongly 7-continuous. In general this family is not a Cy-
semigroup (strongly || - ||-continuous in our terminology) unless both operators
A and E are bounded. However, in the infinite-dimensional systems and control
theory the really interesting case is when both A and E are unbounded.

DEFINITION 1.2 The infinitesimal generator A of the implemented semigroup
U))i>0 C ZL(H) is defined as the limit

AX=T-11mW, X e (A, (2)
N0 t

where P(A) C H is the domain of A defined as follows

UHX - X

92(A) ={X eH: T—}i\r% exists } . (3)
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For the domain Z(A) € H and the generator A we have:

(a) X € H belongs to Z(A) if and only if the restriction of X to HE belongs
to Z(HE, H{) and an extension of (AX + XFE) € ZL(HE HA) to HF
belongs to H.

(b) A has the following explicit representation

(AX)h=AXh+XEh, X € 2(A), he HE,

where by (a) the right hand side of this equality is well-defined in H4.
Basic properties of the implemented semigroup can be summarized as follows:
(c) If X € 2(A), then (U)X )i>0 C Z(A) and is 7-continuously differen-
tiable in ¢, i.e. U(-)X € C1([0,0); (H, 7)), and

%L{(t)X — AUHX) = UE)(AX), £ > 0. ()

(d) The domain 2(A) is sequentially dense in (H,7), which means that for
every X € H there exists a || - ||-bounded sequence (X, )nen C Z(A) which
is convergent to X in (H, 7). It should be emphasized that in general Z(.A)
is not dense in (H, || - ||)-

(e) The operator (A, Z(A)) is sequentially closed in (H,7), which means that
for all sequences (X, )nen C 2(A) such that (X,,)nen is || - ||-bounded and
7-limy, 00 X, = X € H and (AX, )nen is || - ||-bounded and 7-lim,,—
AX,, =Y € H, we have X € 2(A) and Y = AX.

(f) The following equality holds

1@l 2z = ITOIMS B, (5)

where t > 0, and if wo(T) is the growth bound of (T'(t));>0 C L(H?),
wo(S) is the growth bound of (S(¢));>0 C L (HF) and wo(U) is the growth
bound of (U(t))t>0 C Z(H), then

wo(U) = wo(T) + wo(S). (6)
(g) The following inclusion holds
Cooo(T)+wo(s) C P(A), (7)
where we use the notation
Cy:={AeC: Re)>w},

p(A) denotes the resolvent set of A, and for A € Cy, (1) 4w, (s) the resolvent
is explicitly given by
RNAX = (M-A)7'X (8)
= / e MU X dt
0

= / eMTHXS(t)dt, X € H,
0
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where the integrals are convergent in (#,7). Moreover, for every A €
Cuoys w € (wo(U),Re \) and some C,, > 1 we have

[U(E)|| 2y < Coe®t forallt >0 9)

and

RN, A)ll 2 (2) (10)

<2
~ Red—w

e Throughout the rest of the paper we assume that A\ € C,(7)4w,(s)- This
condition is always satisfied for sufficiently large Re A € R.
o H; = P(A) denotes the Banach space with the norm

| X[l = (AT = AX], X e 2(A). (11)

In H; we distinguish the uniform operator topology induced by the norm
|I-]l1 and the strong operator topology 71 induced by a family of seminorms

P1 = {p1n}nen,(me), where
pin(X) = pu((\T — A)X) = (AT — A)X 7| A
for X € 2(A) and h € HE.

2. Algebraic Sylvester equation
It follows from (4) that if Zy € H;y, then the expression

Z({t)=U({t)Zy =T(t)ZyS(t), t>0, (12)
satisfies the following conditions
Z(t)eHi, Z(t) = AUt)Zy) € H, Z(0)=Zy, t >0, (13)

which show that (Z(¢));>0 can be viewed as a solution to the initial value prob-
lem (13). However, the differentiation in (13) is understood in (#,7) and in
general does not make sense in (#,|| - ||). Thus, the expression (12) can be
regarded as a strong solution of the initial value problem

Z(t)=AZ({t), t>0, Z(0)=Z, (14)

but we have to consider this problem on (H, 7).

We refer to (14) as the homogeneous Cauchy problem and since we have
(Z(t))t>0 C Hi, then we can rewrite the differential equation (14) in the more
explicit form

Z(t)h=AZt)h+ Z(t)Eh, t>0, Z(0)=Zy, he HY, (15)

where the equality holds in H#. In this case we refer to the differential equation
(15) as the homogeneous differential Sylvester equation (see Emirsajtow, 2012;
Phong, 1991).
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The implemented semigroup approach can be further used to study alge-
braic operator equations corresponding to differential operator equations (14)
and (15).

PROPOSITION 2.1 Let w > wo(U) = wo(T) + wo(S), then for every F € H the
following algebraic equation

(WI-A)Z=F, (16)

equivalently, the algebraic Sylvester equation (see Phong, 1991; Emirsajtow,
2012)

wZ — AZh— ZEh=Fh, hecHF, (17)

which holds in HA, has a unique solution Z € H,. Moreover, this solution is
explicitly given by the expression

Z=R(w,AF = /OO e U F dt
0
= / - e “tT(H)FS(t)dt . (18)
0

PROOF 2.2 The assumption w > wo(U) implies that w € o(A) and hence the
operator wl — A has a bounded inverse R(w, A) = (wl — A)~! € L(H). This
means that for every F € H the equation (16) has a unique solution Z € H;
given by Z = R(w, A)F and since for w > wo(U) the resolvent R(w,.A) admits
integral representation (8), we obtain (18).

In the case when the implemented semigroup (U(t));>0 C £ (H) is exponen-
tially stable, we can complement Proposition 2.1.

COROLLARY 2.3 Let wo(U) = wo(T) + wo(S) < 0, then for every F € H the
following algebraic equation

-AZ =F, (19)
equivalently, the algebraic Sylvester equation
—~AZh—ZEh=Fh, hecHE, (20)

which holds in HA, has a unique solution Z € H,. Moreover, this solution is
explicitly given by the expression

Z=(-A)"'F= /Ooou(t)F dt = /OOO T(t)FS(t)dt. (21)
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3. Additive bounded perturbations

In this section we develop a framework for perturbations of the implemented
semigroup (U(t);>0 C Z(H) and for this we need to introduce the following
class of functions:
e For every to > 0 we define B;, to be the set of all functions (V(t)):e[0,t0] €
Z(H) which satisfy the following two conditions:

(i) V(-) is strongly T-continuous, i.e., for every Z € H we have V(-)Z €
C([07 tO]; (Hv T))’

il) V(-) is bi-equicontinuous, i.e., for ever - ||[-bounded sequence
y

(Zn)nen C H, which is T-convergent to Z € H, every p, € P and
every € > 0, there exists ng € N such that

sup prn(V(t)(Zn —Z)) <e, n>ng.
0<t<to

It is clear that for every h € HE and Z € H we have (V(-)Z)h € C([0,to]; HA),
and it follows from the uniform boundedness principle that

sup V()| < oo (22)
0<t<to

One can prove that for every to > 0 the space By, (with properties (i) and (ii))
endowed with the norm

VB, == sup [IV(O)lzm) (23)
0<t<to

is a Banach space.

In this section we examine the perturbed operator A¥ = A 4 P, where
A is the generator of the implemented semigroup (U(t))i>0 C Z(H) and the
unknown perturbation operator P satisfies the following condition:

e P e Z(H) and is T-continuous on || - ||-bounded sets.

Our goal is to find conditions under which the operator A” generates a
strongly 7-continuous semigroup on £ (#H) and we approach this problem by
looking for a strongly 7-continuous solution (V(t))i>0 C -Z(H) of the following
integral equation

¢
V() Z=U)Z +/ Ut —r)(PWV(r)Z))dr,t>0, (24)
0
where Z € H and the integral is understood in (H, 7).

Let us notice that the above defined perturbation operator P really covers
the case we are interested in, i.e.,

H>Z—PZ=PZ+2ZPF cH, (25)
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where P4 € Z(H#) and PP € Z(HF). In this case

APZ = (A+P)Z
= (A+PMZ+Z(E+PF), Ze9(A), (26)

and 7-continuity of P follows from the relation
pr(PZ) < ||PA zaypn(Z) +py(2), ZeEH,

where h € H¥ and g = PFh.
In order to deal with the equation (24) it is convenient to define, for every
to > 0, an operator M7 as follows

(MPV)(t)Z = /tu(t —r)(PV(r)Z)dr, tel0,t0], (27)

where Z € H, V(-) € By, and the integral is in (H, 7).

LEMMA 3.1 For every ty > 0, the operator MF satisfies

M?P € Z£(By,) (28)
and we have the following estimate
n n n tn
M) | 2.,) < C 1Py mEN, (29)

where C':= Supg<;<y, ||L{(t)||$(H), and

r(MP) = limsup {/[1(MP)"l| 2 s.,) =0, (30)

where r(MP) is the spectral radius of MP € £ (By,). We also have

n

n w n n t
I(MP)Y'U) )| 2(30) < Coe CLIP Iy 3= > £ >0, (31)
n!

forn € N, where w and C,, are the constants from (9).

The proof of this lemma is given in the Appendix.
The main result on bounded perturbations of the implemented semigroup
reads as follows.

THEOREM 3.2 Let (U(t))i>0 C L (H) be an implemented semigroup, A denote
its generator and P € L (H) be T-continuous on || - ||-bounded sets. There exists
a unique strongly T-continuous family (V(t))i>0 C L (H) satisfying the integral
equation

V() Z =Ut)Z + /tu(t —r)(PWV(r)Z)dr, t>0,Z€eH, (32)
0

such that:
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(i) The family (V(t))i>0 C L (H) admits the following representation

V() =D (MP)"U)(t) = Walt), (33)
n=0 n=0

where t > 0 and the series is convergent in the norm of £ (H), uniformly
in t on every finite interval, and

Wo(t) = U(t),
Wasi(t) = (MPW,)(t)

t

= /Z/{(t—T)PWn(r)dr, t>0, neN,

0
where the integral is understood in (H,T).
(i) (V(t))i>0 C L (H) is a strongly T-continuous semigroup and its generator
(AP, 2(A7)) (defined as in Definition 1.2) is given by

AP =A+P, 2(A7)=2(A). (34)
(iii) The following estimate holds
IVOllzay < CoeletelPlecort, i >0, (35)

where C,, and w are constants from (9).
(iv) The following holds

ClotulPllem) C o(A7), (36)

where
(C(erCw”’])”g(,H)) = {)\ e€cC: ReA>w+ Cw”’PHg(H)},

and for A € Ci, 40, |P |y We have
RAAT) = ROAA)I —PR(AA))
= (I-RMNAP) RN A,
and
Cu
Rel —w — CwH'PHg(H) ’

IR AP 230y < (37)

where w i C,, are constants from (9).

PROOF 3.3 Let us rewrite the equation (32) in the simplified form as an equa-
tion in L (H)

V() =U(t) + (MPV)(t), t>0, (38)

and apply the method of successive approrimation to show that it has a unique
solution. For this purpose we define a sequence of functions (Vg (t))i>0 C Z(H),



Robustness of solutions to algebraic Sylvester equation 35

where
Vo(t) = U(t)
Vi(t) = U(t)+ (MPV)(t) =U(t) + (MTU)()
n=k
Vi(t) = U@+ MPV)() =Y (MP)"U)(1)
n=0
and show that there exists the limit
I lzgo- Jim Vi) = 3 ((MPyU))
n=0
— V() e L(H), t>0. (39)

Using the estimate (31) we can majorize the sequence (Vi (t))k>o0 as follows

n=k

1> (MDY U ) 2 (0)

n=0

IVe(®)l].2(20)

IN

n=~k m
CwethCSHP”:%(H)ﬁa tzou

n=0
which implies the required (pointwise in t) convergence of (39) with

VOllzany = 12 (MPYUD) | 2m)
n=0

t’n.
n!

IN

Cue® > CRIPI %)

n=0

_ Owewtecw||73“$(7-t)t7 t>0. (40)

It also follows from the properties of the operator M7T that every function
(V(t))e>0 C ZL(H) is strongly T-continuous and bi-equicontinuous. Moreover, it
follows from the two above estimates that in fact the convergence (39) is uniform
int on every finite interval [0,10], i.e., for every to > 0 we have convergence in
the norm of By,. Consequently, for every to > 0 the limit function (V(t))i>0 C
ZL(H) restricted to the interval [0,to] satisfies V() € By,, which means that
(V(t))i>0 C Z(H) is also strongly T-continuous and bi-equicontinuous.

In order to show that the function

oo

V(t) =Y (MP)ru)(), t=0 (41)

n=0
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(defined by (39)) satisfies the integral equation (38) let us apply M7P to both
sides of (41) and then we get

(MPV)(E) = (MPU)(E) + (MP)2U) () + (MT)°U)(E) + -
—UE) + U + (MUY () + (MP)ZU) () + -
(MPV)(t) = —U@t)+V(t), t>0,

as required.

Finally, to prove the uniqueness of (V(t))i>o let us assume that W(t))i>o s
another solution of (38) and hence the difference D(t) := V(t) — W(t) satisfies
the equation D(t) = (MPD)(t) for t > 0, which in fact implies that

D(t) = (M”)"D)(t), t>0, neN.
Using now the estimate (29) we see that for every to > 0 we have

IPls, < limsup [(M”)"] 2, IDlls.,

n—r oo

IN

: n n tn
limsup C" || P||'s 3 1Pl 5, = 0,
n—00 n.

i.e., D(t) = 0 for every t > 0. This completes the proof of the first part of the
lemma.

(i) Since Wy, (t) = (MF)"U)(t) for t > 0, then this part follows immediately
from the above considerations.

(i1)+ (i) +(iv) It has been shown above that the family (V(t))i>0 C L (H)
1s strongly T-continuous. In order to prove that it is a semigroup we use the
equation (38). The condition (30) implies that for every to > 0 there exists an
inverse (I — MP)~1 € L(By,) and hence function (V(t))i>0 C L (H) can be

expressed in the form
V(t)= (I -M")"'U)t), t>0. (42)
Let us now consider the equation

t+s
V(t+s)=M(t+s)+/ Ut +s—r)PV(r)dr, t,s>0,
0

which, after manipulations involving semigroup properties of (U(t))i>0 C L (H)
and change of the integration variable, can be transformed to the form

Vit +s) = UE)V(s) + /Otuu —YPV(r +s)dr, t5>0. (43)

Fizing s > 0 and introducing Vs(t) :== V(t + s), where t > 0, we rewrite (43) as
follows

V(t) =UR)V(s) + (MTV)(t), t>0.
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Hence, making use of (38) and (42), we obtain
Vi(t) = (I = MP)U)()V(s) = V()V(s), t>0,

which simply means that V(t + s) = V(t)V(s) for t,s > 0. By changing the role
of t and s in the equation (43) we get V(t + s) = V(s)V(t) for t,s > 0. Since
the equality V(0) = I is obuvious, the semigroup properties of (V(t))i>0 C ZL(H)
are proven.

Let (A7, 2(AT)) be the generator of the semigroup (V(t))i>0 C L (H) (de-
fined according to Definition 1.2). If we assume Z € P(AP), then we can
differentiate both sides of (32) as follows

V(t)Z = A1(Z/{1(t)Z)+A/tu(t—r)(P(V(r)Z)) dr+P(V(t)Z), t>0,
0

where the equality is understood in an extrapolated space H_1 (H1 — H <
H_1). This space, together with the extrapolated (extended) implemented semi-
group (U_1(8))t>0 C L (H-1) and its generator A_1 are defined, e.g., in Emir-
sagtow (2012). Hence, for t =0, we get

APZ = A Z+PZ, ZePAT),
which means that A_1Z € H, i.e., Z € P(A) and

APZ = AZ +PZ, Ze PAT)C 2(A).

In order to show that, in fact, 2(AT) = 2(A), let us assume X € p(A) and

consider the relation
M—AP =XI-A-P (I = PR\, A))N — A)

(A — A)(I =R\, A)P).

Using (10) we see that for A € C such that Re A > w + C,||P|| 2 (x), we have

Co
= < — <1 44
IPRO Al 200 = RO APz < IPlzgnmr—s <1, (44)

which implies that there exist inverses (I — PR(\,A))~L, (I — R\, A)P)~! €
Z(H) and
R(A, A7) R, AT = PR(A, A) ! (45)
(I —RAAP)'R(AA), (46)
i€, ClwrculIPllemy) C o(AP). In particular, since (I—PR(\, A))~t € L(H) is
a bijection, then (45) implies that Z(R(\, A7) = Z(R(\, A)), i.e., D(AF) =
Q(A]\/)[;Jreover, combining (45) (or (46)) with (44) we also obtain
Cu
ReA —w — CulIP|l2m) '

IR, AP 230y < (47)

The estimate (35) has been already derived as relation (40).
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In the important case when the implemented semigroup (U(t))i>0 C ZL(H) is
exponentially stable, we immediately obtain the following result:

COROLLARY 3.4 If the implemented semigroup (U(t))i>0 C L (H) is exponen-
tially stable, i.e. wo(U) < 0, and the constant w satisfies 0 > w > wo(U), then
for arbitrary perturbation P € £ (H) such that

|w]
P — 48
Pl 2y < . (48)

the perturbed semigroup (V(t))i>0 C ZL(H) is also exponentially stable (and
satisfies (35)).
4. Perturbed algebraic Sylvester equation

In this section we will specify the obtained results to the perturbed algebraic
Sylvester equation. Using the notation H¥ := Z(HF) and HA = L(HA),
we assume throughout the section that the strongly continuous semigroups
(T(t))e>0 C HA and (S(t))i>0 C HP satisfy

OJQ(T) + wo(S) <0. (49)

It follows that for all wy, we and Cy, Cz such that 0 > wy +wa > wo(T') + wo(S)
and

IT()]3a < Cre*tt,  [|S(t)|lgr < Coe®?t | >0,
we have
U 2y < C1Coe T2t 1 >0,

Since the implemented semigroup is exponentially stable, then by Corollary 2.3
the algebraic Sylvester equation

AZh+ZEh=Fh, he HY, (50)

where the equality is in H4, has for every operator F' € H a unique solution
Z € Hi CH.
Let us now consider the perturbed algebraic Sylvester equation

AP ZPh+ ZPEPh=Fh, he HE, (51)

where the equality is in H4, and the perturbed operators A” and E* are given
by

AP =A+ P4 EP =FE+ PP, (52)

where P4 € HA and P¥ € H¥ are unknown bounded perturbations. For this
equation we have the following result:
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LEMMA 4.1 If the perturbations P4 € HA and P¥ € HF satisfy the bound

|w1 +w2|

pA pPFE <
[P pa + ([Pl CiC,

(53)

then for every F € H the perturbed algebraic Sylvester equation (51) admits a
unique solution Z¥ € Hy1 C H such that

. CLCa (P 342 + [ PPl IIF
12 - 27| < 1 T
w1 + wal — CLCo([ P Ten + 1PZ lee)

(54)
where || - |1 = || = A(-)Il, and Z is a solution of the unperturbed Sylvester
equation (50).
ProoOF 4.2 Using the notation

APZ = AZ + PZ =AZ+ ZE+ PAZ+ ZP¥, ZeH,,
the equations (50) and (51) can be rewritten as

~AZ=-F and —-A"Z7 =-F.

If we transform the second equation to the form —AZP = PZP — F and subtract
from the first one, we get

~A(Z - 2Z%)=-PZ". (55)

For the equation (55) to make sense we have to show that the equation —A¥ Z7 =
—F has a unique solution. For the start let us notice that we have

w=w;+ws, C,=0CCs (56)
and

1Pl < 1P l3a + 1P |l - (57)
Corollary 3.4 implies that for perturbations such that (see (53))

0> wi +ws + C1Co([| P34 + | PF|l34x) (58)

the perturbed semigroup (V(t))i>0) C ZL(H), with generator (A7, 2(A7) =
9D (A)), is exponentially stable and by Corollary 2.3, the equation — AP Z¥ = —F
has a unique solution. Moreover, 0 C o(A”) and this solution can be expressed
in the form

ZP = —R(0, AT)F.
Substituting this expression into (55) we get

~A(Z - Z") =P(R(0, AP)F), (59)
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and hence
| = AZ = Z7)|| = [IP(R(0, A7) F)[| < [Pl s230) | R(0, A7) | 2 2y || FI- (60)
Taking into account relations (56)-(58) the condition (47) implies the inequality

C1Cs
—wi —wy = C1O5([[PAlgga + [[PZ =)

which, applied to (60), leads to the estimation (54).

IR0, AP) || 230y <

In some applications the following corollary to Lemma 4.1 may be useful.

COROLLARY 4.3 Let the solution Z € H = L (HF, HA) of the Sylvester equa-
tion (50) have an inverse Z=' € L(HA, H?) and C > 0 be a constant from the
inequality

X< ClIXNl, X eH.
If the perturbations PA € HA and P¥ € HE satisfy the bound

| w1 + wo

1P lgn + ([P e < S22 (61)
and, additionally, the following bound holds
COLCo (1P g + | PE g2 | 1 )

w1 +wz| = CLOo([P|3a + 1PE|l3m) 127 Lz ,mm)

then the solution Z¥ € H of the perturbed Sylvester equation (51) has an inverse
(ZP)~l e L(HA HE).

PRrROOF 4.4 It follows from Lemma 4.1, if we use the well-known fact from
functional analysis, that if Z € L(HF, H*) has a bounded inverse Z~! €
Z(HA HF) and

1
<
'S N1Z Y gma nr

then there also exists an inverse (Z¥)~! € £(HA, HF).

1Z = ZP | (ue pra (63)

We illustrate applicability of the general results with the following example.

EXAMPLE 4.5 Let us assume that H*, A and (T(t))i>0 are the same as in
Section 1. In the obvious way we also define the unbounded adjoint operator
A* on HA and the adjoint semigroup (T*(t))i>0 C ZL(H?*). Moreover, let U
be another Hilbert space - the control space and B € .£(U, H*) - the control
operator.

Under these assumptions we consider the following control system

i(t) = Az(t) + Bu(t), xz(0)=zo€ H”, (64)

where (z(t));>0 C HA is the state and u € L2 (0,00;U) is the control. For the
system (64) we assume that it enjoys the following two properties:
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(i) the semigroup (T(t))¢>0 C L (H?) is exponentially stable, i.e. wo(T) < 0,
(7) the system (64) is exactly infinite-time controllable, i.e. there exists vy > 0
such that

(Mh, h)* = </OO T(t)BB*T*(t)dt h, h)* > ~(||h|*)?, he H*, (65)
0

where the operator M € £ (H?) is the controllability gramian of the
system.
It is rather clear that condition (ii) is equivalent to bounded invertibility of the
selfadjoint and non-negative operator M € L (H?), i.e.,

M~' e 2(HY). (66)

It follows from Corollary 2.3, see also Emirsajtow and Townley (2005), that if
we define an implemented semigroup (U)(t))i>0 C L (L (H?)) and its generator
A as follows

Utz = T ZT*(t), Ze LHY), t>0, (67)
(AZ)h = AZh+ZA*h, Z € L(HYNHy, he HY, (68)

then under the assumption (i) the controllability gramian M € L (HA)NH, can
be regarded as a unique solution of the following algebraic Sylvester equation

—AMh — MA*h = BB*h, he H{} = 9(A%), (69)

where the equality holds in HA, BB* € £ (H") and an explicit description of
H; is given as property (b) in Section 1. The above special case of the Sylvester
equation, where E = A* and F = BB™* is a selfadjoint and non-negative operator
in L(H?), is called the algebraic Lyapunov equation.

Let us now assume that the system operator A is additively perturbed by
an unknown bounded perturbation P4 € L (H?), so that the perturbed system
becomes

i(t) = APx(t) + Bu(t), z(0)=2¢<€ H”, (70)
where
AP = A4+ P2, (71)

For the perturbed system we would like to answer the following robustness
question: what perturbations P4 € .Z(H*) are allowed so that the perturbed
system (70) preserves properties (i) and (ii), i.e., exponential stability and exact
infinite-time controllability?

In order to answer this question we use the perturbed implemented semigroup

UP)())i>0 C L(L(HA)) and its generator AP, i.e.,

uP )z = TP ) 2(1 Yy (), ZeLHY), t>0, (72)
(AP Z)h = (A+ PMZh+ Z(A+ PY*h, Z € L(HNHy, h € H{(73)
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Since we have
woUP) = wo(TF™) + wo((TP*)*) = 2wo(TF™), (74)

then the exponential stability of the perturbed semigroup (TPA ()0 € L (HA)
1s equivalent to the exponential stability of the perturbed implemented semigroup
UP)))i>0 C L(L(HA)). Using now Corollary 3.4 we obtain the following

sufficient condition for exponential stability

|w]

”PA”.,%(HA) < E, (75)
where w satisfies wo(T) < w < 0 and C,, is such that
|T(t)|| 2(rray < Coe®, t>0. (76)

Under the exponential stability condition the controllability gramian M7T of the
perturbed system (70) is well defined by the relation

MP = / Soprt (t)BB*(TF")*(t)dt € L(H?), (77)
0

and by Corollary 2.3 we know that M¥ € Z(HA) N H1 and uniquely satisfies
the perturbed algebraic Sylvester equation

—(A+ PYMPh— MP(A+ PY*h=BB*h, he H{. (78)
It now follows from Corollary 4.3 that the additional estimate
CC2||P| 2y || BB* || 2 (rr4) 1 (79
|w| = C2I1 P M= pmay’

provides a sufficient condition for the existence of the inverse operator (MT)~1 €
L(H?A), which is equivalent to the exact infinite-time controllability of the per-
turbed system.

5. Final remarks

In this paper we have proved that if the infinite-dimensional algebraic Sylvester
equation (50) has a unique solution Z € H;, then this property is preserved
under arbitrary bounded perturbations (52) as long as they remain small and
the inequality (53) provides the upper bound for their norms. In this case the
difference of these two solutions satisfies the estimate (54). A simple example
of application of the results to the robustness of the exponential stability and
the exact infinite-time controllability of an infinite-dimensional control system
under bounded perturbations is given.

It seems that similar approach can be developed also for unbounded per-
turbations which are of great interest in output regulation as well as observer
design problem for distributed parameter systems.
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A. Appendix: Proof of Lemma 3.1

PROOF A.1 It is clear that for every to > 0 and Z € H we have (MFV)(-)Z €
C([0,to]; (H,7)). Moreover,

t
[(MPV)(1)z|| < /0|U(t—7”)|z(ﬂ)|7’||$(%)||V(T)Z|dT
< tC|IPllzmy S V)l 2@l 2],

where t € [0,%o], and hence
IMPV)B)lLz 30 < tC 1Pl Vils,,  t € 10,t0], (80)

which implies HMPHBtO < 0. In order to complete the proof of (28) we have
to show that for every V € By, the family (MPV)(t))icpt) C L (H) is bi-
equicontinuous, i.e., for every || - ||-bounded sequence (Zp)nen C H which is
T-convergent to Z € H, every pp € P, every and € > 0, there exists ng € N such
that

sup pr(MPVY()(Z, —Z)) <e, n>ng. (81)

0<t<to
Since we have

sup pr((M7V)(t)(Zn — Z2)) < sup /0 pr(U(t = r)(PV(r)(Zn — Z))) dr

0<t<to 0<t<to

< to sup puU@)PV(E)(Zn = 2))),

0<t<tg
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then (81) will follow from sequential T-continuity of the family (U(t)PV(t))re(o0,t0]
C ZL(H). We prove this continuity by contradiction. For this purpose we assume
that there exists a || - ||-bounded sequence (Zyp)nen C H, which is T-convergent
to some Z € H, a seminorm pp, € P and € > 0 such that for every n € N we
can find t, € [0,to] such that

ph(u(tn)(PV(tn)(Zn - Z))) > €. (82)
However, by (22) and assumptions on P, the sequence (PV(t,)(Zn—2Z))nen C H
is || - [|-bounded and by sequential T-continuity of (V(t))ieo,4,] we have

lim pr(PV(tn)(Zy — Z)) = 0.
Thus, the bi-equicontinuity of the family (U(t))i>0 C L(H) implies
nlergoph(U(tn)(PV(tn)(Zn - 7)) =0,

which contradicts (82) and completes the proof of (28).
Next we prove the relation (29) and for this purpose we use the following
estimate

t’ﬂ
MY V)l < CMIPI ) Vs, - t € [0:20], (83)

which holds for every V € By, and n € N. In order to show (83) we use
mathematical induction. For n =1 this estimate is just (80). If we now assume
that it holds for some n € N, then we obtain

t
(MDDl = 1 [ Ut =nPAMP V) drl v
t
< [ 1t = lzoolPlzool M V)O)Leo d
t n
n n r
< [ CIPIeeoC 1Pz an SV ladr

+1 n+1 tn+1
= C ||7’Hg(y)m”v”6to ;
i.e., it also holds for n + 1 and hence for every n € N. It is obvious that (83)
implies (29). In turn, relation (30) follows easily from the estimate (29).
It now remains to show (31). For n =1 we have

t
IMPU D)2 = | / U(t — r)PUr) dr 0
t
< / WUt = )20 P IUE) | 2y dr
t
< /Cwe”(tﬁ)H’PHg(H)Cwemdr
0

= Coe”'Cu||P|lgpnt, t>0.
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If we now assume that (31) holds for some n € N, then

t
(MPY U)Dlzon = | / Ut — rYP(MP)U)(r) drl] 2 a0
t
< / UGt = )20 Pl 2030 | (MPYU) ) | 0y dr
t n
-7 wr n n T
S /chew(t )HP“g(’H)O‘Ue CUJHP”:?(’H)FCZT

trmit ottt
Cwe Cw |‘P||$(H)m7

i.e., it also holds for n+ 1 and hence for every n € N.



