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Abstract  Sufficient conditions are given under which the controllability and observability of linear electrical circuits is 
independent of their resistances. In some particular cases the observability depends only on the capacitances or inductances of 
the electrical circuits. 
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INTRODUCTION 
The notion of controllability and observability and the 

decomposition of linear systems have been introduced by 
Kalman [9, 10]. These notions are the basic concepts of the 
modern control theory [1, 3, 8, 11-13]. They have been also 
extended to positive linear systems [2, 4, 6, 7]. It is well-
known that the controllability and observability of linear 
systems are generic properties of the systems [11]. 

A dynamical system is called positive if its trajectory 
starting from any nonnegative initial condition state remains 
forever in the positive orthant for all nonnegative inputs. An 
overview of state of the art in positive system theory is given 
in the monographs [2, 4, 6, 7] and in the paper [5]. Models 
having positive behavior can be found in engineering, 
economics, social sciences, biology and medicine, etc. 

In this paper the independence of the controllability and 
observability of linear electrical circuits of their resistances 
will be addressed. 

The paper is organized as follows. In Section 1 the basic 
definitions and theorems concerning the controllability and 
observability are recalled. Sufficient conditions for the 
independence of the controllability and observability of 
linear electrical circuits of their resistances are presented in 
Section 2 and illustrating example of electrical circuit is given 
in Section 3. Concluding remarks are given in Section 4.  

The following notation will be used:   - the set of real 

numbers, mn  - the set of mn  real matrices, mn
  

- the set of mn  real matrices with nonnegative entries 

and 1= 
  nn , nM  - the set of nn  Metzler 

matrices (real matrices with nonnegative off-diagonal 

entries), nI  - the nn  identity matrix. 

I. CONTROLLABILITY AND OBSERVABILITY OF LINEAR 
ELECTRICAL CIRCUITS  

Consider the linear continuous-time electrical circuit 
described by the state equations 

),()(=)( tButAxtx   (1a) 
),()(=)( tDutCxty   (1b) 

 

where ntx )( , mtu )( , pty )(  are 

the state, input and output vectors and nnA  , 
mnB  , npC  , mpD  . 

It is well-known [7] that any linear electrical circuit 
composed of resistors, coils, capacitors and voltage (current) 
sources can be described by the state equations (1). Usually 
as the state variables )(,),(1 txtx n  (the components 

of the state vector )(tx ) the currents in the coils and 

voltages on the capacitors are chosen. 
Definition 1. [7] The electrical circuit (1) is called 

(internally) positive if ntx )(  and pty )( , 

)[0,t  for any nxx (0)=0  and every 

mtu )( , )[0, . 
Theorem 1. [7] The electrical circuit (2) is positive if and 

only if 
.,,, mpnpmn

n DCBMA 






   (2) 
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Theorem 2. [7] The linear electrical circuit composed of 

resistors, coils and voltage sources is positive for any values 
of the resistances, inductances and source voltages if the 
number of coils is less or equal to the number of its linearly 
independent meshes and the direction of the mesh currents 
are consistent with the directions of the mesh source 
voltages. 

Theorem 3. [7] The linear electrical circuit composed of 
resistors, capacitors and voltage sources is not positive for all 
values of its resistances, capacitances and source voltages if 
each its branch contains resistor, capacitor and voltage 
source. 

Theorem 4. [7] The R, L, C, e electrical circuits are not 
positive for any values of its resistances, inductances, 
capacitances and source voltages if at least one its branch 
contains coil and capacitor. 

Definition 2. [7] The electrical circuit (1) (or the pair (A,B)) 

is called controllable (in the time ][0, ft , 0>ft ) if there 

exists an input mtu )( , ][0, ftt  which steers the 

state of the system from initial state nx 0  to any given 

final state n
fx  , i.e. ff xtx =)( . 

Theorem 5. [7] The electrical circuit (1) is controllable in 

time ][0, ft  if and only if 

  .=rank C sfornBAsI n  (3) 
Definition 3. [7] The electrical circuit (2) (or the pair (A,C)) 

is called observable (in the time ][0, ft , 0>ft ) if it is 

possible to find unique initial state nx 0  of the system 

knowing its input mtu )(  and its output 

pty )( , ][0, ftt . 

Theorem 6. [7] The electrical circuit (1) is controllable in 

time ][0, ft  if and only if 

.=rank C









sforn
AsI

C

n

 (4) 

 
II. INDEPENDENCE OF THE CONTROLLABILITY AND 

OBSERVABILITY  
In this section sufficient conditions for the independence 

of the controllability and observability of the linear electrical 
circuits of their resistances will be presented. 

Consider the linear electrical circuit shown in Figure 1 
with given resistances kR , ,131,= k , inductances 

iL , 1,2,3,4=i , capacitances jC , 1,2,3,4=j  and 

source voltages je , 1,2,3,4=j . 

 
Fig. 1. Electrical circuit 
 
It is well-known that the number of linearly independent 

meshes mn  of the linear electrical circuit is given by the 

formula 
1,=  obm nnn  (5) 

where bn  is the number of branches and on  is the 

number of the nodes of the electrical circuit. 
The linear independent meshes of the electrical circuit 

will be divided into following two classes: external and 
internal meshes. 

Definition 4. Linearly independent mesh is called 
external if it contains only one branch with resistance, 
inductance, capacitance and source voltage and branches 
with only resistances. Linearly independent mesh is called 
internal if it contains only resistances. 

Using the Kirchhoff’s laws we may write for the external 
meshes the equations 

612313444
4

44

413511333
3

33

6715222
2

22

5625111
1

11

=

,=

,=

,=

iRiRiRu
dt
diLe

iRiRiRu
dt
diLe

iRiRiRu
dt
diLe

iRiRiRu
dt
diLe









 
(6a) 

and for external meshes 

0,=
0,=

412275966

311166955

iRiRiRiR
iRiRiRiR


  (6b) 

where 

.=,=
,==

,=,=

1210976119865

131244131133

75226511

RRRRRRRRRR
RRRRRRRR
RRRRRRRR





 

(6c) 

The currents in capacitors and their voltages are related 
by 
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1,2,3,4.=,= k
dt

duCi k
kk

 (7) 

From the equations (6a) we have 
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(8) 

and from (6b) 
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Substitution of (9) into (8) yields 

,= 14
14

14

14

14 Be
i
u

A
i
u

dt
d
















  (10a) 

where 
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(10b) 
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(10c) 

and 
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(10d) 

The electrical circuit described by (10a) is not positive 
since its matrix A  defined by (10c) is not a Metzler matrix. 

Theorem 7. The controllability of linear electrical circuits 
is independent of their resistances if the number en  of their 
external meshes satisfies the condition 

,me nn   (11) 

where mn  is defined by (5). 
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Proof. To simplify the notation the proof will be given for 
the electrical circuit shown in Figure 1. In this case we have 

13=bn , 8=0n  and 4=en . Therefore, the 

condition (11) is satisfied since em nn > . Using the 
condition (3) of Theorem 5 to the matrices (10c) we obtain 
(12) for Cs . The condition (12) is satisfied for all values 
of the resistances of the electrical circuit. Therefore, the 
controllability of the linear electrical circuit is independent of 
its resistances.  

Theorem 8. The controllability of linear electrical circuits 
depends only on their inductances and capacitances if each 
branch with inductance contains also source voltage. 

Proof. Note that if each branch with inductance contains 
also source voltage then to each row in the matrix A  with 
resistances we have a nonzero entry in corresponding row in 
the matrix B . In this case using elementary column 
operations it is possible to eliminate in the matrix 

][ BAsIn   entries with the resistances. 

Now the observability of the linear electrical circuit 
shown in Figure 1 will be analyzed for the following three 
cases: 

Case 1.   84
1 0= CC , 0det 1 C . 

Case 2.   84
20= CC , 0det 2 C . 

Case 3.   84
21= CCC , 4=rankC . 

In Case 1 we have the following theorem. 
 
Theorem 9. In Case 1 the observability of linear electrical 

circuits is independent of their resistances and inductances 
if the condition (11) is satisfied. 

Proof. Using the condition (4) of Theorem 6 to the matrix 
A defined by (15) and  0= 1CC , 0det 1 C  we 
obtain 
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and the matrix R  is defined by (10d). 
The condition (12) is satisfied for all values of the 

resistances and inductances of the electrical circuit. 
Therefore, the observability of the linear electrical circuits in 
Case 1 is independent of their resistances and inductances if 
the condition (11) is satisfied.  

Theorem 10. In Case 2 the observability of linear 
electrical circuits is independent of their resistances and 
capacitances if the condition (11) is satisfied. 

Proof. Using the condition (4) of Theorem 6 to the matrix 
A  defined by (10c) and  20= CC , 0det 2 C  we 

obtain 

0.det0,detfor
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The condition (14) is satisfied for all values of the 

resistances and capacitances of the electrical circuit. 
Therefore, the observability of the linear electrical circuits in 
Case 2 is independent of their resistances and capacitances 
if the condition (11) is satisfied. 

Theorem 11. In Case 3 the observability of linear 
electrical circuits is independent of their resistances and 
capacitances if the condition (11) is satisfied. 

Proof. The proof is similar to the proofs of Theorems 9 
and 10.  
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III. EXAMPLE 
Consider the linear electrical circuit shown in Figure 2 

with given resistances kR , ,61,= k , inductances 

iL , 1,2,3=i , capacitances jC , 1,2,3=j  and 

source voltages je , 1,2,3=j . 

 

 
Fig. 2. Electrical circuit 
 
Using the Kirchhoff’s laws we may write the equations 

,=

,=
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32615333
3

33

23614222
2

22

13524111
1

11

uiRiRiR
dt
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(15a) 

where 

.=
,=,=

65333

6422254111
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RRRRRRRR


  (15b) 

The currents in capacitors and their voltages are related 
by 

1,2,3.=,= k
dt

duCi k
kk

 (16) 

The equations (15) and (16) can be written in the form 
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(17c) 

Note that in this case we have 6=bn , 4=on , 

3=en  and me nn = . Therefore, the electrical circuit 

has only external meshes. The electrical circuit is not positive 
since its matrix A  is not a Metzler matrix. 

The electrical circuit is controllable since we have (18) 
and the controllability is independent of its resistances kR
, ,61,= k . 

The following three cases of the choice of the output 
matrix C  of the electrical circuit will be considered: 
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In Case 1 using the condition (4) we obtain 
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Therefore, the electrical circuit is observable and its 

observability is independent of its resistances and 
inductances. 

In Case 2 using the condition (4) we obtain 
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Therefore, the electrical circuit is observable and its 
observability is independent of its resistances and 
capacitances. In Case 3 using the condition (4) we obtain 
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  3=
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Therefore, the electrical circuit is observable and its 
observability is independent only of its resistances. 

It is well-known [7] that the linear electrical circuits are 
not positive if at least one of their branch contains 
resistance, inductance and capacitance. The linear electrical 
circuits analyzed in this paper belong to this class. Therefore, 
we have the following conclusion. 

Conclusion 1. The linear electrical circuits analyzed in this 
paper are not positive. 
 

IV. CONCLUDING REMARKS 
The independence of the controllability and 

observability of resistances, inductances and capacitances of 
linear electrical circuits has been investigated. Sufficient 
conditions have been given: 

for the independence of the controllability of linear 
electrical circuits of their resistances (Theorems 7 and 8); 

for the independence of the observability of linear 
electrical circuits of their resistances and inductances 
(Theorem 9), of their resistances and capacitances (Theorem 
10) and of their resistances (Theorem 11). 

It is shown that the electrical circuits satisfying the 
sufficient conditions are not positive electrical circuits 
(Conclusion 1). 

The considerations have been illustrated by examples of 
linear electrical circuits. 
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