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Abstract. The paper presents an analysis of the deformation of a dynamically loaded rectangular 
reinforced-concrete deep beam, including the physical nonlinearity of construction materials: concrete 
and reinforcing steel. The solution was acquired with the use of the method presented in [15]. The 
displacement of three plate types under various loads, up to dynamic load capacity depletion, was 
analysed. The results of numerical solutions are presented, with particular emphasis on the impact 
of the very high strength of concrete and steel on the reinforced concrete plate displacement. The 
work confirmed the correctness of the assumptions and deformation models of concrete and steel 
as well as the effectiveness of the methods of analysis proposed in the paper [1, 15] for the problems 
of numerical simulation of the behaviour of reinforced concrete deep beams under dynamic loads.
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1. Introduction

The aim of the work is the analysis of the influence of very high strength of con-
crete and reinforcement steel on the performance of rectangular reinforced concrete 
deep beams loaded dynamically with the inclusion of the physical nonlinearity 
of the construction materials: concrete and steel. The deep beam deformation was 
analysed with respect to the variation of vertical displacements in the three beam 
types under various loads, up to dynamic load capacity depletion. The solution 
was acquired with the use of the method of analysis of non-elastic behaviour of the 
reinforced dynamically loaded concrete deep beam [15].
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The essence of this method consists of the following elements: dynamic model-
ling of the material properties, modelling of the process of deformation of the flat 
construction framework – reinforced concrete deep beam, and also algorithmisation 
and numeric programming of the solution. Modelling of the properties of the con-
struction materials was carried out with the use of the assumptions of flow plasticity 
theory. The model of plastic/ideally viscoplastic material was used for the reinforce-
ment steel, taking into account the plastic retardation effect. Modelling the dynamic 
properties of concrete was a topic of consideration for many publications, i.e. [9, 
18]. Constitutive modelling of high-value and ultra-high-grade concrete properties 
was the subject of study in [8]. For concrete, a non-standard model of dynamic 
deformation was adopted in [4,14]. This model describes the elastic properties 
of concrete, the limited properties of ideal viscoplasticity on the initial dynamic 
surface of plasticity, material weakening and volume changes. The degradation 
of the deformation module was ignored in the model. The adopted concrete model 
facilitates a simplified description of material scratching or crushing as states of loss 
of load capacity achieved in the process of material weakening. A reduced form of the 
dynamic concrete model [14] was adopted in the study, reduced to the state of flat 
stress, both for loading and unloading processes. The limit curve for the adopted 
concrete model is shown in Fig. 1.

Fig. 1. Limit curve for the adopted concrete model [14] in a flat stress state
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Achieving the goal required the introduction of constant properties into 
the adopted concrete model, allowing the description of the properties of concrete 
of very high strength. An assumption was adopted, in the modified concrete model, 
that the boundary deformation values may be variable and dependent on the class 
of concrete [1, 16]. The analysis method of the effort of the construction form was 
formulated with the use of the principles of the finite element method [5]. For 
the reinforced concrete deep beam, treated as a composite material consisting of the 
concrete matrix strengthened with thin rods of steel reinforcing, a hypothesis for 
the cooperation of the reinforcing rods and matrix material was proposed. The 
solution of dynamic systems of the displacement equations for the displacement 
of the finite element method was conducted based on algorithms and programmes 
of numerical analysis of the flat tension state, which allows the identification of the 
states of displacement, strain, strain rate, and stress with the inclusion of the effects 
of physical material nonlinearity, including concrete scratching.

In this study, the results of numerical solutions for the reinforced concrete 
deep beam are presented, which was the topic of the static experimental research 
of F. Loenhardt and R. Walter [6]. The study describes the diversified process 
of dynamic stress/strain and deformation of a reinforced concrete deep beam 
in relation to the very high strength concrete grade. The impact of the very high 
concrete and reinforcing steel strength on the dynamic load capacity of reinforced 
concrete beams was analysed, taking into account the physical non-linearities of the 
construction materials.

2. Subject of the analysis

The subject of the analysis are deep beams made of concrete matrix strengthe-
ned with thin, steel reinforcement rods in an orthogonal arrangement. The deep 
beam is loaded on the upper edge with a constant-over-time and equally distributed 
dynamic load p(x,t) = p = const.

An analysis of damage to various types and sizes of beams made of high-grade 
concretes was discussed in [4, 11, 12].

A numerical analysis was applied to a rectangular reinforced concrete deep beam 
with orthogonally arranged reinforcement, designated in the paper of F. Leonhardt 
and R. Walther [6] as WT3, fig. 2. The deep beam was the subject of the analysis 
in paper [2, 7].

The dimensions of the deep beam are: length, breadth: L = B = 160 cm, thickness: 
t = 10 cm. The main reinforcement of the deep beam was made in the form of 4 
layers of reinforcement loops with a yield point of fy = 410 MPa and a rod diameter 
of f8, placed in the lower part of the deep beam. The remaining part of the deep 
beam is reinforced with vertical and horizontal stirrup reinforcement made of steel 
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with a yield point of fy = 240 MPa, a rod diameter of f5, and spacing of 26 cm. The 
concrete matrix was made of concrete with the compression strength of fc = 30 MPa 
and an elongation strength of ft = 3 MPa.

Taking into account the use in the numerical construction analysis of high 
strength concrete, paper [17] included a proposed modification of the concrete 
deformation model. The essence of the proposed modification of the concrete model 
is a change in the interpretation of the size of boundary deformation efc for the phase 
of ideal viscoplasticity and euc for the phase of material weakening. In the basic 
version of the model, on the basis of the analysis of the results of experimental 
research, boundary deformations efc are determined as constant values for a single-
-axis compression of 2‰, regardless of the concrete class, whereas for boundary 
deformations euc, the values were determined within the range of euc = (6 - 12) ‰, 
on the condition that lower values of euc may be used for concrete of higher class, and 
higher values of euc for concrete of lower and medium class, but without the exact 
designation of the relation with the concrete class. Currently, in the modified con-
crete deformation model, it is assumed that the boundary deformation values efc 
and euc may be variable and dependent on the concrete class, in accordance with 
the concrete strength variability function specifying the so-called strength indicator, 
as described in paper [17].

As a consequence, material properties describing the constitutive concrete 
model, shown in table 1, were adopted for the numerical analysis.

Fig. 2. Reinforced concrete deep beam diagram
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Table 1
Boundary parameter values describing the concrete model

Concrete grade fc
[MPa]

ft
[MPa]

εec
[‰]

εfc
[‰]

εuc
[‰]

Ec
[GPa]

C30 30. 3 1.20 2.00 12.00 25.0

C100 100 10 2.08 2.80 11.25 48.0

C200 200 20 3.88 4.49 10.71 51.50

C300 300 30 5.71 6.21 10.21 52.5

A graphic interpretation of the material parameters describing the constitutive 
concrete model is shown in Fig. 3, in the plane of stresses and deformation for 
single-axis compression. In this picture, the Yd indicator describes the dynamic 
strength of the concrete in accordance with the model described in the paper [14].

Fig. 3. Graphic interpretation of the material parameters of the constitutive concrete model.

For increased steel strength, a modification was made to the steel strength para-
meters of the main reinforcement of the deep beam, i.e. rods with a diameter of f8. 
The modification involved using steel class A – H with a yield point of fy = 690 MPa.

The intensity of dynamic load designates the dimensionless parameter α = P/P0 
of auxiliary, total load of the deep beam P0 = p × L, in relation to the level of static 
deep beam carrying capacity P0. Assessment of the level of static deep beam carrying 
capacity in relation to each deep beam type, in accordance with [3], amounts to:

—	 for C100, C200, C300 concrete and A-III steel: P0 = [2210 kN/2595 kN/3317 kN]
—	 for C100, C200, C300 concrete and A-H steel: P0 = [2085 kN/3028 kN/3999 kN].
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3. Analysis of reinforced concrete deep beam displacement

To illustrate the impact of high-strength concrete on the diversified process 
of dynamic stress/strain and deformation of rectangular reinforced concrete deep 
beams, numerical experiments were carried out for a beam with the reinforce-
ment arranged like in experiment [6] and with modified parameters describing 
the constitutive model of concrete (concrete grade C100, C200, C300). Additio-
nally, the impact of changing the strength parameters of the reinforcing steel, i.e. 
the impact of swapping A-III regular steel, similarly to experiment [6], for A-H steel 
with increased strength, was analysed.

For that purpose, the following points in the central section (designated in fig. 4) 
were adopted for the observation of dynamic changes of displacement of the deep 
beam: xd — lower edge, xs — half beam height xg — upper edge.

Fig. 4. Designation of points chosen for observation

In turn, the following points were selected for observation in order to illustrate 
the variability over time of the lower and upper edges of the deep beam:

—	 on the lower edge of the deep beam: x2, x4, x6, x8, x10, x12, x14, x16, x18,
—	 on the upper edge of the deep beam: x290, x292, x294, x296, x298, x300, x302, x304, 

x306,
the designations of which were shown in fig. 4.
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In Fig. 5, for a C100 concrete and A-III steel reinforced bean, the variability 
in time is presented of the vertical displacement of the selected points in the middle 
cross-section: point xd — on the lower edge — Fig. 51, point xs — half beam height 
— Fig. 52, point xg — on the upper edge — Fig. 53, under various loads α = P/P0.

On the level of load α = 0.6, a lack of stabilisation of plastic processes can be 
observed, which manifested itself at lower levels of load by a stabilised vibration 
around the permanent displacements of the observed points. Only during the initial 
phase of deformation of the deep beam, the symptoms of the oscillation of vertical 
displacement of point xd around the point of balance could be observed. As a result, 
for the load level a = 0.6, an increase of vertical displacements of the observed points 
is visible, which signals load capacity depletion and the beam's damage.

In Fig. 6, for a C200 concrete and A-III steel reinforced beam, the variability 
in time is presented of the vertical displacement of selected points in the middle 
cross-section: point xd — on the lower edge — Fig. 61, point xs — half beam height 
— Fig. 62, point xg — on the upper edge — Fig. 63, under various loads α = P/P0.

At the load level of α = 0.6, (like in the C100 concrete deep beam), a lack of sta-
bilisation of plastic processes was observed and manifested as a lack of stabilised 
vibration around the observed points’ permanent displacements. As a result, the load 
level of α = 0.5 determines the beam’s load capacity.

In Fig. 7, for the C300 concrete and A-III steel reinforced beam, the variability 
in time is presented of the vertical displacement of the selected points in the middle 
cross-section: point xd — on the lower edge — Fig. 71, point xs — half beam height 
— Fig. 72, point xg — on the upper edge — Fig. 73, under various loads α = P/P0.

At the load level of α = 0.6, (like in the C100 and C200 concrete deep beams), 
a lack of stabilisation of plastic processes was observed and manifested with a stabi-
lised vibration around the observed points’ permanent displacements under lower 
loads. However, the process of vibration movement stability loss at this load level 
was distributed over time and progressed differently than in the C100 and C200 
concrete deep beams.

In Fig. 8, for a C100 concrete and A-H steel reinforced beam, the variability 
in time is presented of the vertical displacement of selected points in the middle 
cross-section: point xd — on the lower edge — Fig. 81, point xs — half beam height 
— Fig. 82, point xg — on the upper edge — Fig. 83, under various loads α = P/P0.

At load level α = 0.6, a further development of stable plastic processes different 
from the case of the deep beam reinforced with A-III steel (for the same load level) 
can be observed, which was manifested by stabilised vibrating motion around 
permanent displacements of observed points. Unlike the case of the deep beam 
reinforced with A-III steel, at load level α = 0.7, a lack of stabilisation of plastic 
processes can be observed, which manifested itself at lower loads with a stabilised 
vibration around the observed points’ permanent displacements.
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Fig. 51. Change in time of vertical displacement of point xd in the middle cross-section  
on the beam’s lower edge

Fig. 52. Change in time of vertical displacement of point xs in the middle cross-section  
at half of the beam’s height
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Fig. 53. Change in time of vertical displacement of point xg in the middle cross-section  
on the beam’s upper edge

Fig. 61. Change in time of vertical displacement of point xd in the middle cross-section  
on the beam’s lower edge
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Fig. 62. Change in time of vertical displacement of point xd in the middle cross-section  
at half of the beam’s height

Fig. 63. Change in time of vertical displacement of point xg in the middle cross-section  
on the beam’s upper edge
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Fig. 71. Change in time of vertical displacement of point xd in the middle cross-section  
on the beam’s lower edge

Fig. 72. Change in time of vertical displacement of point xs in the middle cross-section  
at half of the beam’s height
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Fig. 73. Change in time of vertical displacement of point xg in the middle cross-section  
on the beam’s upper edge

Fig. 81. Change in time of vertical displacement of point xd in the middle cross-section  
on the beam’s lower edge
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Fig. 82. Change in time of vertical displacement of point xs in the middle cross-section  
at half of the beam’s height

Fig. 83. Change in time of vertical displacement of point xg in the middle cross-section  
on the beam’s upper edge
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In Fig. 9, for a C200 concrete and A-H steel reinforced beam, the variability 
in time is presented of the vertical displacement of selected points in the middle 
cross-section: point xd — on the lower edge — Fig. 91, point xs — half beam height 
— Fig. 92, point xg — on the upper edge — Fig. 93, under various loads α = P/P0.

Already at the load α = 0.5, unlike for the A-III steel reinforced beam, the beam 
lost its loading capacity. The maximum load level was changed by the replacement 
of reinforcing steel grade A-III with grade A-H.

In Fig. 10, for a C300 concrete and A-H steel reinforced beam, the variability 
in time is presented of the vertical displacement of selected points in the middle 
cross-section: point xd — on the lower edge — Fig. 101, point xs — half beam height 
— Fig. 102, point xg — on the upper edge — Fig. 103, under various loads α = P/P0.

At the load level of α = 0.6, like in the A-III steel reinforced deep beam, a lack 
of stabilisation of plastic processes was observed and manifested with a stabilised 
vibration around the observed points’ permanent displacements under lower loads. 
However, the process of vibrating motion stability loss was more violent than in the 
deep beam reinforced with A-III steel.

Fig. 91. Change in time of vertical displacement of point xd in the middle cross-section  
on the beam’s lower edge
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Fig. 92. Change in time of vertical displacement of point xs in the middle cross-section  
at half of the beam’s height

Fig. 93. Change in time of vertical displacement of point xg in the middle cross-section  
on the beam’s upper edge
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Fig. 101. Change in time of vertical displacement of point xd in the middle cross-section  
on the beam’s lower edge

Fig. 102. Change in time of vertical displacement of point xs in the middle cross-section  
at half of the beam’s height
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3. Conclusion

The study has analysed the deformation of a rectangular reinforced concrete 
deep beam made of very high strength concrete of C100, C200 and C300 grades 
and reinforced with plain steel A-III and with high strength steel A-H, dynamically 
loaded. The differentiated process of dynamic stress/strain and deformation of the 
reinforced concrete deep beam has been described based on observation of changes 
in vertical displacement of points selected on the beam’s lower and upper edges 
in its middle cross-section. As part of the analysis, it was established that increasing 
the strength of either concrete or steel can affect the reinforced concrete beam 
stress/strain and damage mechanisms by a differentiated process of concentration 
and changes of concrete matrix crack areas. The presented results confirmed it is 
necessary to investigate the effect of the constitutive model parameters of the very 
high-strength concrete and the increased-strength steel on the effort mechanism 
of reinforced concrete elements. A complete analysis of the impact of the analysed 
factors will allow the assessment of the desirability of designing such elements using 
a very high strength concrete as well as high strength steel. The results presented 
in this paper confirmed the correctness of the assumptions and deformation models 
of concrete and steel as well as the effectiveness of the methods of analysis proposed 

Fig. 103. Change in time of vertical displacement of point xg in the middle cross-section  
on the beam’s upper edge
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for the problems of numerical simulation of the dynamic behaviour of reinforced 
concrete deep beams under dynamic loads.

The study was carried out as a result of research tasks carried out within the framework of statutory 
research no 934, carried out in the Faculty of Civil Engineering and Geodesy of the Military University 
of Technology.
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WALDEMAR CICHORSKI

Analiza stanu przemieszczenia tarcz żelbetowych z betonów o bardzo wysokiej 
wytrzymałości obciążonych dynamicznie

Streszczenie. W pracy przedstawiono analizę deformacji prostokątnych tarcz żelbetowych wykonanych 
z betonów o bardzo wysokiej wytrzymałości obciążonych dynamicznie z uwzględnieniem fizycznych 
nieliniowości materiałów konstrukcyjnych: betonu i stali zbrojeniowej. Rozwiązanie otrzymano na 
podstawie metody zaprezentowanej w pracy [15]. Dokonano analizy stanu przemieszczenia dla trzech 
rodzajów tarcz, przy różnych poziomach obciążenia, aż do osiągnięcia stanu wyczerpania dynamicznej 
nośności. Przedstawiono wyniki rozwiązań numerycznych ze szczególnym uwzględnieniem wpływu 
bardzo wysokiej wytrzymałości betonu i stali na przemieszczenia tarczy żelbetowej. Wykazano 
poprawność przyjętych założeń i modeli odkształcenia betonu i stali oraz efektywność metody analizy 
proponowanej w pracy [1, 15] dla problemów numerycznej symulacji zachowania tarcz żelbetowych.
Słowa kluczowe: mechanika konstrukcji, konstrukcje żelbetowe, tarcze, obciążenie dynamiczne, 
nieliniowość fizyczna
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