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1. Introduction

Most of the technical systems are prone to the negative conse-
quences associated with occurrence of unexpected failures due to e.g. 
degradation processes, environmental conditions, or operator deci-
sions (e.g. [2, 3, 21, 31, 42]). For example, the wear processes are 
the most common cause of damage (about 70-80% of all the occurred 
failures) in mechanical devices [22, 41]. Following this, in order to 
prevent those negative consequences there are introduced some pre-
ventive actions related to technical systems maintenance issues. 

The tasks connected with appropriate maintenance strategy selec-
tion and its parameters optimization are very challenging ones due to 
the necessity of taking into account a number of requirements con-
nected with processes randomness, limited resources which support 
operational processes performance, and complexity of analysed tech-

nical systems [28, 33]. That is why, over the last 40 years there can be 
observed an increased interest in problems of technical systems and 
objects maintenance modelling processes that include e.g. preventive 
replacement scheduling tasks, inspection policy implementation, or 
corrective maintenance performance [32, 34]. In particular the pio-
neering research works dedicated to the maintenance modelling issues 
especially investigate the performance of single-unit systems (see e.g. 
works [17, 30, 35]). One of the main research tasks in this area is the 
optimization of time period between inspection actions performance 
(e.g. [18]), which is also under authors investigation in this paper. 

The authors focus on the modelling of inspection maintenance 
policy for technical systems/objects based on the technique called a 
delay time concept (DT). This maintenance approach was developed 
by Christer et al. (see e.g. [9, 10, 12, 13]). Similarly to Reliability 
Centred Maintenance strategy (RCM) [20], the delay-time concept is 
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based on a division of technical object’s degradation process into two 
main phases: normal operation (object fully up-stated) and phase of 
the work, where there can be observed some symptoms of forthcom-
ing failure of components or a system (object partially up-stated). The 
time period of the second phase is called the delay time, and denoted 
by h [7]. The known models that base on the implementation of delay-
time concept are mainly used for optimizing the time periods between 
system/object inspection action performances in order to detect some 
potential signs of future possible failure occurrence. In the case of 
identification of such symptoms, the technical object is preventively 
repaired or replaced, which allows for improvement of system de-
pendability characteristics and system total maintenance costs reduc-
tion [36]. Recent literature reviews, in which delay-time models are 
investigated along with other preventive maintenance models, are 
given in e.g. [16, 23, 26, 30]. Recent state of art works, dedicated 
strictly to delay-time modelling are given in e.g. [7, 8, 36, 37].

In the area of maintenance modelling of single-unit systems with 
the use of delay-time approach, one of the first developed works is 
[13]. Authors in this work investigate a model of equipment-replace-
ment decision process based upon a survey of maintenance managers. 
The survey research was done in order to investigate how replacement 
decisions are made in practice. The research study involved the sur-
veys of 19 employees of various organizations. The main focus was 
to define the criteria which have the biggest influence on maintenance 
decisions.

Later, in [4], there is analysed the repairable machine that may 
fail or suffer breakdown many times during the course of its service 
lifetime, and is inspected for visible faults at intervals. The authors 
mostly focus on the problem of model parameter estimation with the 
use of maximum likelihood method and Akaike Information Crite-
rion, providing also a model for imperfect inspections performance.

In work [5] authors develop a two-phase inspection policy model 
for a single component protection or preparedness system, in which 
the component arises from a heterogeneous population. The analysed 
system is required only in an emergency (system on-demand). The 
modelled two-phase inspection policy bases on the implementation of 
two inspection frequencies - an anticipated high inspection frequency 
in early life and low inspection frequency in later life. The optimi-
zation process is considered using availability and cost criteria. The 
policy is investigated in the context of a valve in a natural gas supply 
network.

Another interesting maintenance model of single-unit system with 
the use of delay-time approach is presented in work [20]. In the pre-
sented paper, author considers a problem of optimal inspection inter-
val determination based on the timeliness measure introduction. The 
defined measure reflects the expected time between the last inspection 
and the item failure. Moreover, its minimum defines the optimal in-
spection interval that can be obtained using Monte Carlo simulation 
approach. 

Moreover, there are also developed in the literature the mainte-
nance models for technical objects that introduce a novel assumption 
- the so-called postponed replacement. An example here may be the 
work [33], where authors propose a new delay time model that al-
lows replacement of object with detected defect to be postponed for 
an additional time period. The key motivation is to achieve better uti-
lization of the system’s useful life, and reduce replacement costs by 
providing a sufficient time window to prepare maintenance resources. 
The model is analysed for the cases when the delay time is a determin-
istic and random variable.

Delay time models of single-unit systems reliability are developed 
in [1, 6, 11, 19, 43]. In [11], author presents simple reliability model 
of a single component subject to one type of inspect able defect, when 
inspections are assumed to be perfect. Author focuses on the analy-
sis of the influence of the length of time between inspection actions 
performance on system reliability characteristics. Then the model is 

generalized by introducing the possibility of the appearance of the 
different types of defects (occurring independently in the system). 
This problem is later investigated in [6], where author simplifies the 
developed model and provides some numerical examples. The same 
model given in [11] is provided in [1], when delay time and time to 
failure densities are exponentially distributed. Later, in [19], authors 
extend a delay time model with periodic testing process by developing 
availability function in accordance with the length of time between 
inspection actions performance. Authors analyse three different vari-
ants of the model: the case with no mechanical possibility to detect a 
defect, zero delay time occurrence, or no inspection actions perform-
ance during maintenance processes of the investigated technical ob-
ject. In the next work, [43], authors investigate the model to evaluate 
the reliability and optimise the inspection schedule for a multi-defect 
component. There is also considered the situation of non-constant in-
spection intervals. 

The developed delay-time based maintenance models for single-
unit systems under condition based maintenance are presented e.g. 
in works [14, 24, 25]. In [14], authors analyse an inspection model-
ling problem for a production plant under condition monitoring. In the 
analysed article a condition monitoring test checks the state of wear 
of a component and records a (0,1) signal depending upon all being 
well or that wear is below a critical level with the possibility of im-
minent failure. Following this, in the optimization model the decision 
variables are the critical warning level and frequency of monitoring 
inspections. Later, in works [24, 25], authors develop a method for 
determining the discrete time points of inspection for a deteriorating 
single-unit system under condition-based maintenance. The delay-
time model is here utilized to describe the transition of the system’s 
states. Moreover, two types of probabilities with respect to inspec-
tions are considered – a failed-dangerous probability of type I error, 
and a failed-safe probability of type II error.

In the known literature, there can be also found some models 
dedicated to single-component systems’ risk analysis of maintenance 
activities performance (see e.g. [38]), semi-Markov processes imple-
mentation (see e.g. [15]), or safety inspection processes optimization 
(see e.g. [39]). The example of delay time model for a single unit 
case is given in [40], where authors propose a method to find cost-
optimized maintenance of an elevator.

The previously presented in the literature delay-time-based 
maintenance cost and availability models were mainly limited to the 
analysis of the first inspection period (the time between the moment 
of the “as good as new” technical object performance beginning to 
the moment of its first inspection action performance). In practice, 
this would mean the definition of the time of the first inspection ac-
tion performance and the lack of guidelines for further maintenance 
procedures performance in the case of not detecting of symptoms of 
forthcoming failure (e.g. DT models presented in [27]). The use of 
Block inspection policy in real-life operating systems involves peri-
odic inspection actions performance. This makes that it is necessary 
to determine the time period between inspection actions performance 
that is the best from the point of view of maintenance costs minimiz-
ing in the long run. 

Therefore, the article focuses on the development of a mathemati-
cal model for a technical object maintenance, which extends the ap-
proach used so far and allows analysing the long-term operation time 
period of a single-unit system. The model gives the possibility to find 
a constant time period between the inspection actions performance 
that is optimal due to minimal maintenance costs or maximal avail-
ability criterion satisfaction. Depending on the inspection action re-
sults, there are taken necessary actions (maintenance and/or further 
operation). The next inspection is performed after the next time period 
T regardless of the earlier inspection results. This significantly simpli-
fies the management process of technical object maintenance. 
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Moreover, there is presented an analysis of the sensitivity of the 
developed model to the selected parameters that gives the possibility 
to indicate certain relationships, which can facilitate the search for 
the optimal period between inspection actions performance due to the 
both considered criteria.  

As a result, in the next Section there are presented the modelling 
problem description and main assumptions. This gives the possibil-
ity for the investigation of the mathematical maintenance model for 
technical unit that base on Block Inspection policy implementation. 
The optimization criteria include the long-run expected maintenance 
costs and availability ratio for the given technical object. Later, there 
is examined the compatibility of the developed analytical model with 
simulation results. Then there is conducted the sensitivity analysis and 
later there is analysed the possibility of using the presented mainte-
nance model to optimize the technical object’s inspection period. The 
work ends with a summary.

2. Problem description and main assumptions 

2.1.	 Problem description  

In the presented paper, there is analysed a technical object with 
time delay, subject to periodic inspection maintenance. The conducted 
research study focuses on objects that are unrepairable or repairable 
but their corrective maintenance performance is costly ineffective. 
At the same time, it is assumed that the technical object has a single 
failure mode, and symptoms of forthcoming failure are identifiable 
during inspection actions performance.

Based on the relevant scientific literature, here we analyse a single-
unit system subject to periodic inspection. An implemented mainte-
nance policy is the Block Inspection policy. This maintenance policy 
assumes that the performed inspections are carried out in order to check 
the working status of the object and take place at regular time inter-
vals of T. The purpose of such inspection action is to establish if the 
technical object is still operable. Due to the simplicity of this type of 
maintenance policy, it is still often recommended by manufacturers. An 
example of this type of maintenance policy may regard to the periodic 
inspections of hydraulic pressure in e.g. wheel loaders. Such break pres-
sure checking is performed in every 1000 machine working hours.

Moreover, the inspections of technical object are assumed to be 
perfect. In the presented article the inspections are assumed to be per-
fect. As a result, object defect, which occurs till the moment of inspec-
tion, will be identified and replaced within the inspection period. At 
the same time, it is assumed that if these symptoms are diagnosed, the 
object will be replaced by a new one. Moreover, failure is observed 
immediately and the object is replaced at a given cost and downtime. 
The main decision variable in the model is the inspection interval T, 
which is called the maintenance cycle. The objective of the model 
is to define and estimate the availability ratio of the object and the 
long-term expected maintenance costs for a single renew period for 
the case of the random nature of the exploitation process (random mo-
ments of defects and failure occurrence). For the modelling purpose, 
we propose the following additional assumptions.

2.2. Assumptions
In the presented work, the general assumptions we make to char-

acterize the operation and maintenance of the non-repairable technical 
unit are listed below:

the technical object is a three state object where, over its serv-1)	
ice life, it can be:

operating – able to fulfil the operational tasks and functions •	
(later called as full up-state), 
partially operating (denoting the existence of a defect in the ob-•	
ject that is defined as the occurrence of the symptoms of poten-
tial failure - in the further part of the study called as incomplete 
or partial up-state), or

down for necessary repair (after the technical object failure oc-•	
currence, defined as the loss of the ability of the object to per-
form the required functions),

the object is renewed (replaced by a new one that has identical 2)	
reliability characteristic) at either a failure repair or at a repair 
done at an inspection if a defect is identified,
failures of the object are identified immediately, 3)	
replacements are made as soon as possible and have a constant 4)	
time. The time required for the object replacement is deter-
mined by variables df and dr in Subsection 3.1., 
the object inspection action lasts a constant time (determined 5)	
by a variable din described in Subsection 3.1.) and begins the 
new inspection cycle T for the analysed object (presented 
graphically in the Fig. 2).

3. Inspection model for a single-unit system based on 
the delay-time concept implementation 

Here authors investigate a case of a technical object performing 
under Block Inspection policy principles. In general, the analysed ob-
ject may be in one of the three maintenance operations: failure repair 
without additional inspection action performance, planned inspection 
performance with replacement of an element if a defect is detected, 
or planned inspection action performance without replacement of an 
element (defect not detected, object assumed to be fully up-stated). 
Thus, if the inspection action reveals a failure or a defective state of 
the object, a repair or replacement is initiated immediately otherwise 
it remains in service.

For the needs of this research, the period between the moment 
of the new technical object operation beginning to the moment of its 
replacement is called the “renewal cycle”, while the time elapsing 
between two successive inspections (or inspection and successive sys-
tem failure) is called the “inspection cycle”. Figure 1 illustrates the 
definition of the initial and delay times in the case of one component 
maintenance. Figures 2 and 3 present the renewal and defect renewal 
cycle for a technical objects.  

For the presented model assumptions, there can be estimated the 
availability ratio and the long-term maintenance costs for a given re-

Fig. 1.	 The initial and delay times of a single-unit technical system failure 
process. Source: Own contribution based on [8]

Fig. 2.	 Failure renewal cycle length of an analysed single-unit technical sys-
tem 
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newal cycle (composed of inspection cycles of length T), giving a 
foundation to look for the best value of the T period. In order to de-
termine these characteristics, the modelling efforts will be subjected 
to analysis of one renewal cycle of a technical object. In practice, this 
approach makes it possible to estimate the costs and the availability of 
the object in an infinite horizon time period, because the determined 
probabilities and expected values will be the same for subsequent re-
newal cycles. This is due to the fact that after the end of the analysed/
modelled renewal cycle, the object is replaced (preventively or cor-
rectively) with a new one with identical reliability characteristics.

The availability and cost results need to estimate the probabilities 
of the object being in the possible reliability states in a single renewal 
period, like object uptime, object partially uptime (there are signs of 
forthcoming failure) and system downtime (failure) in the long term 
(when t→∞). Determination of these probabilities, taking into account 
the fact of the object inspection performance, gives the possibility in 
the next step to estimate the expected values of its maintenance costs 
and its reliability characteristics.

3.1.	 Notation

In order to develop an analytical delay-time model we shall adopt 
the following notation: 
h	 the delay time of the defect, denoting the period be-

tween the moment of appearance of the first symp-
toms of the potential failure and the moment of the 
object failure occurrence 

u 	 initial time of the defect
tu	 the moment of the first symptoms of the potential fail-

ure occurrence 
tf	 the random moment of failure occurrence in the ob-

ject 
ti	 the moment of the ith inspection action performance, 

where i = 1,2,3,…, ∞
ti →∞	 the moment of the ith inspection action performance 

for i→∞ (infinite horizon time)
Ti	 time of ith inspection cycle performance (between 

two consecutive inspection actions performance)
F(t)	 Cumulative distribution function of an object’s time 

to failure t
fh(h)	 Probability density function of the delay time h
Fh(h)	 Cumulative distribution function of the delay time h
g(u)	 Probability density function of the initial time u, 

which elapses from the beginning of operation by 
an “as good as new” object until the moment of first 
symptoms of failure occurrence

G(u)	 Cumulative distribution function of the initial time 
u, which elapses from the beginning of operation by 
an “as good as new” object until the moment of first 
symptoms of failure occurrence

R(t)	 Reliability function of an object being operated by 
time t

PI(ti)	 probability that during the ith inspection action per-
formance, an object is still up stated 

LI(ti →∞)	 the expected number of inspection actions perform-
ance in a single renewal cycle of an object, during 
which it will be up stated

PR(ti →∞) 	 the probability that an object will be replaced during a 
single renewal cycle

PF(ti →∞)	 the probability of corrective replacement of an object 
in a single renewal cycle

LR(ti →∞)	 the expected number of preventive replacements per-
formance in a single renewal cycle 

LF(ti →∞)	 the expected number of an object failures occurrence 
in a single renewal cycle

TM (t1) 	 the expected lifetime of an object (up state and partial-
ly up state time periods) in the first inspection cycle 

TM(ti →∞)	 the expected lifetime of an object (up state and par-
tially up state time periods) from the moment of its 
operation beginning to the moment of its replacement 
(the length of a renewal cycle according to the Fig. 2 
and 3) 

Rh(t1,t2)	 the probability that in the time period between time 
moments t1, t2 the symptoms of forthcoming failure 
will occur, but an object will not fail up till the time 
moment t2

TI(ti →∞) 	 the expected time of inspections carried out in an ob-
ject during a single renew period 

din	 single inspection action performance time
TR(ti →∞)	 the expected preventive replacement time of an object 

during a single renew period
dr	 object’s defect replacement time
TF(ti →∞) 	 the expected failure replacement time of an object 

during a single renew period
df	 object’s corrective replacement time (after failure oc-

currence)
A(ti →∞)	 the availability ratio of an object for a single renew 

period
CI(ti →∞)	 the expected cost of inspection action performance 

per a single renewal cycle
cin	 unit inspection cost of an object
CR(ti →∞)	 the expected cost of preventive replacement perform-

ance in a single renewal cycle
cr	 unit replacement cost of an object 
CF(ti →∞)	 the expected cost of corrective replacement perform-

ance in a single renewal cycle
cf	 unit consequence costs incurred in the case of object 

failure
C(ti →∞)	 the long-term expected maintenance costs per unit 

time

3.2.	 Probabilities of a system uptime, partially uptime and 
failure in a single renewal cycle

Assuming that the failure of the object is always preceded by de-
tectable symptoms, there is a possibility to define the Cumulative dis-
tribution function of time to failure, F(t), as the convolution of u and 
h such that u +h ≤ t [27]:

	 F t g u F t u du
u

t

h( ) = ( ) −( )
=
∫

0
	 (1)

And the reliability: R(x) = 1 − F(x)

The probability PI(ti) that during the ith inspection action perform-
ance of the technical object (which started working as a “new” one) it 
will still be in the up state, can be defined as:

P t G t g u duI i i

ti
( ) = − ( )( ) = − ( )∫1 1

0
,  where:   ti =T, 2T, 3T, …, iT (2)

Fig. 3.	 Defect renewal cycle length of an analysed single-unit technical sys-
tem 
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Based on this, it is possible to determine the expected number 
of inspection actions performance in a single renewal cycle, during 
which the object will be up-stated LI(ti→∞):

L t P t G t g u duI i I i i

ti
→( ) = ( )( ) = − ( )( ) = − ( )






= = =
∑ ∑ ∑ ∫∞
∞ ∞ ∞

i i i1 1 1 0
1 1








����   

(3)

The second possible situation that can occur during the object 
inspection action performance regards to the necessity of its replace-
ment due to existing signals of the potential forthcoming failure. In 
order to illustrate the possibility of preventive replacement occurrence 
during the modelled (single) renewal cycle, the Figure 4 shows al-
ternative possibilities of the occurrence of a sequence of events that 
cause the preventive replacement maintenance during the first three 
inspection cycles, carried out within one renewal cycle.

Figure 4 shows the examples of the versions of the random time 
period durations: up to the occurrence of defect (u) and the delay time 
(h), which would result in the preventive replacement performance at 
the time T (Fig. 4a), at the time 2T (Fig. 4b), or at the 3T         (Fig. 
4c). The probability of each of the variants occurrence (a, b, c) may be 
determined for one inspection cycle. For example, for the second in-
spection cycle (Fig. 4b), the probability that symptoms appear during 
his lifetime, and the object will be preventively replaced at the time 
2T can be described as:

	 P t T g u F t u duR i
t

t

h=( ) = ( ) − −( )( )∫2 1
1

2

2 	 (4)

Based on this, there is possible to estimate the probability of the 
object preventive replacement in the infinite renewal cycle. The prob-
ability PR(ti→∞) that an item should be replaced preventively can 
be described as the sum of the probabilities that during subsequent 
inspection actions performance there will be observed symptoms of 
future possible failure occurrence:

P t R t t g u F t u duR i h i i
t

t

h i
i

i
→( ) = ( )( ) = ( ) − −( )( )

=
−

=
∑ ∑ ∫

−

∞
∞ ∞

i i1
1

1 1

1,














   (5)

Due to the fact that preventive replacement is univocal to the end 
of the analysed renewal cycle, the series given by the equation (5) 

converges to an asymptotic value describing the probability of pre-
ventive replacement performance during one inspection cycle. 

The estimation of cost and reliability characteristics of the ana-
lysed object also needs to determine the possibility of its failure. The 
probability that the object will fail during the inspection cycle depends 
on whether there will be visible symptoms of forthcoming failure and 
failure occurs before the next inspection action performance. As in the 
case of preventive replacement, the probability of the technical object 
failure is calculated for successive periods of maintenance, carried out 
within one renewal cycle, which ends with the corrective replacement 
action performance. Examples of possibilities of the failure occur-
rence during t = (0, t3) are shown in the Figure 5. 

The probability of corrective replacement of the object in a single 
renewal cycle may be estimated by:

	 P t g u F t u duF i
t

t

h i
i

i
→( ) = ( ) −( )( )













=

∑ ∫
−

∞
∞

i 1 1

	 (6)

The variables PR(ti→∞) and PF(ti→∞) represent the probabilities 
of preventive and corrective replacement necessity in the object as 
well as they express the expected number of possible preventive and 
corrective replacements in a single renewal cycle of the object. This is 
connected with the adopted assumption that during the whole renewal 
cycle there is possible only one replacement of the object, which de-
termines the moment of renewal cycle end:

	 L t P tR i R i→( ) = →( )∞ ∞1* 	 (7)

	 L t P tF i F i→( ) = →( )∞ ∞1* 	 (8)

3.3.	 Availability ratio for a system 

In the curse of the first inspection cycle the expected lifetime 
of the object may be expressed as:  

T t x g u f x u dudx g u F t u duM

t

h
u

t

h1
0 0

1
0

1
1 1

1( ) = ( ) −( ) + ( ) − −( )( )⋅∫ ∫ ∫
=

x
t  (9)

The first component of the sum in the formulae (9) expresses pos-
sible moments of object failures, while the second part of the expres-
sion takes into consideration  the probability that the object defect is 

Fig. 4. Scheme for the renewal cycle length, when the symptom of potential 
system’s failure (defect) is identified during inspection action perform-
ance in the first (a), second (b) and third (c) inspection cycle 

Fig. 5.	 Scheme for the renewal cycle length, when system’s failure occurs in 
the first (a), second (b) and third (c) inspection cycle
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observed in the time of the first inspection performance (then there is 
a necessity to replace it preventively).

The total expected length of the object up time in the curse of 
a single renewal cycle may be estimated as the sum of expected 
lifetimes resulting from the sequence of inspection periods, when 
ti → ∞:

T t x g u f x u dudx g u F t u duM

t

h
u

t

h1
0 0

1
0

1
1 1

1( ) = ( ) −( ) + ( ) − −( )( )⋅∫ ∫ ∫
=

x
t    (10)

In order to estimate the expected length of the object renewal time 
period there should be determined the expected times of all mainte-
nance operations being performed in a single renewal cycle.

The next inspection (ith) may be taken depending on the probabil-
ity of the two facts: that a previous inspection has not revealed defect 
occurrence and at the end of (i–1)th inspection period the object is still 
reliable. Following this, the expected time of inspections carried out 
in the object during a single renew period takes into account the prob-
abilities PR(ti →∞) and PF(ti →∞). Thus, when one wants to estimate 
the expected time of inspection actions performance in a single renew 
cycle, the formulae (11) may be applied:

 	 T t d L t L tI i in I i R i→( ) = →∞( ) + →∞( )( )⋅∞ 	 (11)

The estimation of the expected time of preventive replacement of 
the technical object in the course of a single renew period should base 
on the probability of defect occurrence at the end of an inspection 
cycle and lack of this defect at the moment of the previous inspection 
performance:

 	 T t d L tR i r R i→( ) = ⋅ → ∞( )∞ 	 (12)

Moreover, there should be estimated the expected failure time in 
a single renew cycle. The time depends on the failure probability in 
a given inspection period, assuming that at the moment of a previous 
inspection performance any defect has not been detected:

	 T t d L tF i f F i→( ) = ⋅ → ∞( )∞ 	 (13)

The calculated functions (10)-(13) allow estimating the avail-
ability ratio for the cycle A(ti → ∞), according to the well-known 
formulae:

A
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T T T T
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M I F R
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t t t ti
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i i i i
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→( ) + →( ) + →( ) + →( )
∞

∞
∞ ∞ ∞ ∞

(14)

3.4.	 The long-run expected maintenance costs of a system 

The estimation of expected maintenance cost results of the ob-
ject needs the definition of the basic cost components connected with 
inspection performance, preventive replacements and corrective re-
placement. For the single renewal cycle, these basic cost components 
may be estimated similarly as time characteristics: 

	 C t c L t L tI i in I i R i→( ) = ⋅ → ∞( ) + →∞( )( )∞ 	 (15)

	 C t L tR i r R i→( ) = ⋅ → ∞( )∞ c 	 (16)

 	 C t L tF i f F i→( ) = ⋅ → ∞( )∞ c 	 (17)

Thus, the long-term expected maintenance costs per unit time  
C(ti → ∞) may be defined according to the well know formulae: 

	 C t
C t C t C t

T ti
I i R i F i

M i
→( ) = →( ) + →( ) + →( )

→( )
∞

∞ ∞ ∞
∞

      (18)

3.5.	 The convergence of analytical and simulation results of 
the presented maintenance model

In order to present the convergence of the foregoing models and 
simulation ones, presented in the literature (see e.g. [18]), in this Sub-
section authors focus on the comparison of the obtained results for 
general case, taking into account the technical object exemplary pa-
rameters.

The Figure 6 shows the total expected length of the object up time 
in the curse of a single renew cycle (TM) calculated analytically by 
equation (10), and using a Monte Carlo simulation. As it can be seen, 
the results are characterized by a very large convergence, and the 
maximum relative error for the presented case is 4% of the “simula-
tion cycle length”. Other obtained results are characterized by a simi-
lar convergence, regardless of the given parameters of the object.

In addition to comparing the results, the Figure 6 shows that the 
two test parameters T and h have a significant impact on the length 
of the object lifetime. Shorter time intervals between inspection ac-
tions performance (shorter T) mean that the occurred defects in the 
object are more often identified during inspection. This also affects 
the length of the object operating time by preventive replacement per-
formance (lower values of TM).

Change of the parameter h in the analysed case means the change 
of time u, after which a defect occurs in the item. It was assumed, that 
the tested objects are characterized by the same expected operational 
time (h + u = 100 = constant) and there are changed only the lengths of 
each “sub-period” u and h. Increasing value of h means that the signal 
of impending failure can be observed earlier and for a longer period 
than in the case of decreasing h. In the examined case, the maximum 
value of h (h = 90) indicates that the defect signal is observable in the 
object for about 9 of 10 parts of its time to failure. In the Figure 6, it 
can be seen that in this case frequent object inspections reduce sev-
eral times the potential object operational time in the system through 
preventive replacement performance. Such an undesirable effect can 
be seen in the Figure 7, which shows the availability ratio for the 
same random variable of T and h. Frequent inspections in combina-
tion with the long-time of defect presence, cause a decrease in the 
object’s availability for even adopted simplifying assumption of the 
equality of all time components (di = dr = df = 1).

Fig. 6.	 The analytical (TM_a) and simulation-based (TM_s) expected lifetime 
of an element for various values of expected delay time (h) and various 
lengths of times between inspections (T)
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These results illustrate how huge is the need for determining the 
time between inspection actions performance of the object for its 
main characteristics, as system reliability features, time components, 
or cost elements (Fig. 7). For this reason, in the next Section, there 
is presented a brief sensitivity analysis of the results obtained on the 
basis of the developed maintenance models.

4. Sensitivity analysis of the developed availability 
and cost models for a single-unit system with delay-
time

In this Section, there is presented the short sensitivity analysis of 
the models developed above. The objective of the given analysis was 
to investigate what is the influence of given model basic time com-
ponents on the object availability ratio level and maintenance costs in 
the infinite time horizon. 

The sensitivity analysis of the developed cost and availabil-
ity modes is begun by analysing the expected number of performed 
maintenance actions (failures (equation (8), preventive replacements 
(equation (7), and inspection actions (equation (3)), for various values 
of expected delay time (h) and various lengths of times between in-
spections (T) – Figures 8-10.

As we can see in the Figures 8-10, the expected number of per-
formed inspection actions (Fig. 8) is inversely proportional to the rate 
of failure of the object due to the fact that only in the event of the 
object failure the renewal cycle does not end by inspection action per-
formance. When the time of a defect occurrence is short (h ≈ 5-15), 
frequent inspections (T ≈ 5-10) cause that there is a necessity to per-
form them many times in a single renewal cycle (Fig. 8). On the other 

hand, a large number of inspections results in higher effectiveness of 
inspection activities, as it significantly reduces the likelihood of ob-
ject failure occurrence (Fig. 10). These cases are marked in the graphs 
by ellipses. However, the same time period between inspections T, 
used in the case of the objects with a long delay time (h ≈ 50-90), does 
not significantly alter the probability of object failure, which remains 
low even in fewer inspections performance (T ≈ 20-30), but increases 
significantly the number of object preventive replacements (Fig. 9), 
which is indicated in the graphs by a rectangle.

As we can see in the Figures, for the tested values of T and h 
the expected numbers of inspections actions performance, preventive 
replacements and object failures have a large area of variation, which 
means that they are sensitive to both analysed parameters. While we 
are mostly not able to control the length of the object delay time (h), 
it is possible to control the length of time between inspections actions 
performance T in a system. However, the user has to answer the ques-
tion of what criteria should and can be taken into account when opti-
mizing time period T. Thus, the selected results on cost and reliability, 
achieved through the test object are presented in the Figures 11-14.

Graphs, presented in the Figures 11-14, show the object mainte-
nance costs and its availability for the two chosen cases, where the 
unit inspection cost of an object and inspection time (ci, di) are rela-
tively important compared with the preventive and corrective replace-
ment times and costs (Figs. 11, 12), or where these parameters are of 
a little importance compared to the inspection and failure costs (Figs. 
13, 14). There can be seen in all of these Figures, that for any length 
of delay time h there is a value of the period T, which gives better 
modelling results than for other lengths of T (in Figures these values 
are marked by arc for the tested range of parameter h). A thorough 
analysis of the results confirms that the best T period from the point of 
view of minimizing the object maintenance costs is close to the half 
of the delay time h length. The relationship is similar to the Shannon 
rule that regards to continuous-time signals sampling. In the case of 
the objects inspection action performance, if the test procedure will 

Fig. 8.	 The expected number of performed inspection actions (regardless of 
the result) in the single renew cycle for various values of expected 
delay time (h) and various lengths of times between inspections (T)

Fig. 10.	 The expected number of system’s element corrective replacements in 
the single renew cycle for various values of expected delay time (h) 
and various lengths of times between inspections (T) 

Fig. 9.	 The expected number of system’s element preventive replacements in 
the single renew cycle for various values of expected delay time (h) 
and various lengths of times between inspections (T) 

Fig. 7.	 The analytical (A_a) and simulation-based (A_s) system availability 
ratio for various values of expected delay time (h) and various lengths 
of times between inspections (T)



Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol.19, No. 3, 2017410

Science and Technology

be carried out at least twice in the expected delay time period, the 
chance to avoid costly failure to the object is the largest, and the costs 
are the smallest.

In the case of the availability ratio maximization, the best times 
between inspections (T) stronger depend on the time units associ-
ated with each event in the object than it is observable for the cost 
minimization. When the single inspection action performance time 
(di) is relatively small compared to the time of failure (dr) (Fig. 14), 
the solution that maximizes the availability of the object is achieved 
with more frequent inspections than in solutions optimizing the 
costs of the object maintenance (Fig. 13) for the same ratio of costs 
and time units.

The presented examples show that the best time between inspec-
tions of the object must be determined individually for each change 
of reliability, cost, or time parameters and taking into account the 

chosen optimization criterion. Only in some cases, it may happen 
that the same period T will give the best results in terms of both the 
analysed criteria.

5. Summary

The paper presents analytical models describing the availability 
and maintenance costs of the technical object based on delay-time ap-
proach use. These models may be used to optimize the length of time 
between successive inspection actions performance T for the given 
cost and reliability characteristics. 

Presented in the literature known analytical maintenance models 
that base on the delay-time analysis implementation usually are lim-
ited to an analysis of the time period, from the moment of system’s 
new element (“as good as new”) launching to the moment of the first 
inspection action performance. The models proposed in this article 
provide the basis for analytical identification of the optimal length 
of time T in the infinitely long time horizon of the technical object 
operation and maintenance. The paper also presents a brief sensitivity 
analysis of the obtained models for the selected object parameters, 
which led to the conclusion that the best lengths of time T, taking into 
account the maximization of the object availability, are not always 
equal to the best lengths of this time period being obtained from the 
point of view of obtaining the minimal maintenance costs of the given 
object. At the same time, the conducted research shows that for the 
various parameters of the object, there is only one global minimum 
of the cost function or maximum of its availability. Thus, this gives 
a possibility to search for the optimal time period T with the use of 
widely known optimization methods, like anti-gradient methods of 
optimizing functions of one variable. This is a significant convenience 
compared to optimization solutions that based on simulation models. 

The practical application of the presented model may be difficult, 
especially because of the assumption of perfect inspection case in-
vestigation. This is often seen in practice that the inspection action 
performance may not give the right answer if and what defect occurs 
in the system. This may be caused by various factors such as the skill 
of the inspector, the accuracy of the inspection tools, etc. Moreover, 
the maintenance decision may have a multidimensional nature and 
depend on the problems connected with definition if and what kind of 
signal of forthcoming failure may occur. Such a situation may lead to 
different decisions made by managers for the same maintenance situ-
ation. Thus, this issue will be the topic of authors’ future papers. 

Fig. 12.	 The system availability ratio for various values of expected delay time 
(h) and various lengths of times between inspections (T), assuming:  
di = 1, dr = 10, df = 100

Fig. 13.	 The system expected maintenance costs for various values of expected 
delay time (h) and various lengths of times between inspections (T), 
assuming: ci = 1, cr = 100, cf = 1000

Fig. 11.	 The system expected maintenance costs for various values of expected 
delay time (h) and various lengths of times between inspections (T), 
assuming: ci = 1, cr = 10, cf = 100

Fig. 14.	 The system availability ratio for various values of expected delay time 
(h) and various lengths of times between inspections (T), assuming:  
di = 1, dr = 100, df = 1000
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