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Some aspects related to the indentation-based
viscoelastic modelling of trabecular bone tissue
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Purpose: The aim of this research was to verify to what extent the shape of an indenter tip influences the final form of the constitutive
equation for the trabecular bone. Methods: Trabecular bone was formulated as a non-linear viscoelastic material with Mooney–Rivlin hyper-
elastic model to describe the purely elastic response of the bone tissue. Tests of the mechanical properties of the trabecular bone, resected
from the femoral head of a 56-year-old patient, were carried out with two types of indenter: the spherical tip of a diameter of 200 µm and
pyramid Vickers tip with 136° between plane faces. Tests with both indenters included loading and unloading phases with no hold at
peak force and with hold time t = 20 s and were conducted with a maximum load Pmax = 500 mN and loading/unloading rate
V = 500 mN/min. Results: The formulated constitutive model describes the trabecula behaviour very well. The model curves match the
experimental results in the loading phase, holding period and most of the unloading ramp. The purely viscoelastic material constants are
very close in value for both considered tips, but purely elastic constants differ. Conclusions: The results indicate that the constitutive
model based on the indentation with the Vickers tip does not cover the plastic residual deformation. When a viscoelastic response of
bone is expected, a model with constants calibrated for the spherical tip should be used, and the other set of parameters values (Vickers
tip) when trabeculae may undergo plastic deformation.
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1. Introduction

Bone properties have been studied by means of
various experimental methods [2], [3], [14], [15], [35].
One of the most popular experimental procedures is
the indentation technique which has been successfully
utilised in bone tissue properties research. The inden-
tation tests can be carried out on both micro- and
macro-scales. The multi-scale approach in bone prop-
erties research is very beneficial as it enables us to
draw information on the hierarchical structure of the
tissue. One of the first attempts to formulate a multi-
scale model of bone is presented in [28]. The author
proposed a model to predict the influence of mineral
volume fraction and particle aspect ratio on the elastic
modulus of bone. The bone was considered as a min-
eralised polymer composite with high aspect ratio

filler particles. Although it was formulated for cortical
tissue, the author claims that the model can be ex-
tended to include the effect of porosity in trabecular
bone. In 2009, Ghanbari and Naghdabadi proposed
a hierarchical multi-scale model for cortical bone [6].
They presented a model which predicts the mechanical
properties of the tissue, such as the Young’s modulus,
shear modulus and Poisson’s ratio. They used a ho-
mogenisation scheme to calculate macroscopic stress
from stress distribution on the microscale and transfer
it back to the macroscale. The authors concluded that
their method could be used to determine the mechani-
cal properties of cortical bone. Jaziri et al. [12] devel-
oped a model for bovine trabecular bone describing
the elastoplastic behaviour of the tissue under com-
pression loading. They used a homogenisation method
to define the elastic properties of the bone and pro-
posed a constitutive plastic-damage model to describe
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its response. A homogenisation approach is also pre-
sented in [34] to evaluate the influence of resorption
cavities on the mechanical properties of cortical bone
and by Atthapreyangkul et al. [1], who performed
multi-scale finite element analysis to determine the
effect of geometrical changes at multiple structural
scales on the mechanical properties of cortical bone.
Rahmoun et al. [29] proposed a micromechanical
formula to model the elastic response of the human
humerus. The authors coupled a two-phase microme-
chanical approach by using a homogenisation scheme
for cylindrical voids in the bone and nanoindentation
measurements to determine the elastic modulus of the
bone matrix phase.

The indentation tests consist in emerging a tip of
a particular size and geometry into a studied material.
In the case of indentation tests on bone samples, the
tip geometry determines the effects that are revealed
in the tissue during the experiments. Not only can the
data obtained from the experimental tests be utilised
to determine the basic mechanical properties of bone,
but it can also be employed to formulate a constitutive
equation for bone tissue behaviour. Various constitu-
tive models have been proposed so far. They differ
from each other by the effects they consider and by
the experimental protocol they are based on. As for
the effects, visco-elasto-plasticity of bone can be ad-
dressed [19], as well as viscoplasticity [13], damage
propagation [5] or non-linear viscoelasticity [25]. The
models are usually based on compression tests con-
ducted at various strain rates. A non-linear viscoelas-
tic constitutive model based on indentation tests re-
sults was proposed in [26]. The tests were conducted
with a spherical tip without a hold phase in the force
history.

In constitutive formulation based on indentation
experiments, usually the Oliver–Pharr theory [21] is
considered to propose a constitutive model. However,
such an approach cannot be undertaken in the case of
materials indicating viscoelastic or visco-plastic effects
[20], [22]. One of the ways to cope with the problem is
to formulate a model based on mechanical elements
[23]. Such constitutive models, however, describe the
studied material in a linear domain. Moreover, in the
case of indentation, a model in the force-depth (P–h)
domain is usually formulated. Both those factors make
the approach unhelpful to constitutively describe
bone, as the tissue indicates non-linear effects.

In the present paper, we propose a formulation of
a non-linear viscoelastic constitutive model in the
stress-strain domain based on indentation tests, which
were conducted with two different tips, i.e., a spheri-
cal tip and a Vickers tip. The former one is a rounded

indenter, while the latter one is a sharp tip. The objec-
tive of the research is to verify to what extent the
shape of an indenter tip influences the final form of
the constitutive equation for trabecular bone. Since
mechanical properties determined based on indenta-
tion tests with rounded and sharp tips differ, we thus
expect to obtain different values of the material pa-
rameters in the constitutive model for the two tips.
One of the previous studies [26] showed that a spheri-
cal indenter is adequate to formulate a viscoelastic
constitutive model for bone tissue. Thus, the criterium
of our thesis verification is a comparison of the model
parameters values identified from the curve-fitting of
the model curves and those obtained from the experi-
ments conducted with the two indenters.

2. Materials and methods

2.1. Preparation of trabecular
bone sample

The human trabecular bone specimen was resected
from the femoral head of a 56-year-old patient during
a hip replacement surgery after approval of the
Bioethics Committee of Military Medicine Institute in
Warsaw, Poland. The patient was a female who suf-
fered from arthritis. The cube bone sample with di-
mensions of 15 × 15 × 15 mm was cut out from the
specimen with a saw blade according to the arrange-
ment of the trabeculae. Cutting directions were se-
lected in relation to the geometrical features of the
bone. The following parameters of the cutting process
were applied: i) saw blade shaft speed n = 3300 rpm,
ii) saw blade feed f = 0.17 mm/rev, iii) blade appro-
priate to cut materials of hardness 70 – 400 HV. The
marrow was removed after cutting. The sample was
stored in 95% ethanol at a temperature of 4 °C for
several hours [4], [17].

2.2. Microindentation tests

The studies of mechanical properties of trabecular
bone were carried out on the CSM Microhardness
Tester with two types of an indenter: the diamond
spherical tip of a diameter of 200 µm and pyramid
Vickers tip with 136° between plane faces. Tests with
both indenters were conducted with a value of maxi-
mum load Pmax = 500 mN and with loading/unloading
rate V = 500 mN/min. Tests included loading and
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unloading phases with no hold at peak force and with
hold time t = 20 s. The measured force P as a function
of microindentation depth h made it possible to obtain
hysteresis loops. Young’s modulus was directly cal-
culated during measurements from indentation curves
by the Oliver–Pharr method [21]. The value of the
trabecular bone Poisson ratio ν was set at 0.3 [30].

The bone sample was drained from ethanol in a con-
trolled environment (temperature of 20° ± 5° and hu-
midity 32% ± 5%) for an hour before the tests. The
region of interest during indentations was selected
arbitrarily. Four trabeculae were chosen randomly.
Three microindentations on the same trabecula were
performed within each set of test parameters, giving
12 measurements. Because the mechanical properties
of the core and the side surface of the trabecular bone
differ [9], [37], which is connected to the different
mineralization levels [16], indentations were made
randomly in both areas.

2.3. The constitutive model

Trabecular bone was considered as a non-linear
viscoelastic material. In non-linear viscoelasticity,
the constitutive equation is formulated as a convolu-
tion of strain-dependent SS(λ) and a time-dependent
function g(t):

)()(),( tgt ∗= λλ SSS , (1)

where: S – second Piola–Kirchhoff stress tensor,
SS – elastic second Piola–Kirchhoff stress tensor, λ is
stretch ratio along the loading direction, t represents
time. Equation (1) can be written as:
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The variable s in Eq. (2) represents the historical
time. To calculate S(t) the strain history has to be

known. Relaxation times and viscoelastic constants
are identified using data from experiments.

The elastic part of the second Piola–Kirchhoff
stress is calculated using of Eq. (5):
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where: Cij (i, j = 1, 2, 3) are components of the right
Cauchy deformation tensor C.

We propose the two-parameter Mooney–Rivlin hy-
perelastic model to describe the purely elastic response
of the bone tissue. Therefore, the strain energy func-
tion Ψ in (5) takes the form [18]:

)3()3( 201110 −+−= IcIcΨ , (6)

where: I1 and I2 are the first and second invariants of
tensor C, c10 and c01 are hyperelastic constants, which
are also identified using data from experiments. The
bone is treated as an incompressible material. More
details are described in the paper [11].

By means of algorithm used in [7], stress in Eq. (2)
can be computed using the formula:
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In Equation (7), Δt represents the time increment,
Qi(t) is the stress at the previous time step. Because
initial stress and strain in the material are known, the
stress at time t > 0 can be calculated.

2.4. The constants identification

The process of constants identification was split
into two stages. In the first stage, the number n and
values of relaxation times τi (i = 1, ..., n) were deter-
mined using data from the stress relaxation test per-
formed on the cuboid sample. The algorithm of identi-
fication is based on iterative calibration and is
described in detail in [23]. The stress relaxation test
was conducted on MTS Bionix Systems on the cuboid
bone sample. The bone sample was drained for an
hour at room temperature before the test. During the
experiment, the sample was compressed to the strain
value of 0.01 within 160 s. The stress relaxation was
registered for 500 s. The relaxation times τi were cali-
brated by fitting the curve described by Eq. (7) to the
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relaxation part of the curve obtained from the experi-
ment. The identification was conducted in Matlab using
our script.

In the second stage, the hyperelastic constants c10

and c01, as well as viscoelastic constants gi (i = 1, ..., n),
were calibrated using an indirect method based on fi-
nite element (FE) analyses. These constants were cali-
brated by fitting the curves obtained from the FE
simulations of microindentation, which we performed
in ANSYS Workbench 2021 R1, to the corresponding
experimental curves. To complete the task, the consti-
tutive equation was implemented into ANSYS Work-
bench 2021 R1 using two material model options, i.e.,
the Mooney–Rivlin hyperelastic model (purely elastic
response) and Prony Shear Relaxation series (vis-
coelastic properties). The equation was implemented
with the initial values of the parameters. After running
the simulations, the results in the form of the P–h curves
were compared to those obtained in the experiments.
If the curves from the simulations did not match the
experimental ones, the next simulation with new val-
ues of the parameters was conducted. The procedure
was repeated until satisfactory values of errors were
obtained. The criteria of the procedure ending are
presented in Section 3.

In the three-dimensional simulations of microin-
dentation, indenters were modelled as an elastic mate-
rial (the Young’s modulus 2 ⋅ 105 MPa, the Poisson
ratio 0.3), and trabecula was modelled by means of the
formulated constitutive equation. Models of trabecula
and indenters were designed in SolidWorks, saved as
a STEP file, and imported into ANSYS. The spherical
indenter was modelled as half of the sphere with a di-
ameter of 200 µm and the Vickers indenter as a pyramid
with a base size of 40 µm. The model of trabecular
bone for simulation with spherical tip was modelled
as a cuboid with dimensions 340 × 340 × 120 µm,
and for Vickers as a cuboid with dimensions 120 × 120
× 60 µm. In ANSYS, the model of the spherical in-
denter was meshed with tetrahedron elements with
a dimension of 20 µm and for Vickers indenter with
a dimension of 6 µm, while the models of trabecular
bone were meshed with hexahedron elements with
two different sizes: 7 µm near the area of contact and
15 µm in the rest part of the model for simulation with
the spherical indenter (Fig. 1a) and 2 µm near the area
of contact and 6 µm in the rest part of the model for
simulation with the Vickers indenter (Fig. 1c). The
mesh study was conducted to find the optimal mesh
density. Bone models were fixed on the bottom sur-
face. Contact between models of trabecular bone and
indenter was set as frictionless. The force was applied
to the top surface of the indenters. In simulations, the

whole load and unload cycle was considered with the
same parameters as in the experiment. It gave a total
number of 12 unique simulations, the same amount as
microindentations.

Fig. 1. Meshed models of indenter and trabecula:
a) spherical indenter in isometric view, b) spherical indenter

in front view, c) Vickers indenter in isometric view,
d) Vickers indenter in front view

3. Results

3.1. Identification of relaxation times

The algorithm described in [24], which was ap-
plied during the process of fitting the curve defined by
the formulated constitutive model to the curve from
the experiment of the stress relaxation, gave a result
regarding the number of relaxation times n and the
values of relaxation times τi. It appeared that four re-

Fig. 2. Model curve fitted to the stress relaxation test results
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laxation times were enough to describe the viscoelastic
behaviour of the trabecular bone. It means that n in
Eq. (2) is equal to 4. The result of the curve-fitting
process is shown in Fig. 2. The curve obtained from
the experiment is represented by squares, while the
curve described by Eq. (7) is represented by a solid
line. The identified values of the relaxation times are:
τ1 = 1 s, τ2 = 8 s, τ3 = 63 s, τ4 = 500 s. The relaxation
times determine how quickly the material recovers
from the applied load.

In Figure 3, graphical representation of microin-
dentation curve-fitting process is presented. Curves from
the experiments are shown by means of squares, while
curves described by the constitutive model and ob-
tained from the simulations are represented by a solid
line.

3.2. Identification of hyperelastic
and viscoelastic constants

In the curve-fitting process, four criteria of fit were
established. Three of them were connected with the
comparison of the areas obtained from experiment Aexp
and simulation Asim and were as follows: the error of
fitting the areas under the loading part of the curves had
to be under 10%, the error of fitting the areas of hys-
teresis loops had to be under 10%, and error of fitting

the areas under the unloading part of the curves had to
under 15%. The areas were calculated numerically from
force-displacement curves using a trapezoidal integra-
tion rule. The areas-fitting errors were determined us-
ing the following formula:

%100err
exp

exp ⋅
−

=
A

AAsim . (8)

The values of the error are presented in Tables 1–3.

Table 1. Values of areas-fitting error of loading part of the curves

Areas-fitting error [%]
Indenter Pause

[s] Simulation 1 Simulation 2 Simulation 3
0 3.43 2.97 2.87

Spherical
20 3.97 4.31 0.84
0 8.25 4.67 3.72

Vickers
20 5.76 5.39 3.10

Table 2. Values of areas-fitting error of hysteresis loops

Areas-fitting error [%]
Indenter Pause

[s] Simulation 1 Simulation 2 Simulation 3
0 2.90 0.59 5.76

Spherical
20 3.11 3.92 9.45
0 4.98 6.97 1.03

Vickers
20 16.02 26.17 20.61

Fig. 3. Curves from simulations fitted to the microindentation results for:
a) spherical indenter t = 0 s, b) spherical indenter t = 20 s, c) Vickers indenter t = 0s, d) Vickers indenter t = 20 s
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Table 3. Values of areas-fitting error
of unloading part of the curves

Areas-fitting error [%]
Indenter Pause

[s] Simulation 1 Simulation 2 Simulation 3
0 3.92 4.85 1.60

Spherical
20 9.73 14.06 11.36
0 13.77 0.72 6.99

Vickers
20 10.71 38.71 30.51

The fourth criterion was the error of position of the
curves’ peaks from experiment hexp and simulation hsim

which had to be under 1%. In this criterion, only the
maximum depth of microindentation from the experi-
ment and simulation was considered because the
maximum load in the experiment and in the corre-
sponding simulation was the same. The error was
determined using the formula:

%100err
exp

exp ⋅
−

=
h

hhsim . (9)

The values of the error are presented in Table 4.

Table 4. Values of error of position of the curves’ peaks

Error of position of the curves’ peaks [%]
Indenter Pause

[s] Simulation 1 Simulation 2 Simulation 3
0 0.13 0.41 0.61

Spherical
20 0.69 0.14 0.03
0 0.11 0.41 0.30

Vickers
20 0.77 0.70 0.72

Using the Mooney–Rivlin hyperelastic strain en-
ergy function enables to calculated values of Young
Modulus E by means of the formula:

)1(2 ν+= GE , (10)

where: G is the Kirchhoff modulus and ν is a Poisson’s
ratio. The value of Poisson’s ratio was the same as in the
experiment, i.e., 0.3 while the Kirchhoff modulus was
calculated using Eq. (11).

)(2 0110 ccG += . (11)

Table 5. Averaged values of elastic modulus measured
in the experiments and predicted by the constitutive model

Young’s modulus [GPa]
Indenter Pause

[s] Experiments Model prediction
Mean

error [%]
0 4.24 ± 0.92 4.99 ± 0.77 17.62

Spherical
20 3.62 ± 0.70 4.69 ± 0.81 29.83
0 7.80 ± 1.69 5.58 ± 0.62 28.46

Vickers
20 6.55 ± 1.16 5.01 ± 0.81 23.57

Averaged values of the Young’s modulus meas-
ured during experiments and calculated from simula-
tion using Eq. (10) are shown in Table 5.

Identified during simulations hyperelastic and vis-
coelastic constants were averaged and are presented
in Table 6. The constants were obtained from the FE
simulation which gave the curves satisfying the above
criteria. The constants c10 and c01 determined the elastic
behaviour of trabecular bone while g1, g2, g3, g4 deter-
mined the width of the hysteresis loop and, with the
relaxation times, the viscosity of the tissue.

Table 6. Averaged values of the identified material constants

Indenter Spherical Vickers

Pause [s] 0 20 0 20
c10 [MPa] 3540 ± 149 3386 ± 119 2337 ± 148 1896 ± 249
c01 [MPa] –2580 ± 45 –2483 ± 33 –1263 ± 52 –933 ± 125

g1 [–] 0.12 ± 0.02 0.15 ± 0.01 0.1 ± 0.01 0.21 ± 0.01
g2 [–] 0.19 ± 0.01 0.18 ± 0.02 0.1 ± 0.01 0.26 ± 0.03
g3 [–] 0.27 ± 0.06 0.27 ± 0.02 0.55 ± 0.03 0.23 ± 0.04
g4 [–] 0.05 ± 0.01 0.05 ± 0 0.05 ± 0 0.05 ± 0.01

4. Discussion

In the paper, we formulated a constitutive equation
for trabecular bone based on microindentation experi-
ments. The model was created on a microscopic scale,
i.e., single trabeculae were indented. Thus, the material
parameters we identified characterise the tissue from
a microscale point of view.

In the experimental protocol, we used two types of
indenters, i.e., a spherical one and a pyramidal one. The
measurement data was utilised to identify the material
parameters of our non-linear viscoelastic model, which
we incorporated to describe mathematically trabecular
bone on a microscale. Both purely elastic and visco-
elastic constants were calibrated.

Time-dependent response of biological materials
to mechanical loads, like creep or stress relaxation, is
one of the major impediments to characterise the ma-
terials by means of indentation tests. However, as our
objective was to formulate a non-linear viscoelastic
constitutive model for the biological tissue, we were
concerned to consider the time-dependent effects in
our study. We did this twofold, i.e., by neglecting the
time hold at peak load, and, to make the model more
general, by applying a short (20 s) holding period.
Usually, researchers design their experiment protocol
such that the ramp load is followed by even 120 s



Some aspects related to the indentation-based viscoelastic modelling of trabecular bone tissue 175

holding period to eliminate the time-dependent char-
acteristics of bone response [40].

Analytically, the time-dependent effects are incor-
porated by combining formulae for elastic displacement
with constitutive laws for the viscoelastic deformation
of the tissue. This is realised by formulating hereditary
convolution integrals over imposed strain history and
material relaxation constants. Such an approach was
incorporated in the present paper and has been devel-
oped for various types of tips, including spherical [31]
and pyramidal ones [32]. The new aspect of the study
shown in the paper consists of utilising the mentioned
approach to formulate a constitutive equation for tra-
beculae and show the difference between the models
based on spherical tip indentation and pyramidal tip
indentation results.

In Figure 3, it was proved that the formulated con-
stitutive model describes the trabecula behaviour very
well. This is also presented in Tables 1, 2, and 4, where
the curve fitting errors are depicted. The model curves
match the experimental results in the loading phase,
holding period and most of the unloading ramp. It can
be seen that the residual depth predicted by our consti-
tutive model is actually the same for the spherical in-
denter in comparison to the experimental depth. Con-
versely, it is lower in the case of the Vickers tip. This
suggests that, firstly, the residual depth caused by the
spherical tip is due to viscoelastic deformation of the
trabecula, and, secondly, the constitutive model should
be improved by an additional factor which will cover
the part of the residual depth resulting from the vis-
coelastic and plastic strain caused by the Vickers em-
bedding. The discrepancy in the model prediction of the
spherical and pyramidal tips indentation can be seen
in Tables 3 and 5, where the values of the errors of
the unloading ramp fitting and the calculated Young’s
modulus are shown. The experimental Young’s modulus
was calculated directly from the measurement using
Oliver–Pharr theory. The modulus values in the
“Model prediction” column were calculated based on
the Mooney–Rivlin coefficient values [27] presented in
Table 6. It can be seen that although the predicted val-
ues of the Young’s modulus obtained from the indenta-
tion of the two considered tips differ from each other,
they are in the range of the modulus values obtained by
other researchers [4], [10], [17], [37]. However, there
are also studies that report higher values of the modulus
[33], [39]. Those discrepancies result from the condi-
tions of sample preparation or experimental test envi-
ronment (wet vs. dry), the orientation of bone samples
(transverse or longitudinal), age and the patients’ health
[38]. The error of the elastic modulus predicted by the
model and that obtained from the measurements is rela-

tively low, considering the fact that a biological tissue
was studied. However, the error values are larger than
in [11], where some measurements were also con-
ducted with the spherical diamond tip with maximum
load Pmax = 500 mN and with loading/unloading rate
V = 500 mN/min.

The values of the identified material constants are
presented in Table 6. The purely elastic constants ob-
tained from the spherical indentation differ from that
resulting from the Vickers embedding. The maximal
difference can be even 50%. This cannot be said about
the purely viscoelastic constants, which are very close
in value for both considered tips. This observation sug-
gests that mainly the elastic response of the trabecula is
affected by the tip geometry, whereas the viscoelastic
behaviour seems to be described by the constitutive
model equally well. However, it has to be noted that
our model should be enriched by a plastic factor,
which will allow us to predict also the plastic response
of trabecula undergoing pyramidal tip indentation.

There are several limitations of our study. In terms
of constitutive modelling, the limitations are:
1. one range of indentation force and one load rate

were considered in the experimental protocol;
2. the stress–relaxation experiment was conducted on

a cuboid sample of trabecular bone, thus, the de-
termined values of relaxation times are proper for
trabecular bone in general;

3. the proposed constitutive model can be utilised to
numerically simulate trabecular bone in the range
of viscoelastic deformation;

4. the model does not take plastic effects in bone into
account.
Another limitation might be the fact that the bone

samples were kept in alcohol. Such storage of biologi-
cal tissues changes their mechanical properties. How-
ever, it has been proved that the type of medium in
which bone samples are stored does not significantly
influence bone properties in a small range of defor-
mation [36]. Other authors reported some alterations
in the mechanical properties of bone specimens during
long-term immersion in alcohol [8]. In our studies, the
time of the samples storage in ethanol was relatively
short (hours rather than days), so its negative influ-
ence on the specimens’ properties was minimised.

5. Conclusions

The proposed method of the constitutive model
formulation can be successfully conducted using both
spherical and Vickers tips. However, as it has been
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agreed that a spherical indenter is adequate for bone
indentation in the viscoelastic range of deformation, it
seems that the pyramidal tip induces an additional
effect in the trabeculae. This conclusion is based on
the fact that the values of the viscoelastic constants
are different for both indenters and in Fig. 3, where it
can be seen that our model does not cover residual
deformation resulting from plastic strain (Figs. 3c, d).
An additional term responsible for plastic deformation
in our model would probably amend the model pre-
diction for the Vickers tip.
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