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Abstract 
 
The paper presents the mathematical basis of a new method for building 
probabilistic models of communication delays in wireless networks in the 
case if the sent data are not correct and have to be retransmitted. The 
method is based on using a delta function sequence to describe delays in 
retransmissions between a transmitter and a receiver [1, 2] under 
assumption that the access time of the transmitter is taken as random and 
described by a probability density function. The retransmissions are caused 
by passive or active external disturbances influencing the communication 
channel established in the wireless medium [3, 4, 5].  Theoretical 
considerations are illustrated by examples using both measured and 
simulated data.   
 
Keywords: delta function, wireless networks, probabilistic model of 
communication delays. 
 
1. Introduction 
 

In times of common usage of wireless networks for data 
transmission in measuring and control systems, determination of 
quality of services provided by such networks is an important 
problem because the knowledge of transmission channel quality 
parameters allows adequate design of the system components [6], 
[7, 8]. From measurement and functional points of view, the 
essential quality parameters of data transmission in the system are 
connected with delays which arise in a communication channel 
during sending a message from a transmitter to a receiver [9]. 

There are many mathematical means which can be used for 
description of communication delays – generally, they can be 
divided into two groups: deterministic and probabilistic. The 
deterministic dependencies are widely used to calculate maximum 
delays in networks, for example in task scheduling [10]. 
Moreover, the deterministic approach is commonly applied in 
planning assignment of resources in computer systems by using 
the queuing theory [11] which enables, among other things, 
calculation of delays in realization of tasks. The application of 
Petri’s nets to analysis of networks [12] can be included in this 
category of description, too.  

Deterministic delay models usually allow obtaining simpler 
mathematical dependencies than the probabilistic ones. However, 
nowadays one can observe the increasing role of this second kind 
of description. One can point out several areas of the probabilistic 
modeling application in description of network properties. The 
first one is connected with the analysis of networks aiming at 
better planning their structure and efficiency [13, 14]. The second 
one concerns the problems of communication in networks, the 
analysis of which by using probabilistic description enables 
improving its parameters such as energy consumption [10], 
decreasing delays in networks [16] and the like [17, 18, 19]. The 
third area deals with the constantly increasing applications of 
wireless networks as communication interfaces in measuring and 
control systems. Delays in such systems should be described in  
a probabilistic way because they can cause specific measurement 
errors for signals varying in time and other errors arising during 
the transmission of measured data [20]. All measurement errors 
should be described in probabilistic categories because they are 
composed with other errors in the process of uncertainty 
calculation of measurement results [21]. Some of the 
communications errors are caused by external disturbances [22] 
which are of random character. Therefore the delays connected 
with them should be described in the probabilistic way. Moreover, 

in the last years, one can observe the increasing number of 
publications which concern sensor networks, i.e. such a kind of 
wireless networks which are used for coupling small size 
measurement instruments [23, 24, 25, 26]. It is specific for these 
networks that the same probabilistic mathematical means both are 
applied for analyzing transmission procedures and can be the basis 
of measurement data processing. Description of the data 
processing in sensor networks as a stochastic process and use of 
the Kalman filter to work out both transmission and  
processing procedures is a characteristic example of this approach 
[27, 28, 29].  

The method described in the paper represents a probabilistic 
approach to modeling the properties of wireless networks. Its 
novelty consists in treating the Dirac’s delta function as a 
probability density function describing delays which occur when 
the wireless transmission is disturbed by external factors [2, 5, 22] 
and it is necessary to retransmit the data. The delay model 
obtained in this way is useful for simulative analysis of wireless 
networks [30, 31].  
 
2. Mathematical basis of the proposed 

description of delays 
 
2.1. The model of transmission delays 

between two nodes 
 

Let us consider a simple situation shown in Fig. 1, where A and 
B denote the nodes of a wireless network which communicate 
directly.  

 

 
 

Fig. 1.  Sources of delays during transmission from node A to B, τA – time necessary 
to obtain the access to a communication medium, τAB – time of the message 
transmission 

 
Let us take then that the transmission of a message from the 

node A to B is activated at the moment t0 and this message is 
received by the node B at moment tB. The difference between 
these two moments: 

0Btot tt                    (1) 

 
is the total time of the transmission and can be interpreted as the 
communication delay of the message transmitted from A to B.  

One can determine two main sources of partial delays being 
components of the total delay τtot. The first one τA is associated 
with activity inside the node A and in the considered situation can 
be qualified as the time necessary to obtain the access to the 
communication medium. The second component τAB describes the 
time necessary to transmit a message from A to B trough the 
medium. Denoting the moment when A gets the access by tA, the 
total delay (1) can be written as the sum of partial delays: 

 

AAB0AABtot   tttt .                    (2) 

 
A model of the total delay has to contain all possible values of 

the delays occurring in the described conditions. If one takes into 
account that access procedures commonly used in wireless 
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networks are of random character [32], the total delay τtot should 
be described in probabilistic categories, too. To obtain a compact 
model of delays, there is assumed that all the delays in Eq. (2) are 
treated as uncorrelated random variables, which enables 
determining the probability density function of the total delay as:  

 
     ABABAAtottot  ggg  ,              (3) 

 
where   is the symbol of convolution and gA(τA) and gAB(τAB) 
are the probability density functions of the partial random delays 
τA and τAB.  

 
Example 1. The total delay τtot of communication between two 

ZigBee modules [32] was measured by using the experiment 
system described in [22]. The distance between the modules was 
about 1m, the message contained 1 byte of data and there were no 
disturbances affecting the transmission. The measuring 
experiment was performed 10 000 times. The obtained results are 
shown in Fig. 2 in the form of the histogram.  

Basing on the experiment results, the hypothesis that the set of 
the delay measurement results can be described by the normal 
distribution was tested by using Kolmongorov-Smirnov and 2 
tests [33]. The effect of the test was positive at the confidence 
level equal to 0.95. On the basis of the measurement results, the 
mean value of the delay and its experimental standard deviation 
were calculated. The obtained values are: E(τtot) = 8.2 ms and 
σ = 1 ms, respectively. Therefore, the total delay distribution can 
be described by the normal probability density function 
N (8.2, 1) ms presented in Fig. 2 as the continuous line.  

 

 
 
Fig. 2. `Histogram of the results of the experiment described in Example 1 

 
The next part of the experiment consisted in determination of 

the partial delays. As every message contains the same portion of 
data, the delay caused by its transmission delay is constant and its 
measured value was dtr = 2 ms. Taking Eq. (2) into account, the 
mean value of the access delay is: E(τA) = E(τtot) – dtr = 8.2 –
 2 = 6.2 ms. Therefore, the experimentally identified distribution 
of the transmitter access delay can be described as the normal 
probability density function gA(τA)  = N (6.2, 1) ms and the 
transmission delay as τAB = dtr = 2 ms. The knowledge about the 
delays in the communication channel created between the 
transmitter A and the receiver B can be written as: 

 
     ms.2, 1) .2,6( , ) ,((E trAAAB NdN Delay          (4) 

 
The expression (4) and Eq. (2) form together the model of the 

total delay in the channel AB. To perform convolution (3), it is 
necessary to describe the constant delay τAB in probabilistic 
categories. Such a description can be obtained by using the 
Dirac’s delta [34] as a probability density function. Assuming b to 
be a constant value, the delta function for the delay τ can be 
written as: 

 

 








.for0

    for      

b
b

b



                  (5) 

 
Moreover, there is:  

  .1d 




 b                      (6) 

 
For the measured results obtained in Experiment 1, one can 

describe the probability density function of the transmission delay 
as gAB(τAB) = δ(τAB − btr), where btr = 2 ms. 

As it is proved in [22], the convolution of the probability density 
function g(τ) with the delta function (5) gives: 

 
     bgbg   ,            (7) 

 
which means that this convolution shifts the function g(τ) in the 
horizontal axis by the value b. It allows simplifying 
transformations by making such displacements instead of 
performing the convolutions. Basing on Eq. (6), one can write the 
probability density function of the access delay in the form: 
 

   0AApatAA   gg ,           (8) 

 
 where τ0 is the expected value of gA(τA), i.e.:   .AA0  gE  

The probability density function gApat(.), called a pattern, has the 
same shape as gA(τA) but its mean value is equal to zero. The 
results described in Example 1 and shown in Fig. 1 enable 
obtaining such a pattern for a ZigBee module as the normal 
probability density function gApat(τA) = N (0, 1) ms properly 
truncated because τA > 0. 
 
2.2. The delay model of communication with 

retransmissions 
 

The electromagnetic field being the communication medium in 
wireless networks is exposed to many different disturbances both 
of passive and active nature [22]. The passive disturbances are 
caused by terrain obstacles, walls, etc., while the active ones result 
from influences having electromagnetic and electrostatic 
character. Generally, the appearance of disturbances cause that  
some received message are not correct. Information about this fact 
is sent back to the transmitter which usually tries to send the 
message once more, i.e. retransmit it. The number of 
retransmissions depends on the construction of the wireless 
module and can be determined by its user [22, 32]. 

 
 

 
 
Fig. 3.  Transmission between two nodes disturbed by a wall 

 
In Fig. 3 there is shown the situation when two nodes A and B 

communicate directly but a disturbance, represented in this figure 
by a wall, causes that some transmissions have to be repeated, i.e. 
the message must be retransmitted. It means that the partial delay 
τAB describing the correct transmission of a message is not 
constant as it has been considered previously but depends on the 
number of retransmissions. In the work [22], it has been 
experimentally proved that in this case τAB can be represented by 
the following delta function sequence:  

 
       kk bababag  AB1AB10AB0ABAB     (9) 
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where δ(.) denotes the delta function defined by (3), k is the 
number of retransmissions (in practice less than 6 [32]), Both 
a0, a1, …, ak and b0, b1, …, bk are constant coefficients with non-
negative values. 

According to the general assumption, the sequence (9) is treated 
as a probability density function, therefore, it has to fulfill the 
following normalizing condition: 

 

  1d ABABAB 




g .     (10) 

 
After introducing Eq. (9) to (10) and using (6), one obtains: 
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 (11) 

 
Taking into account that the coefficients ai, i = 0, 1, …, k, are 

non-negative, it results from Eq. (11) that 0 ≤ ai ≤ 1 and  if i = 0 
then a0 = 1. 

To obtain the total communication delay τtot, the realizations of 
partial delays τA and τAB are added up accordingly to Eq. (2). It 
means that if they are treated as uncorrelated random variables, 
the probability density function of the total delay can be obtained 
as convolution (3). After introducing Eq. (9) to (3) and taking into 
account that convolution is a linear transformation, one can write 
(3) as the sequence of partial convolutions:  

 
     

   kk bga
bgag




ABAA
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. (12) 

 
Using Eq. (7) to transform (12), one obtains the sequence: 
  

     
 kk bga

bgabgag




totA

1totA10totA0tottot


 

       (13) 

 
which is the sum of duplicates of the probability density function 
gA(·) properly moved in time by the constant values b0, b1, …, bk  
and multiplied by the constant coefficients a0, a1, …, ak, which 
describe the probability of occurrence of the succeeding 
retransmissions. 

Eq. (13) is the probabilistic model of the total communication 
delay in a situation when disturbances affect the transmission, 
which causes the necessity of retransmissions. Instead of using the 
function gA(·) in this model, it is better to introduce the pattern 
gApat(.) described by (8), the expected value of which is equal to 0.  
In this case the time displacements b0, b1, …, bk can be determined 
in relation to the vertical axis as constant delays τ 0, τ 1, …, τ k, 
which allows calculating them on the basis of measurement results 
(see Example 3). Taking this into account, on can write the 
parameters of the model describing the delays of the disturbed 
communication on the way between the nodes A and B as: 

 
        kkaaag  ,,,,,,,. 1100ApatAB Delay .         (14) 

 
Example 2. To illustrate the properties of the delay model, let us 

use the pattern from Example 1 to obtain a histogram of the total 
delay by using the Monte Carlo method when assuming that: 
 disturbances cause only one retransmission, i.e. k = 1,    
 the pattern gApat(.) has the normal distribution N (0, 1) ms, i.e. its 

expected value is equal to 0 and standard deviation is equal to 
1 ms, 

 a0 = 0.75 which means that 75% transmissions is not repeated, 
i.e. the probability of the correct first transmission is equal to 
0.75, 

 the time displacement (delay) of the first transmission 
τ0 = 13 ms,  

 a1 = 0.25, i.e. 25% messages is retransmitted, 
 the time displacement (delay) of the second transmission 

(retransmission) τ1 = 20 ms. 
The above parameters can be written in the form (14) as: 
 

    ms20,25.0,ms13,75.0, ms1) (0, AB NDelay .      (15) 

 
The results of the simulation experiment realized in 105 steps are 

presented in Fig. 4 in the form of the histogram.  
 

 
 
Fig. 4.  Exemplary delay histogram obtained for the model (15) by using the Monte 

Carlo method 

 
The obtained histogram can be treated as a multi-modal 

distribution describing the total delay. The first mode has the 
maximum for τ0 = 13 ms and the second one for τ1 = 20 ms. 
Basing on the histogram from Fig. 4, one can say that the model 
(13) can be generally interpreted as the weighted sum (weights: 
a0, a1, …, ak) of the patterns gApat(.) displaced in time by 
τ0, τ1, …, τk, respectively. The experimental results of verification 
of the thesis that this model is a good description of delays in 
wireless networks exposed to disturbances, one can find in the 
work [22].  
 
3. Conclusions 
 

The essence of the method of modeling delays in wireless 
networks presented in the paper consists in using the delta 
function sequence treated as the probability density function of the 
delay in a communications chain with retransmissions. The chain 
must be divided into elementary channels consisting of two nodes, 
a transmitter and a receiver, communicating directly. The 
transmission between them can be identified in a measurement 
way presented in [22] and should be described in probabilistic 
categories as the delta function sequence. The total delay in  
a composed chain can be obtained by using convolution of the 
partial descriptions. 

The partial model describing the delay of the transmission 
between two nodes is relatively simple. Its important feature is the 
possibility of including the influence of disturbances on the delay. 
The obtained results allow using the proposed probabilistic model 
in the analysis of disturbed wireless networks by using simulative 
programs such as OPNET Modeler [22, 30]. 
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