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Abstract. We prove the existence and uniqueness of a global decaying solution to the initial
boundary value problem for the quasilinear wave equation with Kelvin-Voigt dissipation and
a derivative nonlinearity. To derive the required estimates of the solutions we employ a ‘loan’
method and use a difference inequality on the energy.
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1. INTRODUCTION

We consider the initial-boundary value problem for the quasilinear wave equations
with a strong dissipation and a derivative nonlinearity:

uge — div{o(|Vu|*)Vu} — Aug = f(u, Vu,uz) for (x,t) € Q x RT, (1.1)

u(z,0) =wup(x) and wu(z,0) =wui(xz) for z€Q, and wu(z,t)|lsq=0,t>0,
(1.2)
where 2 is a bounded domain in RY with smooth, say C?-class, boundary 0 and
o(|[Vul|?) is a function like 0 = 1/4/1 + |Vu|2, mean curvature type nonlinearity.
The viscosity term —Auwuy is often called a Kelvin-Voigt type dissipation or strong
dissipation which appears in phenomena of wave propagation in a viscoelastic material
(cf. [1,2,6,14]). We make the following assumption on the nonlinear term f(u, v, w).

Hypothesis A. f(u,v,w) is a C! class function on R x RY x R and satisfies:

|f(u, v, w)] < ko (Jul* T+ ul v+ w7 (1.3)
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| fu(u, v, w) < ko (14 [ul® + (1 + [ul?)|v]), (1.4)
|fV(U,V7U/)‘ < ko(l =+ |U‘5+1)

and

| fo(u, vyw)| < ko(1 4+ |w|) (1.6)

with 0 <« <4/(N-4)",8>0,0 <~y <min{2/(N —2)*}, and a constant ky > 0,
Two typical examples are f = V - G(u), a nonlinear convection, and f = |us|Yuy,
a nonlinear perturbation by velocity. In fact some additional restrictions on «, 8 and
will be made in our theorem. The conditions (1.4)—(1.6) are made for the uniqueness of
solutions. These conditions can be weakened in some way, but we keep the conditions
for simplicity of the proof.
Concerning the principal part we make the following assumption.

Hypothesis B. o(v?) is continuously differentiable in v? > 0 and satisfies

1)2

ko > o(v?) > ky max {(1 +U2)V,/U(T)d7'/v2} (1.7)

0

with some v, 0 <v <1,
ko > o(v?) + 20" (v*)v* > 0, (1.8)

and
|0’ (v*)0| < ko, (1.9)

where &k, and ko > 0 are some constants.

Let us consider for a moment the typical case o(|Vu|?) = 1/4/1 + |Vul2. In this
case Hyp. B is satisfied with v = 1/2. We note that in this case the principal term
—div{o(|]Vu|?)Vu} is not coercive in the sense that

/|Vu|2/\/1 + |Vul2dz > C||Vul2, C >0,
Q

does not hold, which causes the main difficulty in the existence problem of weak
solutions. When f = 0, unperturbed problem, and N = 1 it is not difficult to show the
global existence and exponential decay of solutions due to the fact | Vullc < C||Aul|2
(see [15]). The global existence of smooth solutions for the case N > 2 is proved by
Pecher, Kobayashi and Shibata [5] by a careful use of semi-group theory. But in [5]
no decay property of solutions is given. In [9] we assumed that the mean curvature of

09 with respect to the outward normal is nonnegative and proved that

|Vul?

E(t) = ;{Hut(t)ﬂg +/ / U(T)dex} < Oy (1 + )~ OF/(N=27) (1.10)
Q 0
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where C is a constant depending on ||ugl||m, + ||u1]/m, - In these papers [5,8,15] no
smallness condition on the initial data is imposed. When f is a power type nonlin-
earity of only w like f = |u|*u,a > 0, we can combine an argument of a modified
potential well method and the expected decay estimate (1.10) to show the existence
and uniqueness of a global solution

u(-) € Xa(00) = L([0,00); Hy N HY) N W2 ([0, 00); Hy) N Wil ([0, 00); L2)

for each (ug,u;) € HoNHY x HY if E(0) is small (see [3]). But, such a method cannot
be applied when f depends on the derivatives of w.

The object of this paper is to show the global existence and uniquness of solutions
in X5(00) for the problem (1.1)—(1.2) where f includes derivarives of u. For this we
employ a ‘loan’ method. When f depends on Vu in an essential manner we must
restrict ourselves to N = 1,2, 3 for technical reasons. Otherwise we can also consider
the case of more general dimensions. For applications of the ‘loan’ method in other
situations see [8,10-13].

We make the following assumption.

Hypothesis C. The mean curvature H(z) of 0 at x € 92 is nonnegative.

We note that if we require more regularity on the initial data, say, (ug,u;) €
Hy1 NHY, x HY with m > N/2 and assume that |[uol|s,,,, + ||u1]|m,, is sufficiently
small, it is not so difficult to prove the existence of corresponding global smooth
solutions. Indeed, for such a case we can expect the boundedness of ||Vu(t)||» and
the exponential decay of the energy E(t) (cf. [4]). We can expect such a result on
global existence of smooth solutions for the quasilinear wave equation with much more
weaker dissipation (cf. [8,10]). But, in the present paper we show the global existence
of solutions in X3(00) where we can not expect the boundedness of || Vu(t)||c except
for the case N = 1.

2. PRELIMINARIES AND STATEMENT OF RESULT

We use only familiar function spaces and omit the definition of them. But we note
that || - ||p, 1 < p, denotes the LP(£2) norm. We write || - || for || - ||z

Theorem 2.1. Let N = 1,2,3 and assume Hyp. A, Hyp. B and Hyp. C. We make
the conditions on the exponents o, 8 and v such that

0 ifN=12
a+2> :
v if N =3,

0 ifN=12,

_ o\+ o +
B+1>3v(N—-2)"/(4—N) _{3u ifN =3,

and
2u(N —2)* 4
<< —

2+ v(N-2)*t N’
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Let (ug,uy) € Hy N HY x HY with
||AUOH < K.

Then there exists 6 = §(K2) > 0 such that if E(0) < §, the problem admits a unique
solution in the class Xo(00), satisfying the estimates

E(t) < C(K2)(1+ )71 2/"N=2"and || Au(t)] < Ko,
where the decay estimate should be replaced if N = 1,2 as follows:
E(t) < C(K2)exp{—At}, A>0, (N=1)
and
E(t) < C(K,m)(14+t)~™, (N =2)
with any m >> 1.

Corollary 2.2. Replace condition (1.3) in Hyp. A by
|f (u, v, w)| < ko (Jul* T+ [w] ") (2.1)

and replace (1.4), (1.5) and (1.6) by

| fulu, v,w)| < ko(1+ |u|®), (2.2)
|fV(u7v7w)| < kOv

and

| o (u, v, w)| < ko(1 + [w]), (2.4)
respectively. Assume that
(4—N)a+2>3v(N—-2)"
and

20(N —2)* 4
e — .,y <2/(N-2)*.
oo VTSNS /( )

Then the conclusion of Theorem 2.1 holds for all N > 1.
To derive the decay estimate of E(t) we use the following lemma.

Lemma 2.3 ([7]). Let ¢(t) be a nonnegative function on [0,T], T > 1, such that
Pt +1) < ¢(t) and

sup  ¢(s)' T < Co (p(t) —p(t+1)), 0<t<T -1,

t<s<t+1
with Cy > 0 and v > 0. Then
5 —1/y
o) < (s o)™+ Jole=1)*) L 0sesT,
0<s<1 Co

(When v = 0 we have a usual exponential decay of ¢(t).)
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3. LOCAL EXISTENCE AND UNIQUENESS

We begin with the following result concerning the local in time solutions.

Proposition 3.1. Assume Hyp. A, Hyp. B and Hyp. C, where we make the conditions
(A—N)a+2>v(N—-2), A4-N)(B+1)>v(N-2)

and
0<y<4/N, ~< 2/(N—2)+.

(The second condition on (B should be dropped under (2.3).)
Let (ug,u1) € Hy N HY x HY and take Ko, Ky such that

Ky>1 and |Aug| < Ko.

Then there exists T = T(Ka, Ko, |[Auo|| + ||Vuil|, E(0)) > 0 such that problem
(1.1)(1.2) admits a unique solution u(t) in the class

X(T) = L>([0,T); Hy 0 HY) nWH2([0,T); HY) n W2([0,T); L?),

satisfying
JAu()l] < Ka, E(t) < KoE(0) if E(0) #0

and

T
[Vue ()% + / luge(s)|[*ds < C(K2,T) < o, (3.1)
0

where E(t) is the energy defined by (1.10).

Proof. Let {¢m}3°_, be the basis of Hy N HY consisting of the eigen functions of
—A with the Dirichlet boundary condition. Define u, (¢t) = Y./ Ci(t)¢; through the
solutions {C;(¢)}7, of the system of ordinary differential equations

(tin, @3) + (0(|V Ui |2) Vi, Vi) + (Vi Vi) = f (tm, Vit t), (i = 1,...,m)

where initial data are taken as

um(0) =Y Ci(0)¢; — ug in HyN HY and iy, (0) = > Ci(0)¢; — uy in HY.

=1 i=1

The system admits a unique solution u,,(t) on an interval [0,T,,), T, > 0. We derive
a priori estimates for u,,(t) independent of sufficiently large m. We define E,,(t) by
E(t) with u replaced by u,,. Then we have, by the usual manner,

Em(t)+/||Vum(s)||2ds:Em(0)+/f(um7Vum,am,um)ds (3.2)
0 0
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and
%HAum( O + (Vi (1), Vg, (t //dlv{a |Vt |?) Vu} Ay, deds =
1 2
= 5 Aun O]+ (3:3)
+ (Vi (0), Vi, (0 /HVum )] ds—/( (Umy VUi, Um), Aty )ds

Assume for a moment that
|Aun(t)|| < Ko and  En,(t) < KoEn,(0) (3.4)

for some interval Q <t< Tm < T, Note that these estimates are certainly valid for
sufficiently small T}, and large m by our assumptions Ky > ||Augl|| and Ky > 1.
By the assumption on o, we see for u € Hy N HY,

[Vul?
1 [Vul?
J =_ drdx > C | ———=—=—d
(Vu) 2/ / o(r)drdx > /(1+|Vu|2)V x
Q 0 Q
for a certain C' > 0. Hence, setting
_ N-—uy(N-2)*
P NToN—2)F
we have
1/(1+u)
(1
IVullirn = / G ) (14 |Vu|?) ¥ 2 dy <
a (1+|Vul?)¥ =
) v(N-2)T /2N (35)
< / [Vl / 14 |[Vu2)NN=2" gy <
- (1+[Vul?)¥ -
Q
< CI(|Vu)2(1 + |Au|’) < C(1 4+ K2)"VE(t), 0<t<T,.

Now, by our assumption on f,

‘/ (f (ty Vit ) g )| <

t
= C//“Um\““ + [PV | 4 [t |7ty | dazds.
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For simplicity of notation we write u(t) for u,,(t) for a moment. First we note that

[Vull < C||Vulli 1 [Au]® < CK3(1+ Kp) ) B, ()92 (3.7)
with
v(N —2)*

90:2+V(N—2)+'

Each term of the right-hand side of (3.6) is estimated as follows:
2(a+1

I = / Jul*Halde < lull3hh ) lall < Cllull DO A @D o) <
Q (3.8)

a+1)(1-6 a .
< C||Vull{GEPI0 | A 0D

where p= N(1 4+ p)/(N —1—p)* =2N/(N —2)*(1 +v)) and 6; is determined by

0, = (N=2)* (v+1)—N/(a+1)

2+ (N—2)+ 5 otherwise.

. N
{9120 1fa+1§ma

(Note that 6 < 1 since o < 4/(N —4)T.)
When 1 < N < 3 we see

L= / [l Vulfalde < Cllulll2,) Il Aulllfal] <
Q

(B+1
(3.9)
-6 ) .
< OVl A P | A ]
where 605 is determined by
0y =0 it N =1,2,
_ (N=2)(A+v)=2/(B+1) _
02 = 2T (N—2) if N = 3.
(A trivial modification is needed in (3.8) and (3.9) if N = 2.)
Finally,
Iy = / |7 2dx < Cjal|FDI0) || vy )| 20 (3.10)
Q

with 3 = Nv/2(y + 2) < 1. Note that (y+ 2)03 < 2 by the assumption on ~.
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It follows from (3.2) and (3.5)—(3.10) that

t
1
En(t) + 5/||vum(s)||2ds <
0

t

< Em(0)+C{K2(o¢+1)01(1+K2)V((x+1)(1—91)/Em(8)(a+1)(1—91)/2+1/2d8+

0
t (3.11)
b RPTVL( g+ (02) /Em(5)((5+1>(1—92>/2+1/2d8+
0
t
n / Em(5)(4—(N—2)7)/(4—N7)d5} <
0
< En(0) + CT{K§Q+1)91 (KOEm(O))(a+1)(1—91)/2+1/2+
+ KT 4 ) D=0 (K B, (0)) D0 0)/241/2 (3.12)

+ (K()Em(O))(4—(1\7—2)"r)/(4—N"r)}7 0<t< T’

Since Ko > 1 and all of the exponents KoE/(0) appearing on the right-hand side of
(3.12) are greater than 1 we conclude from (3.12) that there exists 77 > 0 independent
of T,,, such that if 0 < ¢t < min{T,,, 71}, then

Eonlt) + 5 / Vit (5)]2ds < FoEy (0), (3.13)
0

where we assume E(0) > 0. (The existence is trivial for the case E(0) = 0.)

Note that we can choose T} as large as required if we take E(0) to be sufficiently
small.

We proceed to the estimation of ||Awu,(t)]. We again write u(t) for wu,,(t). Under
the Hyp. C the second term on the left-hand side of (3.3) is treated by integration by
parts as follows.
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/div{a(|Vu|2)Vu}Aud$ =

N %u \2 N oou 9%
:Q/{ (|Vul?) 2( ) + 20" (|Vul?) Z ZTjaxiaxj }dx—!—

(N - 1)/ <8n>2 H(z)dS > 0,

o0

o))
S

where H(x) is the mean curvature of 902 at z € 9Q with respect to the outward
normal and we have used the assumption o(v?) + 20’ (v?)v? > 0. Therefore, we see
from (3.3) that

[Au()]* = (a(t), Au(t)) < %IIAU(O)II2 — (@(0), Au(0))+

DN =

t (3.14)
—I—O/Q/|f(u,Vu,u)||Au|d1:ds.

The last term of (3.14) is treated as in (3.7)—(3.10) and we have

t
[ 196V ljulds <

{ 1/2
<0 [ ([0l 4 PR 4 e At s <
Q

t
< CKéa-H)al-H(l+K2)(a+1)y((1791)/Em(s)(a+1)(1701)/2d5+ (315)

0
t

+0K5ﬁ+1>02+1(1+1;<2)u</3+1)<14}2>/E (5)B+D10)/2 g 4

t 1—Nv/4 Nv/4
+C’K2</E(S)(2(N2)v)/(4 NY) 4 > (/”vu )| ds> ’
0

where we have used the assumption 0 < v < 4/N and 0 < v < 2/(N —2)*" in the
treatment of the last term. It follows from (3.14) and (3.15) that
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[Au)]* < |Au(0)]| + 4Kay/ Ko Em (0)+

+ CK§a+1)91+1(1 + KQ)y(aJrl)((lfOl) E77L(S)(a+1)(1701)/2d8+

—

+ CK§B+1)92+1(1 4 Kz)u(gﬂ)(kag) Em(s)(ﬁ+1)(1792)/2d5+

o— o

1-N~/4

t
+ CKa (KB (0)) V774 / B, (5)@—(N=210)/(4=N) g -
0

< [[Au(0)|| 4 4K2/ Ko B (0)+
+ ORI (1 Kp) @D (K F,, (0)) 0TD =002
+ CtKéﬁH)o?H(l + Kp)v (AT (A-62) (KoEm(O))(ﬂ+1)(1792)/2+
+ CtK (KoEm (0)N* (Ko By (0))*~ N2/ 0 <t < min{ T, 11}
Since [[Au(0)|| < K2, we see from (3) that there exists Ty (< T1) independent of
T, and large m such that
sup | At ()| < Ky for 0 < min{T},,T}. (3.16)

Note that T can be chosen as large as we want if we take E(0) to be sufficiently small.
We conclude from (3.13) and (3.16) that the solutions u,(t),m >> 1, in fact exists
on [0,75], that is, we may assume T,,, > T}, > T», and they satisfy the estimates

sup En(t) < KoE(0) and  sup [|Aum(b)]] < K, 0<t < Ty (3.17)
m>>1 m>>1

We write 7' = T5. Recall that
Ko>1 and |Au(0)] < Ka.
We fix Ky and K5 arbitrarily. Further we take arbitrary T > 1. Then we can conclude

that there exists dg = do(Ka2, Ko, 1) > 0 such that if F(0) < do, the solutions u,, m
large, exist on [0,7] and the estimates in (3.17) hold on [0, 7.
Further, multiplying the equation by u(t) and integrating we have

1d

2 dt

g/|div{o-(|VuH2)Vu}\|utt\dx+
Q

+/|f(U,VU,Ut)||utt|dx <
Q

luee* + 5 — Ve (8)]* <

(3.18)

SC’/{2|a’(|Vu|2)HVu|2|D2u\+0(|Vu|2)|Au|}\utt|dac+/|f(u7Vu,ut)Hutt|dac
Q Q
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which implies

t t
[ lus[Pds + [V @ < [Vuelo)P +C [ 18u@)? + [ 1f0, Fuu)Pdo <
0 0 Q

(3.19)

with some quantity g(K2). Now, it is a standard argument to show that the limit of
Unm () as m — 0o becomes the desired solution in X5(1"). Now we change the notation
T by T. The proof of the existence part of local in time solutions is complete.

Finally, we prove the uniqueness of the local solutions. Let u,v be two solutions
with the same initial data and set w = u — v. We may assume that both of solutions
satisfy the estimates which have been proved for u in the above. Then multiplying
the difference of two equations by w we easily see,

% ((wt,w) + ;|Vw(t)||2> + /(a(|Vu|2)Vu —o(|Vv*) Vo) Vwds =
Q

— (I + / (F (s Y, ug) — (0, Vo, 00)) wde <

Q

< Jlwe ()1 + C/ (1 ™ + ol wl® + (1 + [ul® + [0])([Vul + [Vo])w]* +

(L [l o T [Vl [w] 4 (14 e 4 o] V) fwe[w]) dae <
< Jwe (DI + C(K2) VW] + C(L+ [[Vue||” + [ Vol [) [ Vawe || w]].
(3.20)

Note that the second term of the left-hand side of (3.20) is nonnegative and hence,
integrating (3.20) and using (3.19) we have

(wi0), w(t)) + 5[ Vw()|? <
/ we(s)|ds + C(Ky, T / IVw)IP + [Ver(s)|[aols) [ ds
0

and hence

@)+ [ 19w(s)Pds <
0 (3.21)
<2t [ o) Pds + C(12,T) [(IVw(s)|P + [Vun(s)|P)ds, 0<t<T.
0
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Next, multiplying the difference of two equations by w(¢) and integrating we have
easily,

,||wt ®)|? + /||th )12 ds< {/ (|IVul*)Vu — o (| Vo )Vv)thdm}ds—i—

—|—/{/ (u, Vu,ug) — f(v,Vv,vt))wtdx}dSS

0

/ IV (s) [ Vawe(s) | ds+

/IVw MHwe ()] + Vs (s)[[[we (s)]]) ds
0

and hence

Juwn(e)P + / [V (5)ds < C(Kz) / (IVw) P+ ) P)ds. (322
0
It follows from (3.21) and (3.22) that for any k > 0,

t

lw(®)* + Ellwe (6] + /(IIVw(S)II2 + K[|V (s)]|*)ds <
0

¢
<2t/\|wt (s)||?ds + C (K2, T / |Vw(s)||* + || Vw(s)||*)ds+ (3.23)
0

t

+ kC(Ks) /(IIVw(S)H2 + [lwe(s)]|*)ds

0

We take k = 1/(C(Kz2) + 1) and Tp = min{T,k/C(K2,T)}. Then, by (3.23), we
deduce that

lw(®)I* + kllw, (6)]* < (272 +1) / [we(s)|*ds, 0<t<T, (3.24)

which implies w;(t) = 0 and hence w(t) = 0,0 < ¢t < T,. Repeating this argument we
conclude w(t) =0, 0 <t < T. Thus uniqueness is proved. O

Remark 3.2. Without Hyp. C we can prove a similar local existence and uniqueness
result as in Proposition 3.1. But, in this case, in order to take the existence time T
to be large we must assume that both of K3 and E(0) are sufficiently small.
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4. A DIFFERENCE INEQUALITY

We take K5 such that ||Au(0)|| < Ka. The solution u(t) exists on [0,T") for some T' > 1
under a smallness condition E(0) < dy = dp(K3). Further we know E(t) < KyFE(0)
on [0,1] if E(0) # 0. We may assume that

|Au(t)]| < Ko and E(t) < KoE(0) (4.1)
on some interval [0,T],1 < T < T. If we can derive the estimates
|Au(t)|| < Ky and E(t) < KoE(0), 0<t<T, (4.2)

we can conclude that estimates (4.1) in fact hold on the interval [0,T"), and con-
sequently the solution in fact exists on the whole interval [0,00). We call such an
argument a ‘loan’ method.

Multiplying the equation by u; and integrating we have

t+1 t+1

where we set F' = f(u, Vu,u;). We derive the following inequality.
Proposition 4.1.

t+1
swp E(s)+ [ [Vu(s)ds <

t<s<t+1
t

< q(K2)D(t)*/ (%) 4 (4.4)
t+1

+CD(t)2+C/ (/|F|(|u|+ut)dx)ds, 0<t<T-—1,
¢ Q

where q(K3) is a certain positive constant depending on K.
Proof. We use the argument as in [9]. We know from (4.3) that there exist t; €
[t,t+1/4],t2 € [t +3/4,t + 1] such that

lue ()] < ClIVue(ts)| <4CD(#)?, i=1,2. (4.5)

Next, multiplying the equation by v and integrating we have

to

/ /U(|Vu|2)|Vu|2dx ds =

t1 Q
to to

= 3 Eui(ts)ults) + D(t)* + / (Ve Vu)ds + / / Fudzds,
Q

i=1,2 b 4
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Recall that

J(Vu) = ;ﬂ/( IY|20(n)dn>dm < CQ/U(VUF)NUM:E

and
B(#) = Sl + J(Vuw)

We already know that

J(Vu) = C(1+ K2) ™[ Vu(t)[i4,

and
IVu(t)]| < CIVu(t)[li 13 | Au®)]|® <
< OK3 (14 K3)1 7% sup  E(s)1 7%/,
t<s<t+1
where N N o)+ N o)+
po NovIN =27 g SN2
N+ v(N —-2)+ 24+ v(N —-2)*
Thus,
(e (ti), uts)] < Cllug(ta) [ Vult)] <
< OKP (14 Kp)%VD(t) sup  E(s)(10)/2
t<s<t+1
and

to 1/2

to 1/2 to
’/(Vut,Vu)dx‘ <c /||Vut(s)||2ds /||Vu(s)||2ds <
t1 t1 t1

< CKY (14 Ky)%r D) sup  E(s)17%)/2,

t<s<t+1

Therefore we see from (4.3), (4.5) and (4.6) that

/E(S)dS < q(Ky)D(t) sup E(s)(17%)/24

1<s<t+1
ty

t+1

+ D(t)? + / (/ |F|(Ju| + |ut|)dac) ds = A(t)?
Q

t

with a certain constant ¢; (K>), which implies

E(t*) < 2A(t)?
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for some t* € [t1, 2], and hence, by energy identity (see (3.2)),

t+1
sup E(s) < E(t") + / Vg (s)]|2ds+
t<s<t+1 /
t+1
—|—//|Fut|dmd5§
t Q (4.7)
< 2q1(K2)D(t) sup E(s)17%)/2 4 D(1)2+
t<s<t+1
t+1
+2/ </F|(|u|+|u¢)dx>ds.
t o Q
Inequality (4.7) easily yields the desired inequality (4.4). O

5. BOUNDEDNESS AND DECAY OF E(t) ON [0, 7]

From difference inequality (4.4) we first derive the boundedness of E(t), 0 <t < T.
Assume that E(t) < E(t + 1) for some t, 0 < ¢t < T — 1. Then, inequality (4.4)
implies

t+1
sup E(s)+/||Vut(s)H2ds§
t<s<t+1
' 1
t+1 1/(1+60) t+1 (5.1)
< q(K) //|F||ut|dxds +c/ /\F\(|u\+|ut|)dx ds.
t O ¢t \Q
By the argument in the proof of Proposition 3.1 (see (3.10), (3.11)), we have
t+1
//|Fut|da:ds < C’Kgl(aﬂ) sup E(s)(o‘ﬂ)(l*el)/ﬂlm—l—
- t<s<t41
t Q
+CK292(6+1)+1 sup E(s)(ﬂ+1)(1—92)/2+1/2+
t<s<t+1 (52)
t+1 (v+2)03
+C sup E(s)0T20-0)/24 / INABGIE =
t<s<t+1 /

EIl+IQ+[3.
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Further,
t+1
/ /|FUId$dS <C sup { [ (Jul**2 4 [ulPF| V| + fug " ful)dr} =
t<s<t+1 (5.3)
t Q
= jl + jg + jg.

Here we see

L<C sup [[Vu(s)]{HP00 ) A(s)|+20 <

et " (5.4)
< ORI (1 Jp) @000 qup  B(s)(@+20-00/2 '
t<s<t+41
with
g 0 it N =1,2,
1= (N=2)(v+1)—2N/(a+1) -
N it N >3,
and
L<O swp [us)5Ey V)] <
t<s<t+
t<s<t+1 (5.5)
< C«ng»(B+2)+((5+2)(1_9~2)+1)90(1 + KQ)V(lfeo)(ﬂ+2)(17§2+1)x
X sup E(s)((ﬂ+2)(1752)+1)(1700)/2

t<s<t+1

with
g, 0 if N =1,2,
2Tl B-1)"/3(B+2) ifN=3,
Further,
t+1
I3 < C/ el 38 g1y (42 [ Vellds <
t+1

<c / g | FHDA=89) Faay | FHD | Fa s <

SCKSO(1+K2)V(1_90) sup E(s)(7+1)(1—53)/2+(1—90)/2X

t<s<t+1
t+1

(v+1)65/2
/ [V (s)]°ds}

with 63 = (Ny — 2)*/2(y + 1).
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It follows from (5.1) and (5.2)—(5.6) that

t+1
sup E(s)+ / Vg (s)||2ds <
t<s<t+1 /
< Cq(Ko)(I + L+ L)Y L O + L+ L+ I + L+ I3) <

< G(K>){ sup  E(s)@rDA-00+D/201400) 4 g () (BTD1-02)+1)/20460)
t<s<t+1 t<s<t+1

+ sup E(s)(’y+2)(1—93)/(2(1-4-00)—(7-5-2)93)+ sup E(S)((a+1)(1—91)+1)/2}+

t<s<t+1 t<s<t+1
+ sup E(s){(BTDA=0)11/2 L gy B(s)(H2(1-05)/(2=05(v+2))
t<s<t+1 t<s<t+1
+C{ sup E(S)((cv+2)(179~1)/2Jr sup E(s)((5+2)(1*§2)+1)(1*90)/2+
t<s<t+1 t<s<t+1
t+1
+ sup E(s)((~/+1)(1—53)+1—90)/(2—(v+1)53)}+1/Hvut(s)“?ds
t<s<t+1 2 /

(5.7)

with a certain constant §(K3). We note that by our assumption on «, 5 and ~, all of
the exponents of E(s) appearing in the right-hand side of (5.7) are greater than 1.
Hence, using assumption E(t) < K¢FE(0),0 <t < T, we obtain

t+1
sup E(s)+/||Vut(s)||2ds§
t

t<s<t+1

(5.8)
< Q1(K2, KoE(0)) sup E(s), 0<t<T-1
t<s<t+1

with a certain quantity Qi(Kz, KoF(0)) which depends on K and KyE(0) con-
tinuously and Q(K3,0) = 0. Therefore, there exists d;(K3) > 0 such that if
KoE(0) < 91(K2), then Q1(K2, KoE(0)) < 1 and consequently,

sup E(s) <0, ie. E(s)=0, t<s<t+1. (5.9)
t<s<t+1

Recall that (5.9) is deduced under the assumption E(t) < E(t + 1) for some ¢,
0<t<T-—1. Thus we conclude that E(t + 1) < E(t) forall ¢, 0 <t < T — 1.
In particular we see

E(t) < sup E(s) < KoE(0) forallt, 0<t<T. (5.10)
0<s<1

Returning to the difference inequality (4.4) and using the above fact we obtain

t+1
sup E(s)+ [ [7ua(s)|Pds < a(F2) Do(t)/ 144+ CDo 1)+
t

t<s<t+1
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IN

~:
|

—

+CQ1 (Ko, KgE(0)) sup E(s), 0<t

t<s<t+1

where we set

Dy(t)> = E(t) — E(t +1).
There exists d3(K3) > 0 such that if KoE(0) < d2(K32), we have

CQ1(Ka, KoE(0)) < - (5.11)

N =

(We may assume dy < 7.)
Then we conclude that if KoE(0) < d2(K>),

t+1

sw B+ / IVue(s)||Pds < C(K2){Do(£)*"+%) + Do(t)?}, 0<t<T—1.
t<s<t+
t

(5.12)
For simplicity we may assume KyE(0) < 1, and hence (5.12) implies
sup E(s)'™% < O(Ky)(E(t) — E(t +1)). (5.13)
t<s<t+1
Applying Lemma 1.1 to (5.12) we arrive at the decay estimate of E(t),
B(t) < (KoE(0))™ + C(Ky) ot — 1)7) /", 0<t<T. (5.14)

When N =1 (5.14) should be changed to the exponential decay
E(t) < C(K2) E(0)e ™

for some A > 0 independent of E(0), and when N = 2 we have

—m

E(t) < ((KoB(0) /™ + C(Kz)'m(t = 1)*) ", 0<t<T

for arbitrarily large m >> 1.

6. ESTIMATION OF ||Au(t)|| ON [0,7] AND COMPLETION
OF THE PROOF OF THEOREM 2.1

We proceed to the estimation of ||Au(t)|| under the assumption (4.1).
Multiplying the equation by —Aw(t) and integrating we know (see (3.14)) that

1Au()|? < [|Au(0)]* + 2¢/ Ko E(0) Ko+

t
6.1
+ C'//(\ur"'"1 + u|P Y V| + |u )| Au|dads. (6.1)
0 Q
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We know also (see (3.15))

t

//|u\°‘+1|Au|d:cd5§

0 Q

< CK@1(a+1)+1(1 —|—K 2v(1—61)(a+1) E (1—61)(a+1) /zdS <

j
J e

(6.2)
< CK (x+1)91+1(1+K v(a+1)(1-061) 00_|_
+O( . )+)7(a+1)(1791)/290d5 S
< CK2(a+1)91+1(1 +K2)(a+1)y(1701) (( ( )) (a+1)(1—61) /2
( (0 ) (a+1)(1—61)/2— 90)
where we have used the fact
(Oé+1)(1 791)/2790 > 1/2 > 0.
Similarly,
//\u|6+1|VuHAu|dxds§
0 Q
¢
< CKYPI%(1 4 [g,)r(6+)(—02) /E(8)<ﬁ+1><1762>/2ds < (6.3)
0
< CK§6+1)62+1(1 + K2)V(,3+1)(1—92)(KOE(O))([3+1)(1—92)/2+
+ (Ko E(0))F+1(1=02)/2=060
The treatment of the last term of (6.1) is also similar. We have
//|ut|7+1|Au|dmds < CKQ/Hut Yy ds <
0
1-N~/4 , Nv/4 (6.4)

< CK, / B(s) 2723/ [19us)Pas
Here, using the fact (2y +2 — Nv)/(4 — N7v)6p > 1, we have

E(s)2r2=N0/(=Nv) gg <

IN O\ﬁ.
—
(=2}
N

(KoE(0))27H2-N7 4 O(K(E(0))2+27=N7/(4=N7)=0o
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Further (see (3.11)),

t
/ |Vui(s) 2ds <
0

< 2B(0)+

t
+C{K2(a+1)01 /E(s)(a+1)(1—01)/2+1/2ds+

0
t

+CK§B+1)02+90(1+K2)u(,6+1)(1—90)/E(s)((ﬂ+1)(1—92)+1)/2d8+
0

: (6.6)
+CK, / E(s)(4—(N—2)v)/(4—N7)ds} <
0

<2E(0) + CKéaﬂ)el ((KOE(O))(((X+1)((1_91)+1)/290+
+ (KOE(()))((a+1)(1791)+1)/2790)+
+ KP4 fey) (B0 ((KOE(O))((ﬁ+1>(1—92)+1)/260 N
+C(K0E(0))<<ﬁ+1>(1—9z)+1)/2—90)Jr
+C ((KOE(O))(47(N*2)W(4’N”)9° + (Ko E(0)) 4= (N=2/(4=N7)=60

Note that all of the exponents of KyFE(0) appearing in (6.2), (6.5) and (6.6) are all
positive. Thus we conclude from (6.1) that

1Au(t)]? < |Au(0)|? + Q2 (K2, KoE(0), 0<t<T, (6.7)

where Q2(Ks2, KogFE(0)) is a certain quantity depending on KyFE(0) and Ks continu-
ouesly and satisfying Q2(K3,0) = 0. Therefore, under the assumption ||Au(0)|| < K3,
there exists d3 = d3(K2) > 0 such that if KoFE(0) < d3, then

[Au(t)|| < K2y, 0<t<T. (6.8)

(We may assume that d5(K3) < d2(K2) < §1(K32).) 3
Now under the asumptions E(t) < KoFE(0) and ||Au(t)|| < K3 on [0,T] we have
derived the estimates

E(t) < KoE(0) and |Au(t)] < Ko, 0<t<T,

provided that 0 < E(0) < 3(K3)/ K.

We fix Ky > 1. Then, if E(0) < d5(K32)/Ko = 0(K3) we can conclude that the
solution in fact exists on the whole interval [0, c0) and all of the estimates derived on
[0, 7] so far are valid on [0, 00). The proof of Theorem 2.1 is now complete. The proof
of Corollary 2.2 is also included in the above argument.



Global solutions to the initial-boundary value problem. .. 589

REFERENCES

1]

2]

3l

[4]

(5]

[6]

7]

(8]

9

[10]

[11]

[12]

[13]

[14]

[15]

G. Andrews, On ezistence of solutions to the equation uy = Uzzt + (0(ug))s, J. Differ-
ential Equations 35 (1980), 200-231.

H. Engler, Global regular solutions for the dynamic antiplane shear problem in nonlinear
viscoelasticity, Math. Z. 202 (1989), 251-259.

R. Tkehata, T. Matsuyama, M. Nakao, Global solutions to the initial-boundary value
problem for the quasilinear visco-elastic wave equation with perturbation, Funk. Ekvac.
40 (1997), 293-312.

S. Kawashima, Y. Shibata, Global existence and exponential stability of small solutions
to nonlinear viscoelasticity, Comm. Math. Phys. 148 (1992), 189-208.

T. Kobayashi, H. Pecher, Y. Shibata, On a global in time existence theorem of smooth
solutions to nonlinear wave equations with viscosity, Math. Ann. 296 (1993), 215-234.

K. Liu, Z. Liu, Exzponential decay of the energy of the Euler Bernoulli beam with locally
distributed Kelvin-Voigt damping, SIAM J. Contr. Opt. 36 (1998), 1081-1095.

M. Nakao, A difference inequality and its applications to nonlinear evolution equations,
J. Math. Soc. Japan 30 (1978), 747-762.

M. Nakao, Ezxistence of global smooth solutions to the initial-boundary value problem
for the quasi-linear wave equation with a degenerate dissipative term, J. Differential
Equations 98 (1992), 299-327.

M. Nakao, Energy decay for the quasilinear wave equation with viscosity, Math. Z. 219
(1995), 289-299.

M. Nakao, Global existence of smooth solutions to the initial-boundary value problem
for the quasi-linear wave equation with a localized degenerate dissipation, Nonlinear
Analysis, T.M.A. 39 (2000), 187-205.

M. Nakao, Global existence and decay for nonlinear dissipative wave equations with a
deriative nonlinearity, Nonlinear Analysis T.M.A. 75 (2012), 2236-2248.

M. Nakao, Energy decay for a nonlinear generalized Klein-Gordon equation in exterior
domains with a nonlinear localized dissipative term, J. Math. Soc. Japan 64 (2012),
851-883.

M.Nakao, FEzistence of global decaying solutions to the exterior problem for the
Klein-Gordon Equation with a nonlinear localized dissipation and a derivative nonlin-
earity, J. Differential Equations 255 (2013), 3940-3970.

M. Renardy, W.J. Hrusa, J.A. Nohel, Mathematical Problems in Viscoelasticity, Long-
man Scientific and Technical, Essex, John Wiley, New York, 1987.

Y. Yamada, Some remarks on the equation Yt — 0(Yz)Yzz — Ytza = f, Osaka J. Math.
17 (1980), 303-323.



590

Mitsuhiro Nakao

Mitsuhiro Nakao
mnakao@math.kyushu-u.ac.jp

Kyushu University
Faculty of Mathematics
Moto-oka, Fukuoka 819-0395, Japan

Received: February 14, 2014.
Revised: March 3, 2014.
Accepted: March 3, 2014.



